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PREFACE 


"I'hosh who have heca following the recent developments 
of physics would probably agree that its two most vital prob- 
cms are the structure of matter and the nature of radiation. 
It is true that much has been done toward the solution of both 
of these problems. Matter, we find, is built up of molecules, 
these of atoms, and the atoms in turn of electrons. We now 
have before us the problem of finding how an atom can be 
formed out of a few positive and negative electrons. X-ray 
studies have enabled us to count the number of electrons in the 
various atoms, and have informed us regarding their distribu- 
tion and the forces that hold them in position. Perhaps no 
single field of investigation has contributed more to our knowl- 
edge of atomic structure than has the study of X-rays. 

'This is in j^art because of the very short wave-length of 
X-rays. 'Fhe theoretical limit of the microscope, using ordi- 
nary ligiH, is such that we cannot ho]ie by its help to determine 
the shajK* of a. body much smaller than a wave-length of light, 
mm. If an X-ray mieroseo[^e could be emjdoyed, this 
limit might be reduced l)y a factor of ten thousand, and we 
should then be working on a sub-atomic scale, d’hough such 
an instrument does not exist, interference effects are measure- 
able due to X-rays traversing groups of atoms, and from them 
we are able to interi)ret the structure of the matter giving rise 
to the diffraction almost as definitely as if we were employing 
an X-ray microscope. 

Similarly in the field of radiation it is the high frequency 
which gives significance to ex]K‘riments with X-rays. Since 
the magnitude of the energy quantum is proportional to the 
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frequency, quantum phenomena such as the photoelectric 
effect, which can be studied only statistically when light is 
used, can with X-rays be considered as individual events. 
That is, the effects of individual X-ray quanta can be ob- 
served and measured. It is perhaps for this rca.son that X-ray 
investigations have supplied us with our best determinations 
of Planck’s fundamental constant h. It is also the compara- 
tively large energy and momentum associateil with the quan- 
tum of X-rays which have made possible the recent experi- 
ments on the change of wave-length of scattered X-rays and 
allied effects, pointing so definitely to a quantum structure of 
radiation itself. 


This book has grown from lectures on X-rays which I have 
given at the University of California and the University of 
Chicago during the last five years. Though I have tried to 
cover the whole field of the physics of X-rays with some com- 
pleteness, _ those aspects have naturally been treated in greater 
detail which are most closely allied with my own researches. 
Such emphasis is perhaps the more justified by the recent 
appearance of a new edition of the Hraggs’ notable book 
X-rayj and Crystal Structure:, together with treatises l)v 
Wyckoff, Rinne, Ewald and others covering about the same 
^Id, and Siegbahn’s excellent account of The Spectrosenpv 
. X-rays. In the present volume only an introduction to' t lie 
^ pro lems of crystal structure and X-ray spectroscopy has been 
given. Ka.ye and de Broglie in their books on .V'-;v/v.f have 
described in some detail the experimental as)iccts of the sub 
/ is rather with the interpretation of the properties 

j of X-rays in terms of the interaction between radiation and 
electrons that the present work deals. I have been cliic-Hy cm ■ 

/ cerned with the information X-ray studies have afforded iv. 

I themselvts^ structure of the atom and the nature of the .\ rays 


Since Barkla’s discovery of the polarization of X nivs ii 
has been generally recognized that the study of X-ravs is i 
branch of opt.es. The first half of ,hc l,.„.k ,rc,„s ,1,;! 

subject from this standpoint. It has been of great i„ie,-esi i„ 
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me to see how, while the manuscript has been in preparation, 
discoveries of the refraction and total reflection of X-rays and 
of their diffraction by slits and ruled gratings have extended 
all branches of optics to the very high frequencies of X-rays. 
In view of the failure of the classical electrodynamics to account 
for the radiation of light, it is perhaps not surprising that it 
should also fail to account completely for the origin of X-rays. 
It is however a matter of prime importance that the laws of 
interference and diffraction, which have been found flawless in 
ordinary optics, are found to fail when X-rays and 7 -rays 
are used. I’his observation, resulting from the classical treat- 
ment of X-ray scattering given in Chapter III, is the natural 
(as well as historic) introduction to the quantum treatment of 
the scattering problem given in Chapter IX. 

The X-rays thus constitute a powerful tool for solving 
physical problems. In order to give a correct impression of the 
methods and reasoning employed in solving these problems, 
it will be necessary to deal with many parts of the subject from 
a mathematical standpoint. It is by these mathematical proc- 
esses that the most important results are often first obtained, 
and it would be unfair to give the impression that they can be 
secured in any other way. At the same time I have tried to 
keep uppermost the jiliysical concepts, since it is these which 
point out the path which the mathematics must follow. 

1 wish to thank Professor P. A. Ross for his generous 
assistance in reading the proof, without which the publication 
of the hook wouhl have been considerably delayed. 


ClIH'AdO, 

May 


A. H. c. 
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CHAPTER I 

The Discovery and Properties of X-rays 

I. Roentgen's Rarly Experiments 

It was in the course of a systematic attempt to see if any 
radiation could be produced which would traverse matter 
opaque to ordinary light that Roentgen discovered the X-raysd 
Pie was passing an electric discharge’ through a highly evac- 
uated tube, and had been studying the ultra-violet light pro- 
duced, using for its detection the fluorescence of crystals of 
platinum-barium-cyanide spread on a paper screen. Having 
covered his discharge tube completely with opaque paper, he 
found that the screen continued to fluoresce. From the fact 
that heavy objects placed between the tube and the crystal 
stopped the fluorescence, it was obvious that the effect was due 
to .some type of radiation sent out by the di.scharge tube. 'Phis 
radiation was named by Roentgen “X-rays,” indicating their 
unknown nature. 'I’he di.scovery of these rays attracted great 
interest, and experimenters the world over began to study their 
characteristics. 

Besides producing fluorescence in certain salts, these rays 
were found to affect a jihotographic plate and to ionize ga.ses, 
■so that three methods, the visual, the photographic and the 
electrical, could be enqdoyed in their examination. It was 
shown also by Hrandes and Dorn that X-rays produce an 
effect, though a small one, directly upon the retina, giving rise 
to a very faint illumination of the whole field of view, d'he 

' W. C. KocMityen, Sii/ungshcr. dcr Wur/I)ur|rcr Physik-Mctlic. (icscllscli. Jahrg. 

rcpriiucd in Ann. tier I^hys. 64, 1 'rranslation hy A. Stanton in Science, 

3, 227 ( I «(/)). 
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rays were not subject to refraction nor reflection like ordinary 
light, nor were they bent by a magnetic field as were cathode 
rays. They were, however, diffusely scattered by all substances, 
and were partially absorbed by matter of all kinds, Ihis 
absorption was much stronger by elements of high than by 
elements of low atomic weight. 

The tube with which Roentgen made his original discovery 
was of the type shown in Fig. i. The tube was well evacuated 
with a mercury pump until a potential difference of about 
40,000 volts was required to produce a discharge. The cathode 



rays, shot perpendicularly from the cathode’s surface, then 
struck the broad end of the tube, producing a vivid fluore.scciu'u 
and at the same time giving rise to the X-rays, 1 1 was .soon 
found that any substance struck by the cathode rays emitted 
X-rays, but that these rays were more intense from a target of 
high atomic weight. In order to obtain a point source of niys, 
the cathode was made concave, so that the cathode rays were 
focused on a small spot at target. This modificatif)n made 
necessary the use of a target of high melting point, in order to 
avoid damage due to the heat developed at the focus of tl' 
cathode rays. Thus the type of tube shown in Fig, 2 was seV 
developed, which, with minor modifications, is still widely u.scd 
It is a characteristic of the low pressure discharge tube that the 
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potential difference between the anode and the cathode re- 
mains practically constant for large variations in the current 
through the tube. In order to change the voltage across a tube 
of this type, therefore, it is necessary to alter the pressure of the 



Fkj. 2. 


gas in the tube. In many of the tubes now in use, such changes 
can be effected by various ingenious devices. A tube which 
avoid.s this complication has been invented by Coolidge. ‘ 
In this tube the cathode consists of a flat spiral of tungsten 



wire which is heated by a battery eurrent to such a tempera- 
ore that it emits thermoelectrons. 'I'lie tube is evacuated 
■til there is no ap]>reciable amount of gas remaining, so that 

' VV. I). C()()liily;c, Phy.s. Rev. 2, 40(; also [. Ib. IJlienfeKI Riul W. J. 

Koseiitlial, I-'orts. juifd. (leh. il. RoentgcnstraJilen, 18, 256 
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all of the current through the tube is carried by the thermo- 
electrons. Thus the current through the tube is deterniined 
almost completely by the temperature of the filament, and the 
potential difference between the cathode and anode of the tube 
can be altered at will. 

2. Ionization Produced by X-rays 

The manner in which ionization is produced by X-rays is 
elegantly shown by C. T. R. Wilson’s remarkable photographs 
of the passage of X-rays through air. Without entering into 
the details of the methods, i it will suffice for the present to 
point out that the curved lines shown in Fig. 4 consist of series 
of water drops, which have been illuminated by an intense 
spark. Each drop has formed upon a separate ion as a nucleus. 
In this photograph, the X-rays passed from left to right through 
the middle of the picture. The part of the air exposed to the 
X-rays differs from the rest of the air only in the fact that if is 
this region in which the curved lines originate. In other words, 
the action of the X-rays is to eject from the air high speed 
particles (/3-rays) which break into ions the molecules through 
which they pass. Thus the process of ionization is to a large 
extent an indirect one. Whereas in the present jihotograjdi 
the X-rays have ejected about twenty |3-rays, these jiarticles, 
while tearing their way through the air, have produced 
thousands of ions. 

It is the ions thus formed which give to air and other gases 
their electrical conductivity when expo.seil to X-rays. 'I'hc 
number of high speed /3-particle.s, and hence also the total 
number of ions produced, is found to be proiiortional to the 
energy of the X-rays which traverse the air. .A meiisuremciit 
of this ionization by means of an electroscope or an ionization 
chamber connected with an electrometer thus alfords ti con- 
venient method of measuring the inten.sity of an X-ray beam. 

* C. T. R. Wilson, Proc. Roy. Soc. A. 87, 277 (1 yi s). 
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5>. Absorption of X-rays 

We have noticed that X-rays are much more strongly ab- 
sorbed by some substances than by jDthers. Ihc reduction in 
intensity of X-rays as they traverse matter can be studied by 
the use of such apparatus as that shown in log. 5* ^1^^' 

X-rays are produced in a tube and are measured by means of 
an ionization chamber 1 which is connected to form ot 
electrometer The ionization produced by the X-rays pei- 
mits the batteries to send a current through the chamber, 
which is measured by the electrometer. If the potential of the 



batteries is sufficiently great, practically all of the ions reach 
the electrodes before they recombine, and this ionization cur- 
rent is proportional to the intensity of the X-rays. Thus the 
ratio of the current with an absorbing screen at // to the cur- 
rent without it, measures the relative intensity of the X-ray 
beam in the two cases. 

In order to speak of the absorption quantitatively, it is con - 
venient to define what is known as the '' abs()r[)t\o)i corlfu irntT 
Let us suppose that the fraction dl/ 1 of the intensity / of a 
beam of X-rays absorbed as they pass through a thin layer of 
matter is proportional to the thickness dx of this layer. 

Then 
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where n is the constant of proportionality, and the negative 
sign indicates a decrease in intensity. On integration, 

log J = - M + log Jo, 

taking log Jo as the constant of integration. This may be 
written. 



or 

J = Joe"'*®. (i.oi) 

It is clear from the latter expression that Jo represents the in- 
tensity of the rays when x is xero, whereas J is the intensity 
after traversing a layer of matter of thickness x. The quantity 
pi is the absorption coefficient, or linear absorption coefficient, 
and is defined by the expression 

pi = — dl/Idx, 

\ 

that is, it is the fractional decrease in intensity per unit path 
through the absorbing medium. 

If we consider a beam of X-rays i cm.^ in cross section, an 
equivalent definition of the linear absorption coefficient is the 
fraction of the energy of this beam which is absorbed per cm.'^ 
of the matter traversed. For many purposes, instead of the 
absorption per unit volume, we desire to know the fraction of 
the energy absorbed when a lieam of unit cross section traverses 
unit mass of the material. This fraction is iim = m/p, where p 
is the density of the material, and is called the mass ahsorptioyi 
cocjficicnt. 'I'he reason for the importance of this quantity is 
that it is characteristic of the absorbing substance, whereas 
the absorj^tion per unit volume coefficient p is not. d'hus the 
linear absorption coefficient of a given beam of X-rays is much 
greater in water than in steam, whereas the mass absorption 
coefficient is the same in both. For in the latter case the 
amount of matter, i gram, traversed by an X-ray beam of 
unit cross section is independent of the density. 
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For purposes of calculation, we often wish to compare the 
amount of energy absorbed by an atom of each of several 
different elements. Since is the fraction of a beam of X-ray.s 
of unit cross section which is absorbed by unit volume of 
matter, the fraction of this beam absorbed by an individual 
atom is lia = uln, where n is the number of atoms per cm.'' 
This quantity is called the “ atomic absorption coefficient." 

The remark has just been made that the mass absorption 
coefficient of water is the same whether in the form of liquid or of 
gas. This is an example of the experimental fact that the mass 
absorption coefficient of a substance for X-rays is independent 
of its physical state.^ It is also found that the fraction of the 
energy absorbed per atom or per unit mass of an clement is 
independent of its state of chemical combination. 'Phis has 
been tested, for example, in the recent experiments of Olson, 
Dershem and Storch. From theoretical considerations it is 
clear that differences due to chemical condition should be more 
prominent for the lighter elements, for in these elements there 
is a relatively larger number of valence electrons. Their most 
significant experiments are thus with carbon and oxygen. 'I’he 
results are summarized in the following table: 


TABLE I-i 

Mass Absorption Coefficients of X-Rays of Wave-lf-niiTM, io ** I'm, 

■ _ • i ■ 


Element 

t ■ 

Form 

Mw Oh.scrvcr 

Carbon 

Graphite 

Aliphatic compounds 
Aromatic compounds 
Liquid 

Organic compounds 

1.21 I lew let r* 

i.iK O.D.^'S. t 

i . ai 0. 1). c\'S. 

2. Hi Ilcwicit 

2.94 0 . 1 ). tS:S. 

Oxygen 


* C. W. Hewlett. Phys. Rev. 17, 284 (loai). 

tA.R.OIscn, Elmer DcrshcmandH.H.Storch,l‘hys.Kfv.2i..i(.(i,„,). Cf nl., c, 

Taylor, Phys. Rev. ao (Dec., I0J2). 


' This IS not quite true. Recent experiments hy H. S. Rciul (I'livs. Rev. Anr, 
B ^ seemed to show a small variation of Mm with temperature, ami |. A Heardeil 

facer doubtless connected with the reflection from the crystal 
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The small differences which remain are probably within the 
experimental error. 

This independence of the mass and atomic absorption coeffi- 
cients from the physical and chemical state of an element sharply 
distinguishes X-rays from ordinary light. Thus, while liquid or' 
solid mercury is opaque to light, its vapor is almost perfectly 
transparent. Carbon in the form of diamond is highly trans- 
parent, while in the form of graphite it absorbs light very 
strongly; but the mass absorption of both forms for X-rays is 
the same. 

'J'he absorption coefficient of the total radiation from an 
X-ray tube is found to depend chiefly upon two factors, the 
potential applied to the X-ray tube, and the atomic number of 
the absorbing screen. The penetration or “ hardness’' of the 
X-rays increases very rapidly as the voltage rises, the absorp- 
tion c()efficient in most substances varying inversely as the 
potential raised to some power between 2 and 3. Using the 
same beam of X-rays, the penetration decreases rapidly as 
atomic weight, or more exactly the atomic number, of the 
absorbing material increases. There are, however, certain 
irregularities in the curve relating the atomic number and the 
absor]')ti()n coefficients, which later will be considered in detail. 

In deriving our expression i.oi for the intensity of the 
X-ray beam after it has traversed a layer of matter, we assumed 
that the (juantity ju was a constant for all values of x. Experi- 
ment shows that this assumption is valid only under very 
s|K‘cial conditions. When the direct radiation from an X-ray 
tube is studied, the first layers of the absorption screen remove 
a large fraction of the less ])enetrating, or soft ” radiations, so 
that only the more ]K‘netrating, or “ hard portions reach the 
final layers. 'The effective value of /x is accordingly greater for 
the rays which enter an absorbing screen than tor those that 
leave. When, however, a ray is used which is all of the same 
wave-length, its absorption coefficient remahis unchanged as it 
traverses matter. Such a ray is said to be homogeneous. 
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4 . Secondary Rays Produced by X-rays 

When X-rays traverse matter, the matter becomes a source 
of secondary X-rays.i The intensity of the secondary rays is 
usually very small compared with the intensity of the primary 
radiation falling on the matter. This is necessarily the case. 
For in the first place, only a part of the energy of the primary 
beam which is dissipated in the radiator reappears as X-rays, 
and in the second place the reradiated X-rays spread in all 
directions, so that their intensity in any one direction is small. 



The usual method of investigating secondary X-rays may 
be explained by reference to Fig. 6 . Radiation from tlic 
target S of an X-ray tube, or from some other source of X-rays, 
is allowed to traverse a radiator R. This radiator is then found 
to emit radiation in all directions. These rays may be in- 
vestigated by means of an ionization chamber 1 which is care- 
fully screened from the primary beam. 

^ Cf. M. I. Pupin, Science, 3, 538 (1896). 
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If the radiator consists of a plate of matter so thin that the 
X-rays are not appreciably diminished in intensity on travers- 
ing it, the intensity /,of the secondary beam as it enters the 
ionization chamber may be written as 

4 = nivths 

where I is the intensity of the primary beam at i?, V is the 
volume of the radiator, h is the distance from the radiator 
to the ionization chamber, and is a constant of pro- 
portionality which may be called the “ radiating coefficient for 
the angle 0.” Experiment shows that this coefficient is a 
function of the wave-length or hardness of the incident rays, 
their state of polarization, the composition and physical state 
of the radiator, and the angle B. 

Scattered and Fluorescent X-Rays . — It is found that many 
materials when used as radiators give rise to two distinct types 
of secondary radiations. One of these, known as “ scattered ” 
rays, is very nearly identical in absorption coefficient or wave- 
length with the primary beam. The other type, known as 
the “ fluorescent ” rays, is distinctly less penetrating, or of 
greater wave-length, than the primary X-rays. Scattered 
rays seem to be primary rays which have merely had their 
direction altered by the matter through which they pass. The 
fluorescent rays, on the other hand, are characteristic of the 
radiator, ami do not change in character with change in 
wave-length of the iirimary beam as long as this beam is of 
sufficiently short wave-length to excite the fluorescence. Re- 
rined ex]K-riments show that the seattered rays are also some- 
what less ]K‘netrating than the jM'imary rays which produce 
them, though this change in hardness or wave-length is 
usually small comjiared with the change which occurs when 
fluorescent radiation is excited. 'I'he two types of radiation 
can however he distinguished by the fact that, whereas the 
wave-length of the fluore.scent rays is characteristic of the 
railiator and independent of the wave-length of the primary 
rays, the wave-length of the scattered rays depends upon that 
of the primary beam and is nearly independent of the radiator. 
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The origin of the scattered ray becomes at once apparent if we 
think of the primary X-ray as an electromagnetic wave. When 
such a wave strikes an electron, the electron is accelerated by 
the electric field. But, according to electrodynamics, an 
accelerated electric charge must radiate. Consequently tlie 
electron radiates energy due to its forced oscillations under the 
action of the primary beam. Since these forced oscillations 
are of the same frequency as the incident wave, the rays pro- 
duced by these oscillations must also be of the same frequency. 
The fact that experiment shows a slightly different frequency 
between the primary and the scattered ray indicates that this 
explanation must be somewhat modified. This will be done 
(Chapter IX) when we introduce the quantum theory of 
X-ray scattering. 

The fluorescent ray originates in the ionization and sub- 
sequent recombination of the atoms of the radiator. As we 
have seen, when the X-rays traverse matter, a part of their 
energy is spent in ejecting ;9-rays, or electrons, from some of 
the atoms. The remainder of the atom is in an ionized con- 
dition, and when it draws to itself another electron to regain 
its normal state, energy is liberated which reappears as the 
fluorescent X-rays. We now have evidence that the ionized 
atom returns to its normal condition usually through a series 
of steps, and that at each step radiation is emitted whose fre- 
quency is proportional to the energy emitted. At the halting 
places, between the steps, the atom is said to be in one of its 
“ stationary states,” of which more will be said when we 
consider Bohr’s theory of the atom. 

If an electron is ejected from the innermost portion of the 
atom, where the energy is a minimum and the greatest amount 
of energy is therefore required to liberate the electron, a large 
amount of energy will correspondingly be liberated when an 
electron returns to the vacated position. The frequeiTcy of the 
fluorescent radiation emitted, being proportional to the energy 
radiated, will accordingly have the highest value possible for 
this atom. 

There are two prominent types of fluorescent X-rays which 



SECONDARY RAYS PRODUCED BY X-RAYS 


13 


may be excited In most of the elements, known as the K and 
the L characteristic radiations^ The former is apparently the 
most penetrating type of fluorescent radiation which the ele- 
ment is capable of radiating, and is thus presumably excited 
when an electron is ejected from the most stable position in 
the atom. The L radiation is much less penetrating, and occurs 
when electrons are ejected from the next most stable position. 
It is a remarkable fact that similar characteristic fluorescent 
radiations are emitted from all the elements, which differ by 
regular gradations in penetrating power or wave-length as one 
goes from one element to another. 

Spectra of these characteristic radiations, taken however 
directly from the target of the X-ray tube instead of from 
fluorescing matter, are shown below (p. 28) for several elements. 

Photoelectrofis Ejected by X-rays. According to the inter- 
pretation of fluorescent radiation which we have just given, 
emission of photoelectrons from matter exposed to the X-rays 
should always accompany the emission of fluorescent rays. 
'I'his is indeed found to be the case. We can even distinguish 
the photoelectrons which are ejected from the different por- 
tions of the atom corresponding to the emission of a K or an 
L fluorescent ray. When light falls upon the alkali metals it 
has been found that photoelectrons are ejected with a kinetic 
energy whose maximum value is 

— hv — zo, (1 .02) 

where zo is the work done in pulling the electron out of the 
metal, >> is the frecjuency of the light, and h is a constant of 
))roportionality known as “ Jdanck’s constant.” When X-rays 
instead of light are employed, the jihotoelectrons arc found to 
be ejected with different groups of velocities, but the energy 
of the fastest electrons in each group is again given by equation 
( I .02). 'I’he constant h keejxs the same value,6.56 X 10 -" erg 
seconds; but zv, the work done in removing the electron from 
the atom, has a different value for the different groups of 

’ C. (j. Barkla ami C. A. Satllcr, Phil, Mag. i6, 550 (jyo8). 
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photoelectrons. If it requires an amount of energy Wt to re- 
move an electron from the lowest or K energy level, it is clear 
from equation (1.02) that such an electron cannot be ejected 
ii hv < Wki i.e., if the frequency of the incident X-rays is less 
than V = Wk/A = vj,. But if the electrons are not removetl 
from the K level, it is impossible for any K fluorescent radiation 
to be emitted. This result has been fully verified by experi- 
ment, which shows that fluorescent radiation of the K or h 
type is not emitted by an element unless it is traversed by 
radiation whose frequency is greater than the critical value 
v>k/h or Wij A required to eject photoelectrons from the cor- 
responding energy levels. 

It has been noted above that after ionization has occurred 
an atom usually returns to its normal condition through a 
series of steps. One of these steps may be the transition of an 
electron from an Z to a X energy level, in which case the amount 
of energy liberated is wi — wi, which can be determined by 
measuring the difference in energy of the photoelectrons ejecfetl 
from these two levels. It is interesting to note that the mo.st 
prominent line in the spectrum of the fluorescent K radiation 
has the frequency v = {wi — Wi^fAy where A is again Planck’s 
constant. It is thus natural to suppose that if the energy lib- 
erated during any change of the electron’s position in the atom 
IS w, the frequency of the radiation emitted during the process is 
w/h. As we shall see, this is a fundamental postulate of Bohr’s 
theory of spectra, and as k part of that theory has received 
very strong support. 

It is a consequence of this postulate that the highest fre- 
quency fluorescent ray that can be excited is no greater than 
the frequency of the primary ray. For the greatest amount of 
energy which the primary ray can impart to an atom in ejecting 
an electron IS Av, and this is therefore also the greatest amount 
o energy that can be liberated as a fluorescent ray when (he 
atom returns to its normal condition. It will of course usually 
happen that the frequency of the fluorescent ray is consiilerably 
ower than that of theprimary ray. This corresponds to .Stokes’ 
law in optics. Though the law is by no means always valiil in 
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the visible region, in the region of X-rays no exceptions have 
■been found. 

5. Polarization of X-rays 

According to the explanation of the scattering of X-rays 
given above, we should expect the rays scattered at an angle of 
90° with the primary beam to be polarized. For the electric 
vector of the primary wave is perpendicular to the direction of 
propagation, and the accelerations of the scattering electrons 
must therefore also he perpendicular to this plane. If we were 
to look at these scattering electrons in a direction at right 
angles with the primary beam, their motions would all be in a 
plane which we would be seeing edge-on. Imagine, as in Fig. 7, 
that the primary beam is 
propagated horizontally to- 
ward the north when it passes 
over the electron e. The ac- 
celeration of this electron will 
tl\en be in a vertical, east- 
west plane. The electric vec- 
tor of the wave which it emits 
toward the east must also lie 
in this plane, since there is no component of the accelera- 
tion of the scattering electron in any other direction. Con- 
secpiently, the scattered ray reaching an electron e' , having its 
electric vector in a vertical plane, is completely plane polarized. 

This polarization inay be detected l)y examining the rays 
scattered by the electron c' . 'I'liis is accelerated in a vertical 
direction. 'J'he amplitude of the electric vector of the wave 
^emitted is, according to the usual electrodynamics, proportional 
to the sine of the angle between the acceleration and the direc- 
tion of propagation. Thus the maximum intensity of the beam 
scattered by electron e' is in the horizontal plane, while in the 
vertical direction the intensity is zero. The polarization of the 
beam scattered by electron e is thus detected by comparing the 
intensity of the scattered rays from electron e' in the horizontal 
and vertical directions. 


V V, r = o 
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A test of this character was first made by C. G. Barkla ' in 
1906. In place of the electrons e and he used blocks of car- 
bon to produce the scattering, and he compared the ionization 
produced in two chambers placed at H and V respectively. Me 
found the ionization in the chamber H much more intense than 
in chamber thus proving that the rays scattered by the first 
radiator were strongly polarized. The fact that the scattereil 
rays are thus polarized in the predicted manner gives strong 
evidence in favor of the view that the X-rays consist of electro- 
magnetic waves or pulses. 

6. Diffraction and Interference of X-rays 

It was recognized early in the study of X-rays that most of 
the properties of these rays might be explained if they consisted 
of electromagnetic waves of wave-length much less than that of 
light. Many attempts were therefore made to secure diffraction 
of X-rays by passing them through a narrow slit. Haga and 
Wind performed a careful series of experiments^ to tictect any 
possible diffraction through a wedge-shaped slit a few thou- 
sandths of a millimeter broad at its widest part. Photographs 
were obtained which showed a broadening where the rays 
passed through the narrow part. The magnitude of the broad - 
ening was about that which would result'* from rays of wave- 
length 1.3 X 10-8 cm. Walter and Pohl repeated the exiK-ri- 
ments by yet more refined methods, and came to the conclusion 
that if any diffraction effects were present, they were consider- 
ably smaller than Haga and Wind had estimated. Later, A. 
Sommerfelds recalculated the wave-lengths from Walter and 
Pohl’s plates on the basis of photometric measurements ])er- 
formed by Koch.® He thus found from their photograjdis tliat 
the effective wave-length of hard X-rays is about 4X10 " em., 

‘ C. G. Barkla, Proc. Roy. Soc. A. 77, 247 (lyofj). 

* Haga and Wind, Wied. Ann. 68, 884 (i 89<;). 

® A. Sommerfeld, Phys. Zeits. 2, 59 (1900). 

^ Walter and Pohl, Ann. d. Phys. 29, 3;^! (1909). 

® A. Sommerfeld, Ann. d. Phys. 38, 473 (1912). 

® P. P. Koch, Ann. d. Phys. 38, 507 (1912). 
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and that the wave-length of soft X-rays is measurably greater. 
These values are of the correct order of magnitude as tested by 
the methods of crystal spectroscopy. On account of the diffi- 
culties of the experiments, however, these results did not carry 
as great conviction as their accuracy would seem to have 
warranted. 

Recently two experimenters, Walter^ and Rabinov,^ have re- 
peated experiments of this type, using respectively the lines 
of copper and molybdenum. Both obtained 
definite diffraction effects and were able to 
make approximate estimates of the wave- 
length, which agreed within a rather large prob- 
able experimental error with the wave-lengths 
determined by crystal spectrometry. Walter’s 
results are reproduced in Fig. 8, which shows 
a definite diffraction band beside the central 
image. 

Dijffraction by Ruled Grating, Though these 
photographs obtained with narrow slits show 
definite diffraction effects, they have not enabled 
us to make any precise determination of the 
X-ray wave-lengths. Absolute wave-lengths 
of X-rays have however been measured by 
means of ruled reflection gratings, similar to 
those used for visible light.^ Though in the early experi- 
ments it was found impossible to reflect X-rays from a 
polished surface, later work (described on page 40) showed that 
such specular reflection does occur when the X-rays graze the 
surface at a sufficiently fine angle. Within this angle, of lesSS 
than half a degree, it is thus possible to use a reflection grating. 



* H. Wilh'cr, Ann. dcr Phys. 74, 661 (i(;24); 75, Sept., 1924. 

“ I. I. Uabinov, Proc. N. A. Sci. n, -iTi (1925). 

“ 'I'hc p()ssil)i!it y of securing X-ray spectra from a ruleil grating in this manner was 
first suggestcii I)y N. Carrara (N. Ciniento, i, 107, 1924). Mis efforts to secure such 
spectra were, Iiowever, fruitless. U. L. Doan and the author, imlepcndcntly of Car- 
rara, succeeded in obtaining such spectra, of which h'ig. 9 is an example (Proc. Nat. 
Acad. Sci. ii, 59K, 1925). Similar sj)cctra, using a grating ruled on glass, have also 
been secured by J. 'i’hibaud (Comples Rendtis, Jan. 4, 1926). 
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A spectrum thus obtained when the Kai line from a molyb- 
denum target is diffracted by a grating ruled on speculum metal 
is shown in Fig. 9. The line D is the image of the direct beam 
obtained with the grating removed. The directly reflected 
beam is at 0 , and the different orders of the diffracted beam 

appear at - i, i, 0 ., 3. Using the 
usual grating formula, 

n\ = D (sin i -|- sin r), 

where D is the grating space, i the 
angle of incidence and r the angle 
of diffraction, it is possible from 
such a photograph to calculate the 
absolute value of the wave-length. 
In this case D was .002 cm., and X 
was calculated to be .707 X io"*’cm. 
This very direct method of 

^ — ' 1 — — i—j measuring X-ray wave-lengths is 

Pjp ^ not at present as precise as the less 

direct method in which crystals are 
used as gratings. But the fact that the two methods give, within 
experimental error, identical results serves as an important 
confirmation of the crystal wave-length measurements. 

Diffraction of X-rays by Crystals . — While these direct meth- 
ods of measuring X-ray wave-lengths were being devclo]iecl, 
and long before they were brought to a successful conclusion, 
Laue discovered the remarkable fact that crystals act as 
suitable gratings for diffracting X-rays. From this discovery 
has grown on the one hand a surprisingly exact knowledge of 
the structure of many crystals, and on the other hand a means 
of studying X-ray spectra which is comparable in precision with 
our methods of studying optical spectra. 

Reasoning from several different standpoints, Laue esti- 
mated that the wave-length of ordinary X-rays should lie be- 
tween 10-8 and 10-9 cm. But knowing as he did the number of 
molecules m unit volume of a substance, he noticed that the 
average distance between the atoms or molecules of solids was 
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between iO“^ and io~8 cm. Now in a crystal, in order to get 
the symmetry which is observed, we must suppose that there is 
a unit, presumably of atomic or molecular size, which arranges 
itself in a regular repeating order. It is therefore natural to 
suppose that in a crystal there are layers of molecular units 
which are arranged successively at uniform distances not much 
greater than the wave-length of X-rays. But these conditions 
are very similar to those which occur when light traverses an 
optical grating — regularly spaced discontinuities separated by 
distances several times the wave-length of the light. It there- 
fore occurred to Laue that a crystal might act toward X-rays in 
much the same manner as' a grating acts toward light. He 
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accordingly asked lM*icdrich and Kni]')ping to try the experi- 
ment of pasvsing a narrow beam of X-rays through a crystal of 
zinc blende. 

".rhe ap)’)aratus which was used in tlie firiginal ex]K‘rimcnts is 
shown diagrammatically in Mg. lo. X-rays from the target 
after being collimated by two circular holes ////, jiassed through 
the zinc blende crystal Conto the jdiotographic jdate. In Mg. 
11 Is shown a jdiotograjdi of the type thus olitained. Around 
the central spot^ produced by the direct beam passing through 
the crystal, appear a group of symmetrically arranged spots- 
The positions of these spots changed when the orientation of 
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the crystals was altered, and was different for different crystals. 
They formed exactly the type of pattern which might have been 
expected from a three dimensional grating. 



A simple interpretation of these photographs was offered by 
W. L. Bragg.^ He pointed out that each of the images sur- 
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Fig. 12. 


rounding the central spot could be interpreted as the reflection 
of the incident X-ray beam from some plane within the crystal 

1 W. L. Bragg, Proc. Camb. Phil. Soc. 17, 43 (1912). 
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which was especially rich in atoms. Consider a two-dimensional 
pattern of points as shown in Fig. 12, It will be seen that the 
lines (corresponding to the planes in the three dimensional 
crystal) which have many points per unit length are those 
drawn at ‘‘ simple ” angles. Similarly the position of the spots 
to be expected in a Laue photograph with a cubic crystal can 
be calculated on Bragg's assumption merely from the crystal 
symmetry, the more intense spots being reflected from planes 
drawn at simple angles with 
the cubic axes. A comparison 
with the position of the spots 
thus calculated with the posi- 
tions of the spots in Friedrich 
and Knipping's photographs 
showed that the idea was 
sound. 

The cleavage face of a 
crystal should be parallel to 
these simple" planes which 
are rich in atoms. W. IT. 

Bragg therefore tried the ex- 
periment of reflecting a beam 
of X-rays from the cleavage 
surface of a crystal, and found 
on the photographic plate a 
s]M)t at the angle of reflec- 
tion.* 1 le then replaced the 
jTiotograjTiic plate with an 13. 

ionization chamber, mounted 

upon the arm of a si^'Ctrometer, and jdacctl the crystal ujion the 
jM-ism table, so that both could be conveniently oriented at any 
desired angle with the judmary beam. A diagrammatic plan of 
the apparatus as thus employed is shown in Jog. 13. // and B 
are slits which collimate the primary X-ray beam, C is the 
crystal, D is a slit which defines the beam entering the ioniza- 

^ It is interesting to note that Roentgen tried a rather similar experiment in 1S95 
using a crystal of calcite, but with negative results. 
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tion chamber I. As the glancing angle 9 at which the X-rays 
struck the crystal was varied, the angle between the ionization 
chamber and the primary beam was kept equal to 2,0, in ordct 
to receive the secondary beam reflected from the crystal. 

A record of the intensity of ionization as the angle 0 was 
varied is shown in Fig. 14. In this experiment X-rays from a 
tube containing a platinum target were reflected by a crystal 
of rock-salt. It will be seen that instead of varying uniformly 
with the angle, the ionization rises to large values at certain 
sharply defined angles. 



Fig. 14. 


' An interpretation of this curve may be obtained if wc 
examine further the manner in which X-rays are diffracted by 
a crystal. Suppose that a wave comes from a source .V and 
strikes a crystal, as in Fig. 15. A fraction of the wave i.s re- 
flected by the first layer of atoms at an angle 0, equal to tlie 
incident glancing angle, and another fraction is reflected from 
the second layer. It is clear from the construction of the figure 
that the difference in the length of the paths followed by these 
two rays is JBC. But JB = BC = OB sin 8 , so that the differ- 
ence in path is 2 OB sin 8 . In order to secure co-operation be- 
tween these beams, the difference between their paths must 
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The Continuous X-ray Spectrum . — continuous portion 
)f the X-ray spectrum also has some very interesting features, 
hi Fig. 10 are shown a series of spectra obtained by Ulrey from 
i tungsten target, taken with different potential differences 
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Fig. 18. 


across the X-ray tube. It will be seen that for a definite poten- 
tial, no radiation occurs of wave-length less than a certain 
critical value. Having passed this wave-length, the intensity 
rises sharply to a maximum, and then gradually falls to a rela- 
tively low value. 



Fk;. 19. 

Accurate measurements show that the short wave-length 
limit of the spectrum is inversely proportional to the potential 
applied to the tube, or that the frequency of this limiting radia- 
tion is proportional to the potential. It is customary to state 
this fact thus: 

(i-of) 


h he 
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In this expressioHj V represents the potential across the tii )e 
and e the charge on the electron, so that Ve 'is the energy with 
which the cathode ray strikes the target; c is the velocity or 
light, and h, the constant of proportionality, is the same as 
Planck’s constant which we used in discussing the photoelectric 



effect. From careful determinations of the minimum wave- 
length X« corresponding to definite potentials F, Duane ami 
his collaborators have found ^ 

h = VeK/c, 

= 6.556 X iO“ 27 ergsec. 

1 Blake and Duane, Phys. Rev. 10, 624 (1917). Duane, Palmer and Chi-Sun-Ycli, 
J. Opt. Soc. Am., s, 376 (1921). 
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8. Bohr s Theory of Spectra 



In order to understand the significance of the remarkable 
regularities observed in the X-ray spectra, we may profitably 
consider at this point Bohr’s theory of the structure of the atom. 
For the present we shall discuss this only in a simple form, 
leaving till a later chapter the detailed theory which will 
account more completely for the different lines observed, Bohr’s 
theory ^ postulates the type of atom proposed by Rutherford, 
which consists of a heavy, positively charged nucleus about 
which the negative electrons revolve in orbits. He proceeds, on 
the basis of three principal assumptions, to calculate the posi- 
tions and the energies of the electrons in their orbits and the 
frequency of the radiation which they may emit. 

The first of these assumptions is that an electron revolves in 
a circular orbit,- its centrifugal force being balanced by the 
electrostatic attraction of the nucleus modified by the forces 
due to the other electrons in the atom. For a single electron 
revolving about a nucleus, the mathematical statement of this 
assumption is 

mv^ _ Re _ Ze^ 
a “ 


where m is the mass of the electron whose charge Is v is its 
speed in its orbit of radius and li = ZjC is the charge on the 
nucleus, 7j being the atomic number.’^ 

' N. Holir, Pliil. Mag. 6, i, 47^) 857 

‘ liolir’s original assuinptioti was an elliptical orhif. 'I’lic assumpHon of a circular 
orbit is niailc Jicrc for the sake of simplicity, since it leads to the same results regarding 
fre(piencies and energies. 

Kutherforirs experiments (rhil. Mag. '2i,f>b(y 1 91 1) demonstrated the existence of 
a small and massive nucleus within the atom which repelled alplia j>articles according to 
an inverse s(juare law of force. 'The magnitmle of this force was shown to be about that 
which should exist if this nucleus possessed a charge of about half the atomic weight. 

More recent experiments by Chadwick (INiil. Mag. 40, 734 1920) on the scatter- 
ing of alpha rays showetl that, measured in electronic units, this charge is at least very 
nearly ecpial to the atomic number. 'I'hese results are supported by Barkla’s iiieasure- 
ments of the scattering of X-rays (cf. Chapter Jll), which indicate that the number 
of moI)ile electrons in an atom is c(|iial to about half the atomic weight. The assump- 
tion that the charge on the atomic nucleus is, in electronic units, exactly equal to the 
atomic number is therefore strongly supi^ortecl, 

rr I lISc Lib B'lore 

^ * , 537,5352 N27 
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In every atom except hydrogen there exists more than i 
electron, and the forces due to the other electrons must be 
considered. If these electrons could be considered as charges 
uniformly distributed over the surface of spheres concentric 
with the nucleus, it is clear that those electrons outside the one 
whose motion is considered would have no effect, while those 
inside this orbit would act as if their total charge were concen- 
trated at the nucleus. The force due to the outer electrons 
would thus be zero, and that due to the inner electrons would 
be where p is the number of inner electrons. This cor- 

rection is of course only approximate, since the electrons are not 
uniformly distributed over a spherical surface, and since the 
electron under consideration will itself doubtless modify to some 
extent the distribution of the other electrons. If the remaining 
electrons at the same distance from the atomic nucleus were 
similarly arranged at random on a spherical surface, a simple 
electrostatic argument shows that the force which they would 
produce on the electron in question would be a repulsicm of 
magnitude \{q — where q is the total number of 

electrons in this shell. A more accurate expression for the 
electric force on the electron would therefore be 


Ze^ pe^ i {q — __ 

1 ~ a^' 


where F = Z - p - Kq — i). 


The relation between the 
is thus more nearly 


centrifugal and the centripetal forces 


— ~zF. 
a 


(i.of.j 


The second assumption made by Bohr states that of the 
infinite variety of orbits which are possible according to etpia- 
tion (i.o6) only those orbits will be stable for which the 
angular momentum is an integral multiple of ///ctt, where h is 
Planck’s constant, having the value 6.556 X 10 erg seconds. 
The idea is that, whereas according to the classical electro- 
dynamics an electron revolving in an orbit must radiate because 



t 
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of its centripetal acceleration, if an atom of the type postulated 
by Rutherford is to exist, there must be some condition under 
which the revolving electron will not radiate. It is the present 
assumption which supplies that condition, assigning to the 
electron certain orbits in which radiation will not occur. The 
assumption is to large extent arbitrary, its chief justification 
lying in the fact that it leads to results in agreement with 
experiment. The mathematical statement of this assumption is 

mva = nh/ir, (1.07) 

where n is an integer. 

By combining equation (1.06) and (1.07), we can cal- 
culate the radii and the energies corresponding to the different 
stationary states. On solving for the radius we obtain 




(1.08) 


The total energy of the sytem is the sum of its potential and 
kinetic energies. In calculating the potential energy^ let us sup- 
pose that initially the dimensions of all the electron orbits are 
magnified by a very large factor Ny so that the potential energy 
is zero, though the electrons retain their usual relative positions. 
As N is gradually reduced to unity, the electron orbits shrink to 
their normal size. At each stage of this process, the force on the 
electron whose ]M)tential energy we calculate is always — 
where r is its distance from the nucleus, and F has the value 
given above. 'J'hus the work done on the electron in bringing 
it to its final position is 

r" Fe- 

./oo ' 

or substituting the value of a from equation i .08, the potential 
energy is 

jr _ 

nW 
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To calculate the kinetic energy, we have merely to evaluate 
from equations (i .06) and (i .07), obtaining 


T = = 


r(%^ 


The total energy is accordingly 

I 

where, as before. 




F=Z-p-l{q-l). 


(I .Oy) 


Before proceeding with the third assumption, it will be of 
value to test the theory at this point. The energy required to 
remove an electron from its orbit is —IF where TF is given by 
equation (i.oy).! If this energy is supplied by an electron 
striking the atom, in order to have acquired sufficient energy 
the electron must have fallen through a potential difference F 
such that Fe = — JF. Thus the “ ionizing potential” of the 
atom is 

PF 

F= - ~ = 


In the simplest case, that of the hydrogen atom, F - 7 , -■ i, 
and if the atom is in its normal condition ;/ = 1. C)n substi- 
tuting the usual values, 

(? = 4.774 X 10-"' e. s. u., 
m - 9.01 X io-2«g., 
h = 6.556 X erg sec., 

we find 

F = .045 e. s. u. 

= 13.5 volts (calc.). 

* From the way in which we have calculated the |X)tcntiiil cncrgv,it will ho si-cti that 
this statement is only approximately true when the shicliling effect of the other elec- 
trons IS considered. It is strictly accurate, however, for hyilrogen wliere /•’ - Z. 
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The recent experiments of Olmstead and Compton/ how- 
evetj have shown that in order that an electron may ionize an 
atom of hydrogen, it must have fallen through a potential 
difference 

V = 13.54 volts (expt.), 

in perfect accord with the theory. This suggests strongly that 
we are working along the right line, especially since when Bohr 
originally proposed his theory the ionization potential of hydro- 
gen was considered to differ very considerably from this value. 

Bohr’s third assumption enables us to predict the frequency 
of the radiation emitted by the atom. He supposes that if an 
electron finds itself in an outer orbit (« > i) it niay drop to an 
inner orbit, and that the energy liberated in the process is 
radiated with a definite frequency such that 

hv = W^-W„ (1. 10) 

where Wi is the energy of the atom in its initial state and 
its energy in the final state.2 From equation (1.09) the fr^ 
quency of the emitted radiation should therefore be 

" \n} ~ F}l^^y 

where as before the subscripts J and i refer to the final and 
initial states of the electron re.spectively. Since is usually 
small compared with i/«/, we can without serious error put 
Fc/Fj^ = I, and writing 

7 ) _ 

the expression for the frequency becomes 

v = R-F;^{i/ni^ - i/n?). (i.ii) 

In the case of hydrogen F/ = Z — i exactly, and substituting 
the values of <?, m and h given above, the frequencies of the 

^ P. S. Olmstead and K. T. Compton, Phys. Rev. 22 , 559 (1923). 

2 We shall see later (Chapter X) that this assumption is not independent of the sec- 
ond assumption. 
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various spectrum lines can be calculated. For «/ == 2 and fit ~ 
3, 4, 5, etc., this formula gives the frequencie.s of the vi.siblc 
hydrogen lines and those in the ultraviolet which compose what 
is known as the Balmer series. Within experimental error tite 
agreement is exact. Thus for example, if W/ = 2 and Ut ™ 3, 
the calculated wave-length is \ = cjv = 6,75 X lo •'’cm., while 
the observed wave-length is 6.563 X 10“'’ cm. For W/ = t, the 
frequencies are much greater, and correspond exactly with those 
of the Lyman series of hydrogen. Similarly, for «/ = 3,4 and 5, 
the various values of m give frequencies which agree accurately 
with those of known lines in the infra red spectrum of hydrogen. 
Thus equation (i . ii) predicts accurately the position of all the 
known lines of atomic hydrogen, and does not predict any lines 
which do not occur under suitable conditions. 

When we apply this formula to the case of X-ray spectra, 
we may take the experimental value of R as 3.29 X lO*'’ sec. " 
as determined from optical spectra, instead of the value 3.19 X 
10'® calculated from the measured values of e, m and h. For the 
7Ca line of molybdenum, we have = 42, and supposing that the 
K rays come from the innermost shell of electrons, we may take 
t> = o and q = 2.^ Thus F; = 41.5. Since the Ka line is the 
longest of this series, we may take «/ = i and //( = 2. Sub- 
stituting these quantities inequation (i-i i) we find X = c/v ~ 
0.70 X io~® cm., which agrees very satisfactorily with the 
value 0.71 X io~® cm. determined experimentally. Similarly 
for the Lot line from tungsten, we have N = 74, p — 2 and 
5' = 8, whence F/ = 68.5; tij = 2, and in — 3. 'I’luis X = 
1.40 X io“® cm., which again agrees aceeptahly with (he 
experimental value 1.47 X ]o~** cm. 

If we write 



1 The assumption that there are two electrons in the inner shell is sijf^Hcsteil hy the 
fact that helium has but two electrons, and that the chemical prtij>eriii*f, of liihlum 
indicate that it has one electron, boron two electrons, etc., which are active in chemical 
reactions. This leaves two electrons in each of these atoms inert, and hence jM-e.siiin- 
ably in an inner shell. A number of other lines of eviilence lead to the .same cotulu.sion. 
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and 

equation (i.ii) becomes 

^ - k), 

which is identical with Moseley’s experimental law (1.04). 
These results thus indicate that Z, the charge on the nucleus of 
the atom, increases by i electronic unit as one passes from an 
element to the element next higher in atomic weight. More- 
over, since k remains constant, the number of electrons in the 
inner shells must remain constant for the elements for which 
the spectra are examined. These X-ray spectra, with the help 
of Bohr’s theory, therefore supply very valuable evidence con- 
cerning the inner structure of the atom. 

9. The Refraction of X-rays 

In his original examination of the properties of X-rays, 
Roentgen tried unsuccessfully to obtain refraction by means of 
prisms of a variety of materials such as ebonite, aluminium and 
water. Previous to the use of homogeneous rays reflected from 
crystals, perhaps the experiment conducted under conditions 
most favorable for measurable refraction was one by Barkla.^ 
In this work X-rays of a wave-length which excited strongly the 
characteristic K radiation from bromine were passed through a 
crystal of potassium bromide. 'I'he accuracy of his experiment 
was such that he was able to conclude that the refractive index 
for a wave-length of 0.5A. probably differed from unity by less 
than 5 X IQ - A test of the refraction of homogeneous X-rays 
has been made by Webster and Clark.- 'l 1 iey found that the 
refractive index for the different K lines of rhodium, transmitted 
by a rhodium prism, differed from unity by less than about 
X lo >. 

Although these direct tests for the refraction of X-rays were 
unsuccessful, Stenstnim has ol)served'^ that for X-rays whose 

• C. (i. Bsirkla, Phil. Mag. 31, 157 (1916). 

“ 1 ). I.. Websfer and 1 1 . Clark, Phys. Rev, 8, 528 (ujUi)* 

W. Stenstrdm, Dissertation, IaukI (1919)- 
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wave-lengths are greater than about 3A, reflected from crys- 
tals of sugar and gypsum, Bragg’s law, «X = 2 D sin 6 , does 
not give accurately the angles of reflection. He interpret.s the 
difference as due to an appreciable refraction of the X-ruys as 
they enter the crystal. Precise measurements by Duane ‘ and 
Siegbahn® have shown that the same type of diiscrepancies 
occur, though they are very small indeed, when ordinary X-rays 
are reflected from calcite. 

The direction of the deviations in Stenstrom’s experiments 
indicated that the index of refraction of the crystals employed 
was less than i. If this is the case also for other substances, 
total reflection should occur when X-rays in air strike a plane 
surface at a sufficiently sharp glancing angle, just as light in a 
glass prism is totally reflected from a surface separating the 
glass from the air if the light strikes the surface at a sufficiently 
sharp angle. The condition for total reflection is that sin r — 
i/n sin i > i, where i is the angle of incidence, r is the angle of 
refraction, and n = sin z’/sin r is the index of refraction, h'or 
in this case the angle of refraction is imaginary, and all of the 
energy^ must be refracted. In terms of the glancing angle 0, 
which is the complement of the angle of incidence i, this may 
be written, i/« cos > i, i.e., cos d > n, or approximately, 

= sin e < V 2 V I — n, ( I . > i) 


By measuring this critical angle for total reflection, we can thus 
measure the index of refraction of the X-rays. 

The experiment has been carried out by the author" using 
the apparatus shown in Fig. 21. A very narrow sheet of 
X-rays fell upon the mirror Af, and was reflected onto the 
crystal of a Bragg spectrometer. It was fouml that the beam 
could be reflected from surfaces of polisheil glass and silver 
through angles of several minutes of arc. By investigating the 
spectrum of the reflected beam, it was possible to show thaV the 
critical glancing angle is approximately proportional to the 


^ Duane and Patterson, Phys. Rev. i6, p. 532 (1920). 

I Siegbahn Comptes Rendus, 173, p. 1350 (.ya,); pp. ,74, 745 
A. H. Compton, Phil, Mag. 45, 1121 (1923). 
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wave-length, which means, according to equation (l .12)^ that 
the index of refraction differs from unity by an amount pro- 
portional to the square of the wave-length. For glass and 
silver, also, the quantity i - « for a given wave-length is 
approximately proportional to the density. For the wave- 
length 1.279A crown glass of density a.52 was found to have 
a critical angle of 0 = n', corresponding to an index of jefrac- 
^ = I — ^ X io-®* We shall see later (Chapter VII) that 
these total reflection experiments are in good accord with the 
usual electron theory of dispersion. 



More recent experiments by VonNardroff* and Hatley,^ 
using a modification of Stcnstrdm’s method, and by Lar.son, 
Siegbahn and Walletv* who have finally succeeded m deviating 
the X-rays by means of a prism, have confirmed these results, 
obtaining meaurements of the refractive index of sui prising y 
high accuracy. A more detailed account of this work is given 

in Chapter VII. 


* R. Von Niirilroff, Phys. Rev. 24, 143 (>924). 

» C. C. lliitlcy, I’liys. Rev. 24, 4H6 (ii; 24 ). 

■ A. l.nrson, M. Siegbahn and T. Waller, Phy.s. Rev. 25, p. 245 (>y^ 5 ). 



CHAPTER II 


Electromagnetic Theory of the Production of X-Rays 
lo. Electromagnetic Pulses 

The first hypothesis regarding the nature of X-rays wliioh 
led to important results was that put forward by Stokes' and 
J. J. Thomson.2 On this view the X-rays consist of irregular 
electromagnetic pulses due to the irregular accelerations of the 
cathode particles as they traverse the atoms of the target." 

The intensity of the radiation emitted by an accelerateil 
electron may be calculated by an application of Maxwell’s con- 
ception of displacement currents. Just as an electromotive 
force is induced in a circuit toward which a magnetic jiole is 
moving, so a magnetomotive force is induced by the motion of 
an electric charge. The use of the idea of displacement currents 
may be illustrated by calculating on this basis the magnetic 
field due to a moving electron. 

Field Due to an Electron in Slow^ Uttijorm Motion 

Imagine, as in Fig. 22 , an electron moving along the X-axis 
with a velocity v small compared with the velocity of light r. 
We wish to determine the magnetic field at a jioint P (r, 0). 
If we draw through P a sphere about the electron at O as a 
center, the number of unit lines of electric force, or the electric 
displacement across the sphere is ecjiial to the charge 1 f, 

' G. Stokes, Proc. Manchester, Lit. ami Phil. .Soc., i«.;K. 

n 45 , 172 (J8y8); " Conduction of ^•.lccll■icitv ihroiiKh 

Gases,” ad td., 658 et seq. ’ 

‘ The conception of X-rays as transverse ether waves of very short wa ve Icnul h was 
suggested somewhat earlier by E. Wiechert (Sitzungsber. d. phys-okon. Ges. zu K.'iniKs' 
berg, 1894). 
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however, we consider the circle PSQ, perpendicular to OX, the 
displacement through this circle is 

D — e Area of Zone PRQ 
Area of whole sphere 

2OR ■ 

= — cos 0 ). (2.01) 



Fu;. 22. 


'Phc displacement current passing through the circle VSQ is 
//, = dl^jdty and this is su]’)p()scd to produce precisely the same 
magnetic effect as if dDjdt were the rate at which electric 
charge traversed the circle. 'The work done in carrying unit 
magnetic pole about this circuit is thus 

jllds = 


(2.02) 
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where the magnetic field H is in e.m.u., and the displacement 
current to is in e.s.u., or, 


H-irr sin Q 


— - cosO)] 

C ut 


That is, 


Ire . dQ 
= — sin -j’ 
c dt 


TT _ f dd 

rc dt' 


I . dx 

Since dB = dx sin 6 /r. dBldt = - sin ^ -y 

r di 


~ sin 0. 
r 


Thus 


rr • n 

it = — Sin B, 
rh 


(2-o;i) 


It will be seen that this is the same magnetic field at P as one 
calculates from Ampere’s rule. 


f — — ids • 

dH = — sin e, 


if ev is taken as equivalent to the element of current ids. 


11. Field Ttue to Accelerated, Slowly Moving, FAcctron 

Referring again to Fig. 22 , let us now imagine an electron 
moving with a small uniform velocity Iv along the A'^ axis, which 
is stopped at the point 0 in a short interval of time U. We wish 
to calculate the intensity of the electromagnetic pulse at P 
resulting from this change in the electron’s motion. 

At the instant t = 0 , the electron is at the point 0, and 
since it has been in slow uniform motion, its field is the same 
in all directions. The displacement through the circle PSQ is 
now, as in equation ( 2 . 01 ), 

'2^(1 — cos 0). 

After the additional short time interval U the electron has 
stopped close to 0. But an observer at P is unaware of this 
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change in the electron’s motion until after the time r/c, required 
for an electromagnetic pulse to move from 0 to P. At the 
instant t r/c, therefore, the field at P is just as it would be 
if the electron had continued to move with uniform velocity 
during this interval, reaching a point O' at a distance = 
Sv.rfc from 0. The displacement through PSQ is now there- 
fore ie {1 — cos 6'). But at the moment t = rjc -f 5/, and for- 
ever after, the field at P is that due to an electron at rest at 0, 
so the displacement is again -a-e (i — cos B). 

During the short interval from t = rjc to / = rfc + ht the 
displacement has accordingly changed at the average rate, 


or 

But 

whence 


hD 

St 


io 


SB 

50 

St 


ie{cos d' — cos 6) /St, 


le 


S cos 0 


1 • 


8x . ^ 8v . ^ 
— sin 0 = — sin 6y 
r c 


i . , 

- sin 0 = — - sin Oy 

c U c ' 


where a ^ is the accclertition to whieh the electron is 
5/ 


sul)jcct. It follows that 


h> 


(16 ^ • f, 

— - 8111 “ 0 , 


As in equation (2.02) we have therefore, 

TT • /, 4’’' T rtf . , 

H- 2T,r sin 0 = ~ - — sin- 0, 
c 'i c 



ae sin B 
rc^ 




(2.04) 
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When a magnetic field moves perpendicular to itself with a 

velocity v, it gives rise to an electric field of strength E = H- ^ 

if E is expressed in electrostatic and H in electromagnetic units. 
In the present case, since the velocity of propagation of the 
pulse is £> = r, the intensity of the electric field of the pulse in 
these units is identical with that of the magnetic field, Le., 

E^H = —Jme. (2.05) 

rc^ 

It will be noticed that these electric and magnetic intensities 
due to the electron’s acceleration vary inversely as the dis- 
tance r at which they are observed. But the electric intensity 
due to a stationary charge and the magnetic intensity (equation 
2 . 03) due to a charge in uniform motion vary inversely as the 
square of the distance. Thus the radiation from the electron 
may be perceptible at distances so great that its electrostatic 
field is negligible. 

The energy in the electromagnetic field is + E’^j'^-K per 

unit volume, where, as above, H is the magnetic intensity 
expressed in e.m.u., and E is the electric intensity expressed in 
e.s.u. The energy density in the pulse may thus be written, 
since E and H are equal, as 

E^ _ e^a^ si 11^ 6 
47 r ^irr^ct 

To obtain the total energy in the pulse, we integrate this qiian 
tity throughout the spherical shell of radius r and of thickness 
Sr, thus: 

r” • z, jn e^a^s'm^e 1 e'^cfi , , 

W = \ iTtr sxnd-rdd- Sr. - — - -Sr. (2,06) 
Jo 47rr'^c‘ 3 

The fact that this energy is independent of the radius of the 
shell means that the total energy within the pulse remains 
constant as it leaves the electron with the velocity of light. 
This therefore represents energy which is actually escaping 
from the electron in the form of radiation. 
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The rate at which the energy is radiated while the electron is 
being accelerated may be calculated by finding the rate at 
which the energy in the radiated pulse traverses a fixed 
spherical surface described about the electron. In equation 
(a. 06), if we write hr = cht, it is clear that the energy E of the 
pulse traverses any fixed concentric spherical surface in the 
interval S/, whence the rate at which the energy is radiated is 


dJV ^o^al 
dt jr® 


(2.07) 


13. Intensity of X-rays on the Pulse Theory ^ 

Let us assume, in accord with Stokes’s idea, that an elec- 
tron, when it strikes the target, is subjected to a negative 
acceleration in the direction of motion, which continues until 
the electron has been brought to rest. We wish to calculate 
the intensity and energy of the radiation which it emits. We 
are now dealing with an electric charge whose velocity is com- 
parable with that of light, and the results which we have 
obtained for low velocities will be somewhat modified. If at any 
instant the electron’s velocity is fie, it can be shown (see 
Appendix i, equation 33) that equation (2.05) should be re- 
placed by 


E = H = 


ae sin 0 
rc- (i — fi cos 0)'* 


('2, 08) 


By the intensity of the radiation we mean the energy which 
crosses unit area, taken perpendicular to the direction of 
propagation, per unit time. Since the energy per unit volume 
of the pulse is and since this is propagated with a 

velocity r, the intensity at any instant is 

^ cE^ sin" i) 

y = — = ... . (0 qq) 

47r 47rr"r^ {i — fi cos oy* ' ^ 

^ As fur as eq. a.i i, this disicussion follows closely A. Sommerfekl, Phys. Zeits. lo 
969 (1919); Atomic Structure and Spectral Lines, p. 33 (1923). 
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The total radiated energy traversing unit area at P due to 

stopping the electron is S = ^ Idt, where the integral is taken 

over the complete pulse. If t is the time at which the radiation 
reaches P which left the electron at the instant then 
t = t' -\r r[c. Thus dt — df + dr/c where, as a glance at 
Fig. 23 will show, dr = vdd cos 6 = cos ddt', and hence. 



di = dt'(j — (9 cos d). But a = cd^fdt', whence dt' = cdji/a, and 
dt = c/a(i-p cos d)dp. 

Thus 

sin® d 


-/"'-I 


aP' 


4nr®c® (i — 9 cos 9 ) “ a 

dp 


-(i - (9 cos 0 )dp, 


aP' sin 


in® 9 C- 

./s.(i - 

in^^r I 

cos 0 L(i — P 


/3 cos 


i67rrV^ cos 
or for small values of 


cos 6 )^ 




*^0 = — {-7, sm® 0 . 


47ir®c® 


(2. in) 


(2,1 1) 


The result of this calculation may he tested hotli regariling 
the spatial intensity distribution which it predicts and regard- 
ing the absolute value of the predicted X-ray intensity. 'I'he 
energy as a function of the angle 9 according to equation (2 . 10) 
is plotted in Fig. 24 for different values of 9. In order to test 
the theory under most favorable conditions, expcriincnt.s 
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using X-rays from thin targets have been performed by Kaye,^ 
and using targets of carbon have been done by Stark ^ and 
Lobe.® The reason for using carbon is that with an element of 
so low an atomic number no appreciable amount of energy goes 
into the line spectrum, which necessarily consists of trains of 
waves, instead of pulses. Moreover the absorption of the X- 
rays by the target is so small that it can be corrected for. 
Stark’s results for X-rays of two different degrees of hardness 
are shown in Fig. 25. 



There are marked qualitative similarities between the 
theoretical curves 24 and the experimental data shown in 
Fig. 25. The intensity seems to approach a minimum at oand 
1 80 degrees, as the theory predicts, and the maximum intensity 
is found to be at an angle less than 90 degrees. It is true that the 
shapes of the curves are not identical, in that the experimental 
curve does not ajiproach zero intensity at the angle zero. Such 
departures from the theory are, however, just what one would 
anticipate from the known fact that the direction of motion of 
the electrons is altered as they enter the target. This is well 
illustrated by the curvature of the /S-ray tracks in air as shown 
in b'ig. 4. Moreover, not all of the X-rays are produced when 
the cathode particles are moving at their maximum speed. 

> (■;. W, C, Kaye, Vroc. Camb. Phil. Soc. 15, (iyo<;). 

^ J. Stark, Phys. Zeits. 10, 902 (1909), 

® W. W. Lobe, Alin. tl. Phys. 44, 1033 (1914). 





46 


X-RAYS AND ELECTRONS 


• Closely associated with the fact that the intensity of the 
X-rays is greater at small angles with the stream of cathode 
rays, is the fact, noticed by Stark,* that the absorption co- 
efficient of the X-rays is less at small than at great angles. 
This is in accord with the fact that the pulse, considered in the 
discussion leading to equation (2,. lo), is thinner in the forward 
than in the backward direction. We may think of this as a 
kind of -Doppler effect, due to the forward motion of the radia- 
ting electron. Translating pulse thickness into terms of wave- 
length, this means that according to Stokes’ hypothesis the 
wave-length of greatest energy should be shorter for the rays 
going forward than for those going backward. Exactly this 
type of phenomenon is shown in Wagner’s spectra - (Eig. 26) of 


Intensity 



the rays emitted in different directions, 'riiesc experiinents 
show that the wave-length of maximum intensity is very appiv . 
ciably less for the rays proceeding forward than for those iroiim 
backward. " ^ 

Polarization of Primary^ Referring again f, l-'ig. 
22 and the discussion leading to equation (2.0?), it will be 
seen thatjhe magnetic field of the X-ray pulse at /’ is tanueniial 
to tlfe circle and if the charge . is negative, the dectrie 
direction PE, perpendicular both to /’// and 
OP. I he pulse is thus completely plane polarized. 

^ J. Stark, loc. cit. 

2 E. Wagner, J. cl. Rad. Elek. i6, p. 212, Dec. loin For -i full 1; • r t ■ 

m.,w, D. L. W.b.», Bu«. N. i C., No. 
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Polarization of primary X-rays was first observed by 
Barkla,' using the apparatus shown diagrammatically in Fig. 
27. The method consisted essentially in using for the analyzer 
a screen of paper which scattered the ray at 90 degrees and in 
observing the effect of rotating the X-ray tube. He found that 
the ionization chamber which received the scattered ray pro- 
ceeding at right angles to the cathode rays registered the 
greater current by 10 or 20 per cent. These results have been 
extended by Haga^^ Plerweg,'^ Bassler/ and Vegard.® It is 
found that by filtering out the softer components of the 



])rimary l)cam the polarization can he increased, though in- 
creasing the speed of the cathode rays seems to diminish the 
effect. 

'I'hese cxjK'Hmental results coincide in detail with the pre- 
dictions of the luilse theory if we keep in mind the fact that 
most of the cathodic electrons have their direction of motion 

' C\ (i. Harkla, Nature, Mar. 17, 1904; Mar. (j, 1905; Phil. 'JVans. Roy. Soc. 204, 
467 (1905). 

“ 11 . I laga, Ami. dcr Pliys. 23, 4;^9 (1907). 

J. I lervveg, Ann. ilcr Phys. 29, 39H (1909). 

K. Hasslcr, Ann. clcr Phys. 28, 808 (1909). 

L. Vegard, Proc. Roy. Soc. 83, 379 (lyio). 
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altered before they produce X-rays, and that the softer X-rays 
are presumably produced by electrons near the end of theii 
range, and which therefore are less likely to be moving in the 
initial direction. 

The efficiency of the production of X-rays by this process can 
be calculated if we can determine the acceleration a with which 
the electron is brought to rest. An approximate method of 
doing this is to compare the spectral energy distribution curve 
for a pulse with the experimental energy distribution observed 
for X-rays excited by cathode rays of definite energy. Let us 
suppose, as Stokes’s theory suggests, that the pulse is uni- 



directional, the electric field being of strength E for a time W, 
so that the pulse is of thickness / = CBt. It can then be shown, 
by expressing the pulse as a Fourier integral (see Appendix II), 
that it is equivalent to a continuous spectrum of radiation 
whose intensity between wave-length X and d\ is 


JxJx 


K • sin^ir -d\. 
X 


(i.ii) 


A graph of this function is shown in Fig. 28. It will be seen 
that the intensity is a maximum for X = il, |/, etc. 

If we neglect the smaller peaks and consider only the por- 
tion of the curve for wave-lengths greater than /, this curve is 
rather similar to those shown in Fig. ao, repre.senting the 
spectrum excited by a constant potential. According to the 
experimental curves, the wave-length of maximum energy 
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density is about 4/3 times the minimum wave-length. We may 
thus say approximately that 


or 


4 he 
zTe 


= 2/, 


- — 
- 2Ve 


(2.13) 


The radiated energy may now be calculated from equation 
(2,06) by placing = /, and noting that a = vj bt — vc/l., 
whence 

3 3 / 

2 f ,, 3 

= - ~y-- 7 — 

3 r-* ihc 


hc^ 




by equation (2.13). Since the energy of the electron producing 
the .Jf-rays is Ve, the efficiency of their production is 

_ 

he''' 


Since \mx!- = J'c (approx.), or v- = 'iVi'lm, the efficiency may 
be written as 


mhe'’" 


(2.14) 


An experimental investigation by Beatty,' has shown that 
the efficiency of jirocliiction of X-rays may be expressed by the 
formula, 

= 2.5 X 

where A is the atomic weight of the target of the X-ray tube 
and is the velocity of the electrons as they strike the target. 

> R. T. Beatty, Proc. Roy. Soc. A. 89, 314 (ivi3). 
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Writing \m'<^ = — Ve, whence / 3 “ 

empirical result becomes, 


ecxpt. = 5 X 10 


/leV 

mc“ 


= iVcImc-, this 


(^•' 5 ) 


A comparison of this result with equation ('2 14) shows that 
experiments confirm the prediction of the pulse theory that the 
efficiency of X-ray production is proportional to the potential 
V applied to the X-ray tube. We find, however, that the effi- 
ciency depends, through the atomic weight, upon the nature ot 
the target, a result not anticipated from the formula. Kipiating 
(2.. 14) and (2.15) we find that if 


^ = - X lo't |- = 4.6 

5 he ^ 


the calculated value of the efficiency is equal to the observed 
value. Our calculation is thus inadequate because it fails to 
take account of the increase in efficiency with the atomic num- 
ber of the radiator. It will probably be unprofitable to study 
the matter further from the present standpoint, since there is 
convincing evidence that the hypothesis of X-ray pulses is in- 
correct. It is, however, an interesting fact that the efficiency 
calculated on this basis varies in the proper manner with ilic 
potential and that its absolute value is not far from the proper 
order of magnitude. 


14. Difficulties with the Pulse Hypothesis 

In spite of these qualitative successes of the pulse theory of 
X-rays, an examination of X-ray spectra shows that any form 
of pulse hypothesis is untenable. For if such ])ulses are retlecicd 
from a crystal grating, the reflection shoukl occur over a wiile 
range of angles. Thus we have seen in l*'ig. 28 the spectral 
energy distribution which is equivalent to a simple rectangular 
pulse. Other forms of pulses result in diflerent distributions, 
but it can be shown that every pulse of finite length is ecpiiv- 
alent to a continuous distribution of energy over the complete 
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spectrum from zero to infinite wave-lengths. This is definitely 
at variance with the experimental fact that the continuous 
spectrum of X-rays has a sharp short wave-length limit.^ In 
order to give such a sharp limit to the spectrum, it is necessary 
that a large number of waves should follow each other at 
regular intervals, so that a small change in the angle of reflec- 
tion from the crystal grating will make the last wave of the 
train differ in phase sufficiently from the first to produce inter- 
ference. It follows that X-rays are not, as Stokes supposed, 
short, irregular, electromagnetic pulses, but must consist of 
comparatively long trains of waves. 

When we adopt this point of view, however, new difficulties 
arise in accounting for properties of the X-rays which were 
dcwscribed satisfactorily by the pulse hypothesis. According to 
the electromagnetic theory, a long train of waves can only be 
radiated by an oscillator which executes a large number of 
accurately timed vibrations. There is no way in which the 
cathode electron can do this as it moves at random among the 
atoms of the target. We must therefore attribute the radiation 
forming the continuous spectrum as well as that in the X-ray 
line spectrum to electrons oscillating about atomic centers. It is 
possible to suppose that the directions of such oscillations 
should preponderate in the direction of motion of the exciting 
cathode electron, as would be necessary to account for the 
jxirtial ]')olari'/ati()n of the X-rays. In order, however, to 
account for the shorter effective wave-length of the X-rays in 
the direction of motion of the cathode rays than in the reverse 
direction, and for the asymmetry of the intensity as illustrated 
in h'ig. 24;, it is necessary to su])]')ose that the radiating electron 
is moving forward with a speed comjnirable with that of light. 
Only a kind of I)o])jffer effect can account for these asym- 
juetries of wave-length and intensity. Hut wc cannot suppose 
that oscillating atoms are moviiig with the rec|uired velocity, 
for the energy /V of a cathotle |')article, even it all imparted to 
a single atom, would give to it only a negligible fraction ot the 
velocity of light. 

^ Cf. 1 ). T.. Webster, Phys, Kcv. 6, 56 (1915). 
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In order to escape from this dilemma, Webster * has sug- 
gested that the cathode electron carries with itself a mechanism 
which is set into oscillation as it traverses matter, 'riiiis the 
cathode electrons would be moving radiators while they are 
passing among the atoms of the target. At one time there 
appeared to be several lines of confirmatory evidence “ for the 
view that the electron might have a suitable structure fur 
executing such oscillations. This auxiliary evidence has re- 
cently, however, almost completely fallen to the ground,’* and 
one hesitates to postulate such a complex structure for the 
electron for which no other use is found. 

As the situation stands, therefore, the sharp limit of the 
continuous X-ray spectrum means that the X-rays come in long 
trains of waves. The asymmetry of wave-length and intensity 
of the X-rays requires us to suppose, however, that the oscil- 
lators radiating these waves are moving forward with a velocity 
approaching that of light. In the absence of any known oscil- 
lator which can move with such a velocity, we can only conclude 
that it does not seem possible on the basis of the usual electron 
theory and electrodynamics to account adequately for the pro- 
duction of X-rays. 

We shall see (Chapter XII) that it is possible to arrive at a 
solution of this problem on the basis of the idea of radiation 
quanta which is somewhat more satisfactory. 

15. Characteristic Radiations Producing Line Spectra 

From what has been said regarding the significance of (he 
sharp limits to the wave-length of the continuous portion of 
the X-ray spectrum, it will be obvious that the line spectrum of 
the characteristic part of the radiation can also be produced 
only by long trains of waves. The difficulties connected with 
ascribing the continuous spectrum to long wave trains do not 

1 D. L. Webster, Phys, Rev. 13, 303 (1919). 

»D. L. Webster, Bull. Nat. Res. Council No. 7, p. 45.3 (lyio). II. Compic.n, 

Phys. Rev. 14, 20 and 247 (1919). A. L. Parson, Sniith.sonian Miscellaneous Collec- 
tions, 65 (1915). 

® A. H. Compton, Phys. Rev. 21, 483 (1923). 
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apply to the characteristic radiations. For experiment shows 
that this part of the radiation is unpolarized, and when correc- 
tions are made for absorption in the target, is uniformly dis- 
tributed in all directions. The wave-length of the lines is also 
•the same in all directions, showing that the oscillators producing 
the radiation are not moving with appreciable velocity. There 
is thus no difficulty with the view that electrons associated with 
atoms of the target constitute the radiators emitting the charac- 
teristic line radiations. 


1 6. Enengy and Intensity of Long Wave Trains 

Let us then imagine that an electron in the target of the 
X-ray tube is executing simple harmonic motion in such a 
manner that its displacement in some direction z\s z = A cos 
{pt' -f b), where A is the amplitude of the oscillation, p = Itv, 
V being the frequency and 5 the phase of the motion when 
t' = o. The electron’s acceleration will then be 


a 


— =» — Apf^ cos {pt' -h 5 ). 


This motion will produce an electromagnetic 
disturbance which will arrive at a point P{r, 6 ), 
h'ig. 29, after a time rjc. The phase of the 
wave at this point at a time t is accordingly 
that of the wave which left the electron at the 
instant t' = t — rjc. Rut the acceleration of 
the electron at that instant is 


a = 


■tfi cos [/>('/ - + S 


T 



KKL 2(). 


By the equation (2.05), the electric intensity of the wave at 
the time t is therefore 




At a distance r = ct the phase of the disturbance expressed 
by (^.16) would be constant. This means that the equation 
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represents a wave propagated from the electron witli the veloc- 
ity c. 

The rate at which energy is radiated by the oscillating 
electron, by equation (2.07), is 


dt 





To obtain the average rate of energy emission, we may inte- 
grate this expression over a complete oscillation, thus: 


dW 

dt 


= 2jr/p 

I dW 


Irip 



2 


COS“ 




_ p air ^ 

27r 3 ^ 3 ^ 


AY 


(2.17) 


The energy per unit volume of the wave is as before py/^ir. 
When this is averaged over a complete cycle^ since the average- 
value of cos^ X between x == o and .v = ax is J, wc obtain from 
(2. 17) the average energy per unit volume of the wave as 


sin^ d 


AY- 


The energy passing unit area per second is c times this (pianiit y, 
being 



e^AY 


sin^ 0 . 


(•2.1S) 


17. fFidth of Spectrum Lines Due to Damptnp; of Electron's 
Motion by Radiation 

Though, as we have seen, the high degree of sharpness of 
X-ray spectrum lines indicates that they come in long trains of 
waves, the very fact that the radiating electron is losing energy 
requires that the length of the wave-train shall be finite. I f we 
suppose, as has been assumed above, that it is a single electron in 
simple harmonic motion which gives rise to the radiation, we caiT 
calculate the rate at which its motion is damped by its own 
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radiation. The energy (kinetic plus potential) of the oscillation 
is , or According to equation (2.17) the 

fraction of the oscillator’s energy which is lost per second is thus 

dJV _ ^ _ 1 e^p^ 

Wdt 3 c® \mA^p^ 3 mc^ 

On solving this differential equation, we find 



(M 

1 

II 

(2.19) 

where 



^ _ I ^ ^^2 gZ 

” 3 mc^ 3 

(2 . 20) 

But since IF = 

\mA^p^, it follows that 



II 

k. 

c 

I 

(2.21) 


Thus k is the rate at which the amplitude decreases per second. 
The rate of decrease per wave-length is kjv, v being the number 
of waves per second. 

According to equation (2.20), an oscillator should have its 
amplitude reduced to i/c of its initial value in the number of 
vibrations given in the second column of table II-i. It will be 
seen that this number is inversely proportional to the wave- 
length, so that the damping of an electron radiating X-rays is 
much more important than that of an electron radiating light. 


TAm,!', II-i 

I).MviiMN(; OF Waves Due to Radiation 


Wiivc 

h'.frectivc No. of Waves 

I\acctivc Length of 

Angst T(>i ns 

in 'rrain, 

Ak 

Wave -train, cm., 
elk 


— 

• - 

.01 (li Ill'll 7 riiys) 

27 

2 . 7 X dj 

. ^ (x ravs) 


h .75 X 10 ' 

j( ) (light) 

1 -SS X lo^ 

h .75 X io“ 



. . . - . . 


Unless a wave-train is of infinite length, it must appear in the 
spectroscope as a continuous band which shades from a maxi- 
mum intensity at the center gradually to zero at either side. 
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We may define the effective breadth of the band as its breadth 
where the intensity is half that in the center. It has been shown 
by a Fourier analysis^ that a wave damped according to equa- 
tion (2.21) has a breadth of 


AX = 


or by equation (2-20), 




ttC 




3 

= nnmo.A. 


The width due to damping is thus independent of the wave- 
length. 

Experim'ents show that X-ray spectrum lines do have a per- 
ceptible width, which is, at least in some cases, greater than this 
calculation would indicate.® It is of course possible that other 
factors than damping of the electron’s oscillations due to ratli- 
ation contribute to the width of these lines. 


18. Minimum Wave-length of a Spectral Line 

It will be seen from Table II-i that as the wave-length l)e- 
comes shorter the oscillations become more strongly dain]>eil. 
When the damping becomes so great that k> p^ oscillations of 
the electron can no longer occur. Any displacement is instead 
gradually reduced to zero. An approximate calculation indi- 
cates that the maximum possible frequency of oscillation of an 
electron which is thus damped by its own radiation is given by 

3 mc'^ 

/•max. — 2 --.f , 

which corresponds to the wave-length, 

\ - 15 'll 

3 mc^ 

= .000 1 2A. 

" G. E. M. Jauncey, Phys. Rev. 19, 64 (lyaa). 

*A. H. Compton, Phys. Rev. 19, 68 (lyii). 
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This minimum wave-length is not much shorter than the 
wave-length .0003 8 A estimated by Millikan^ for the most 
penetrating cosmic rays. For radiation of the wave-length 
.00038 A, we have v/k = l, which means, as in Table II— i, that 
there is effectively only i wave in the train. 

iR. A, Millikan, Proc. Nat. Acad. 12, 48 (1926). 
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The Scattering of X-Rays 


19. Thomson's Theory of Scattering by Independent Electrons 

One of the most important consequences of the electro- 
magnetic theory of X-radiation is the fact that by its help we 
can predict the intensity and the general characteristics of 
scattered X-rays. We noticed in the first chapter that if X-rays 
are electromagnetic waves they should set into forced oscillation 
the electrons which they traverse, and these electrons in virtue 
of their accelerations should themselves radiate energy. If we 
suppose that the electrons in the scattering material are not 
subject to any appreciable forces of constraint, and if they arc 
arranged in such a random manner that no definite pliase rela- 
tions exist between the rays scattered by the different electrons, 

we can calculate very simply the intensity of the scattered 
beam.i 

If a wave whose electric intensity is E traverses an electron 
of charge e and mass w, the acceleration of the electron is AV, '///. 
According to equation (2.05) this electron will radiate a wtive 
whose electric intensity at a distance r is 


E = ~ " 

rc'^ m rmc~ ' 

where 0 is the angle between the electron’s acceleration and the 
ray which we are considering. Since the intensities of both the 
primary and the secondary rays are proportional to the siniare 
of their electric vectors, the ratio of their intensities is 

Jo _ Ef __ sin- Q 
i E^ r^m'^c^ 


^ ' This calculation follows in principle, though not in 

I homson, Conduction of Electricity through Gases," 


liclail, that pcifuritic.l hy |. |. 

id Ed., I), j 15. 
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If the primary ray is unpolarized, the acceleration of the 
scattering electron will be in a random direction in a plane per- 
pendicular to the primary beam, OX, Fig. 30. Let us take two 
rectangular axes in this plane, OY and OZ, such that one of 
them OY is in the plane POX in which lies the scattered ray 
which we are studying. The electric vector of the primary ray 
may be resolved into two components, Ey and Et, such that 
Ey^ -h EJ^ = £2. Since the direction of E in the YOZ plane is 



random, Ry is on the average e(pial to Ki, whence on the 
average, 


K,? = £/ = \E^ 


'i'h 


us 


ly = 4 = i4 

where /„ and /. represent the intensities of the Y and Z coni- 
lionents of the primary beam. 'J'hc intensity of the scattered 
beam at P due to the Y component of the incitient ray is, by 
equation (3.01), 

T _ r 
Ou ~~ 




or 




(3 ■ 02) 
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where ^ is the angle between the primary and the scattered 
rays. Similarly, that due to the Z component is 

if. . 

r — 


= \I-^ 

r^rri^c^' 


(J.o.l) 

since dt = x/a. Thus if the primary beam is unpolarized, the 
intensity of the beam scattered by a single electron is 

•f® ~ -^er H“ -foj? 


= I 




(i+cos2(/.). (3.04) 

If a number n of electrons are independently effective in scat- 
tering, the intensity of the scattered beam is then 

, , , s 

(l + cos^ 


/. = 


'ir^rri^c^ 


(d-o.O 


The calculation of the total energy in the scattered beam is 
effected most directly by integrating equation (3.05) over the 
surface of a sphere of radius r, thus : 




« = I /«*27rrsin 

•-/o 

^ irlne"^ 


_ Stt j. 

3 

If K represents the number of electrons in a cubic centimeter, 
since I IS the energy in the primary beam per square centi- 
meter per second, the fraction of the primary eneruy whieli is 
scattered per cm. path is 

— ^ 

-f 3wV* 

This quantity o- is called the scattering coefficient. 



DETERMINATION OF THE NUMBER OF ELECTRONS 6i 


It is worth noting that these results have been obtained 
without assuming any particular form of electromagnetic pulse. 
They are thus independent of the wave-length and of the degree 
of homogeneity of the X-rays. The only unknown quantity 
which enters into these equations is the number of electrons n 
which is effective in the scattering. An experimental measure- 
ment of the scattering coefficient <r will thus enable us to deter- 
mine this number. 


20. 'Determination of the Number of Electrons per Atom 

In the case of carbon, Hewlett has measured the intensity 
of the scattered X-rays over angles extending almost from 
</) = o to (^) = i8o, so that he was able to perform experi- 
mentally the integration required to obtain a. He thus finds '• 
for the mass scattering coefficient cr/p, the value 0.20. That is, 
about 20 per cent of the primary X-rays (of effective wave- 
length 0.7 1 A in Hewlett’s experiments) are scattered as the 
X-rays traverse a layer of carbon i cm.^ cross section and of 
mass I gram. According to equation (3 . 06) the number of 
effective electrons per gram of carbon is 

n _ (T 

p p 8irf'‘ 

'I'aking a/p = 0.20, and using the usual values of e, m and c 
(cf. Appendix III), this gives 


= 3.0 X lo^-* electnms per gram. 


But the number of carbon atoms per gram is 




^ = 6.06 X - = 5.05 X iO““ atoms per gram, 
/"/ 10 . 


where N is the number of molecules per gram molecule and A is 
the atomic weight of carbon. Thus the number of electrons per 
atom which scatter X-rays is 3.0 X ^ ~ 

which is the atomic number of carbon. 

^ C. W. Hewlett, Phys. Rev. 19, 266 (1922); 20, 688 (Dec. 1922). 
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On comparing this result with the conclusions drawn from 
Bohr’s theory (p.I.37)j we see that this means that all of the 
electrons exterior to the nucleus of the atom are effective in 
scattering X-rays. The reasonableness of this result leiul.s 
strong support to the present theory of X-ray scattering. 
Historically, an experiment of this type performed by Barkla 
afforded our first accurate estimate of the number of mobile 
electrons in the atom.i 

In rnaking this determination of the number of electrons 
effective in scattering X-rays, it is fortunate that I lewlett anil 
Barkla used X-rays of moderately great wave-length. Foi-, 
although according to the theory just given the scattering co- 
efficient should be independent of the wave-length, experiment 
shows a considerable variation with wave-length of the fraction 
of the X-rays that is scattered. 

21 . Hard X-rays Scattered Less than Predicted 

A typical experiment showing this variation is that per- 
formed by Hewlett on the absorption of X-rays in carbon. 
Since the quantity a represents energy transferred from the 
primary to the scattered beam, it corresponds to a kind of 
absorption coefficient. There is, of course, energy removed 
from the primary beam by other processes, such as the produc 
tion of photo-electrons. We may thus write for the total 
absorption coefficient, 

/i = T + <r, 0"7I 

where n has the same significance as in equation (i .01), » n-pn-. 
sents the energy dissipated in scattering, and t the energy lost 
by other methods. 

In the case of short wave-length X-rays traversing elements 
of low atomic number, it is found that the ipiantity t becomes 
small, so that an approximate estimate of the seattering co- 
efficient (T can be made from such absorption measurements. 
Hewlett^ has measured the mass absorption coefficients of 

* C. B. Barkla, Phil. Mag. 21, (l(;ii). 

2 C. W. Hewlett, Phys. Rev. 17, 284 (lyei). 
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carbon over a wide range of wave-lengths. His values for wave- 
lengths less than 0.5 A are shown in Fig. 3I3 which also includes 
the absorption coefficient of hard 7-rays (X == .02A) in carbon. 
It will be seen that in the neighborhood of o.aA the total 
absorption curve is nearly flat, and has nearly the value .202 
calculated from equation (3.06). The fact that the total ab- 
sorption for greater wave-lengths exceeds this value may be 
explained as due to the increasing value of the absorption r; 
but the fact that for short wave-lengths the total absorption 
falls below the theoretical value of a/ p alone has no such ex- 
planation.2 These experiments show that, as the wave-length 



of the X-rays becomes shorter and shorter, the intensity of the 
scattered X-rays falls farther and farther below the value pre- 
dicted by the ju'csent theory. 

We shall see later (Chapter IX) that this difficulty can be 
removed by introducing a form of (iiiantum theory. 'The intro- 
duction of this change will modify considerably our present 
conclusions regariling the intensity of X-rays of short wave- 
length, but will alter only slightly these equations when applied 
to wave-lengths greater than 0.5 A, 

• I’his incoiisisicncy wirli the classical theory of scaiieriiig was first demonstrated 
hy Harkla and Miss White (Phil. Mag. 34, 270, 191 7). 
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22. Interjerence Effects with Heavy Scattering Elements 

When X-rays of relatively great wave-length are used, the 
experiments show a departure from the theory in the opposite 
direction. Thus in Fig. 32 are shown data, obtained by Barkla 
and his collaborators,^ for the intensity of the rays scattered by 



aluminum and copper at 90° with the primary beam, when 
traversed by rays of different wave-length. Whereas, over ihe 
range of wave-lengths considered, the scattering by aluminum 
is very nearly constant, the scattering by cojiper increases, 
rapidly for wave-lengths greater than about 0.4A. 

The interpretation of this effect is probably that when the 
wave-length is long conipared with the distances between llie 

‘ C. G. Barkln and J. C. Dunlop, Phil. Mag. 31, aiy (lyih). C. G. Harkla ami K. 
Sale, Phil. Mag. 4S, 743 
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electrons in the atoms, the phases of the rays scattered from the 
different electrons are nearly the same, resulting in an increased 
total intensity. Indeed, if the distances between the electrons 
were negligible compared with the wave-length of the X-rays, 
all the electrons in the atom would act as a unit. If Z is the 
number of electrons in the atom, the intensity of the ray 
scattered by a single atom would then be (equation 3 .04). 




{ZeY 


ir^{Zm)'^c^ 


(i 


+ cos® 0) 


JZV 


(i + cos® = J,Z®, 


(3 -08) 


whereas if the electrons scatter independently the intensity 
should be (equation 3 . 05) 


L = 


IZe'^ 


(i + cos^ 0) = /,Z. 


According to the degree of concentration of the electrons 
near the center of the atom, the intensity of the scattered X- 
rays may thus vary by a factor of Z. The fact that for the light 
elements the scattering per atom is proportional to the first 
power of the atomic number, rather than to its square, thus 
indicates that in these atoms the electrons are spaced at dis- 
tances which are considerable when measured in terms of X-ray 
wave-lengths. Hic fact that for the heavier elements the in- 
tensity of the scattering increases more rapidly than the atomic 
number indicates that in these atoms some of the electrons are 
close together when measured on this scale. ^ 


23 . Approxmiatc Validity of (/ + cos- 0 ) Rule for Soft X-rays 

An experimental test of equation (3 .05), describing the rela- 
tive intensity at different angles, leads to equally interesting 
results. In order to satisfy the conditions of the theory as well 

* Acconling to some recent absorjition measurements, the atomic scattering coeffi- 
cient for heavy elements is more nearly proportional to Z® than to Z (Cf. e.g., S. J. M. 
Allen, Phys. Rev. 24, 1, 1924). 
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as possible, we shall consider first the scattering by a HcjuicI, in 
which the arrangement of the molecules is nearly random, and 
of low atomic number, in order that the constraining forces on 
the electrons shall be small. Such a substance is mesitylenc 
(C(iH3(CH3)3), whose scattering has been investigated by I lew- 
lett,’- using an approximately homogeneous beam of wave- 



length His experimental values of the intensity al 

various angles are shown in Fig. 33 as a broken line. The w.Iid 
line shows the calculated value of the intensity, acconling to 
equation (3.05). We shall find that the variations from the 
theoretical curve between the angles 0° and 30” arc cxidicablc 
as due chiefly to the fact that at these small angles interference 
occurs between the rays scattered by neighboring atoms. 'I’he 

* C. W. Hewlett, Phys. Rev. 20 , 688 (igli). 
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agreement between the experiments and the theory for angles 
greater than 30® is however very satisfactory. 


24. Departures from Theory for Hard X-rays 

If the scattering of rays of shorter wave-length is considered, 
however, the theory departs widely from the experiments. 
Thus Fig. 34 exhibits the intensity of the scattered radiation 
from iron at different angles with a primary beam of hard -y-rays 



from radium C (X = .02A). Here again the broken line repre- 
sents the intensity as calculated according to ec]uation (3.05), 
while the experimental points were determined by the author.' 
Both the theoretical curve and the experimental values are 
expre.ssed in terms of the theoretical intensity at zero scattering 
angle. 


L = /■ 


Ne^ 




1 A. H. Compton, Phil. Mag. 41, 758 (iy2i) and Phys. Rev. May, 48J (1923). 
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calculated on the assumption that the number of electrons per 
iron atom, effective in scattering, is equal to the atomic number, 
0.6. These experiments are quite irreconcilable with the theory, 
though there appears a tendency for the scattering to approach 
the calculated value at small angles. This discrepancy also 
seems removable through the introduction of the idea of radia- 
tion quanta (Chapter IX). 

25. Polarization of Scattered X-rays 

A more satisfactory agreement between experiment and the 
present theory of X-ray scattering is found in connection with 
the polarization of the scattered X-rays. We notice that equa- 
tion (3.0a) represents the energy in the component of the 
scattered ray whose electric vector lies in the plane POX (Fig. 
30) including both the primary and the scattered ray. Accord- 
ing to equation (3.02), the intensity of this component is zero 
at right angles with the primary beam {(!> = ir/2), whereas the 
oppositely polarized component, equation (3.03), keeps its 
normal intensity. Thus in this direction the scattered beam 
should be completely plane polarized. 

Such polarization can be detected by scattering again the 
polarized beam, and comparing the intensity of the scattered 
beam in two different directions, as already described on ]nige 
II-io. Barkla, in his classic measurement of the polarization 
of X-rays,^ found that at 90 degrees the secondary rays from 
carbon were approximately 70 per cent polarized. This result 
has been confirmed by several experimenters.^ 

There are, however, two sources of error in these experi- 
ments which have the effect of making the polarizatifui appear 
incomplete. One of these, whose presence was rccognizeil by 
Barkla, is the fact that in order to secure sufficient intensity in 
the beam after being twice scattered, the solid angle subtetided 
by the scattering blocks at the source of X-rays must be very 
appreciable. The result is that most of the scattering does not 
occur at exactly 90 degrees, so that neither the polarization nor 

1 C. G. Barkla, Proc. Roy. Soc. 77, 247 (1906). 

Haga, Ann. d. Phys. 23, 439 (1907). 
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the analysis of the beam can be complete. The magnitude of 
this “ geometrical error ” as calculated in a typical case is of the 
order of 5 per cent. The second source of error is the multiple 
scattering at angles other than 90 degrees which occurs in both 
the polarizing and the analyzing radiators. Recent experiments 
by Hagenow and the author 1 have shown that when this mul- 
tiple scattering is eliminated by using very thin radiators^ and 
when the geometrical error allowed for, the polarization of the 
scattered X-rays is complete within an experimental error of 
I or 2 per cent. The X-rays employed were the complete radia- 



tion from a tungsten tube excited at about 130,000 volts, and 
the test was made on scattering blocks of paper, carbon, alu- 
minum and sulphur. These polarization experiments are there- 
fore in complete accord with the electromagnetic theory of the 
X-ray scattering. 

26. IVave-length oj Scattered X-rays 

If the incident beam of X-rays consists of a train of waves 
of definite frequency, as for example an X-ray spectrum line, 
the electrons traversed will be set into forced oscillation with 
the same frequency. Thus, in the special case of a free 
electron traversed by a wave whose electric field at 0 is given 
by 

E — Ea cos {pt -f 5 ), 

^ A. H. Compton and C, F. Hagenow, J. O. S. A. and R. S. I. 8, p. 487 (1924). 
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the acceleration of the electron is 



Eoe 

COS 

m 


(pi + S). 


The ray scattered by this electron to a point P(r, 0 ) (big. 30) 
will have an electric field given by the equation 


Eo = 


e sin d EoS 

— T cos 

rc^ m 



+ S 


(3-oy) 


= Ea cos (pt + 5')* 

The frequency of this scattered ray is thus the same, v = pi citt, 
as that of the primary ray. It can be shown that the effect of 
constraints and damping on the motion of the scattering elec- 
tron is to modify the amplitude and phase of the scattered ray, 
but not its frequency. The present theory accordingly demand.s 
that the two frequencies be identical. 

The remark was made in the first chapter that refiiieil 
measurements show that the wave-length of the scattered X- 
rays is not identical with that of the primary ray. 'The result 
of a typical experiment is shown in Fig. 36.^ 

The upper curve represents the spectrum of the Ka line of 
molybdenum taken direct from the target. The lower curve 
represents, on a much larger scale, the spectrum of the same 
line after being scattered by graphite at <)!> = 135°- A part of 
the scattered beam has the same wave-length as the primary, 
but the greater part is of a slightly greater wave-length. 

The suggestion at first occurs that the “ modified ” ray 
represents a type of fluorescent radiation, and that only the 
“ unmodified ” ray is truly scattered. 7'here are, however, 
strong arguments against this view. In the first place, the 
wave-length of the modified ray is determined by that of the 
primary ray and not by the nature of the radiator, contrary to 
the case of other fluorescent radiation. In the second place, we 
have seen that the secondary radiation at 90°, which includes 
the modified ray, is completely polarized; but no form of 
^ A. H. Compton, Phys. Rev. 22, 409 (1923). 
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fluorescent radiation has ever been shown to be polarized.^ And 
finally, so large a part of the secondary energy is in the modified 
ray that if the intensity of the scattered beam is to be at all 
comparable in magnitude with that calculated from the electro- 
magnetic theory the modified as well as the unmodified ray 
must be considered as scattered X-rays. 



Glancing Angle from Calcite-* 
Fin. 36. 


Wc have seen that the electromagnetic theory is inconsistent 
with the existence of such scattered rays of changed wave- 
length. Wc shall, however, find their existence consistent with 
a quantum theory which supposes that each individual electron, 

' An apparent exception to this statement occurs in the recent experiments of Wootl 
ami Ihllet (Phys. Rev. 24, 243, iy-4) in which the resonance ratliation exciteil in mer- 
cury vjipor hy polari/eii ratliation from a mercury arc is foimtl to be partially polari/.etl. 
It is ilouhtful, however, whether such ratliation can ja*operly be classed as fluorescent, 
since both the primary and secondary rays are of the same wave-length. 
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if it scatters at all, scatters a whole quantum of X-radiation. I f 
this view is correct, no interference can have occurred in scatter- 
ing the modified ray, since each quantum of this ray has been 
scattered by a single electron. But it is consistent with this 
view to suppose that the unmodified ray is due to quanta that 
are scattered simultaneously by a group of electrons. In sup- 
port of this suggestion, it is found that the rays reflected by crys- 
tals, which since interference is present must be rays scatteretl 
by many electrons, have their wave-length unmodified. 1 1 ap- 
pears, therefore, that the classical electromagnetic theory can 
be applied to the problem of X-ray scattering only with great 
caution. When interference is found to occur, it appears at the 
present writing that the classical theory is applicable; but we 
do not yet know how to predict under what circumstances 
interference will occur. 


27. Theoretical Formulas of Debye and Others 

From these considerations we see that it is very important 
to investigate the interference of the X-rays scattered by groups 
of electrons. We wish to see in how far the classical theory of 
interference can account for the experiments on the scattering 
of X-rays. The simplest problem of this type, which is at the 
same time representative of the more general problem, is that 
of the scattering by 2 electrons at a distance s apart. A solu- 
tion of this problem is given in Appendix IV. If the incident 
rays are unpolarized, the average intensity of the ray scattered 
at an angle <i> with the primary beam, is found to be 


r j / , sin x'N 

- >/-(. + -). 

where, as in equation (3.04)3 


and 


/« = 


le^ 


(l + COS“ 




AirS . 

^ sm 
X 


0 

2’ 


(d- 10) 


(j. '0 
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According to this result, if x is small, that is, for great wave- 
lengths, small distances between the electrons, or small angles 
of scattering, the intensity of the scattered ray approaches a 
value 4 times that for a single electron. If, however, x is large, 
sin x/x becomes small, and the intensity approaches 2 times 
that due to a single electron — in other words, the electrons 
scatter independently of each other. The manner in which 
I^/Ie varies with the value of x is^shown in Fig. 37. It’will be 
seen that the value of I^/L approaches its final value of 2 by a 
series of oscillations in intensity. 



If in the hydrogen and helium molecules there exist 2 elec- 
trons whose distance apart remains constant,' this diagram 
should represent the intensity of the scattering by these sub- 
stances for ilifferent values of x. If the position of the minimum 
near x = 3jr/2 and the maximum near x = 57r/2 could be 
observed, we should be able to calculate the distance between 
the electrons in the molecule. Thus, using the copper ray, 
X = ■•54A, if the electrons in the hydrogen molecule are i.i X 
10 " cm. apart, as predicted by an old form of Bohr’s theory, 
the minimum at x = Itt should occur at a scattering angle of 

^ According to present theories of atomic structure, the distance between the elec- 
trons in helium and hydrogen does not remain constant. 
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^ = 30°, and the maximum at x = Itt should be at 0 = 5^ 
Experiments to test this prediction regarding the scattering by 
hydrogen and helium have not been performed. 

The suggestion that the electrons in the heavy elements co- 
operate in their scattering seems to have been made first by 
Websterji and was first stated in a satisfactory form by I)ar- 
winj2 Debye® and Thomson^ have solved independently the 
problem of the scattering of X-rays by atoms (or groups of 
atoms) consisting of electrons arranged at fixed distances from 
each other, taking into account the phases of the rays scattered 
by the different electrons. Their result may be put in the form, 




z z 
1 1 



4 ^ * ^mn 
~ 


. 

Sin — 
2 


(3-12) 


Here, as before, /« is the intensity of the ray scattered at an 
angle 0 by a single electron, Z is the number of electrons in 
the group, and Smn is the distance from the mt\\ to tlie wth 
electron. It will be noticed that when Z = 1, this expression 
becomes identical with equation (3.10). 

The more general problem of scattering by atoms composed 
of electrons in relative motion was investigated by Schott''’ with 
unsatisfactory results.® Glocker and Kaupp,^ however, have 
calculated the scattering by atoms composed of two or three 
coplanar circular rings of electrons revolving at different speeils. 
Glocker® has also calculated the scattering from F. ancle’s pul- 
sating tetrahedronal carbon atom, and finds a result practically 
the same as that for Bohr’s plane carbon atom. 'J'his is in 

1 D. L. Webster, Phil. 25, 234 (1913). 

2 C. G. Darwin, Phil. Mag. 27, 325 (1914). 

3 P. Debye, Ann. d. Phys. 46, 809 (1915). 

4 J. J. Thomson, manuscript read before the Royal Institution in njiC), ami loaned 
to the writer. 

® G. A. Schott, Proc. Roy. Soc., 96, 695 (1920). 

®Cf. A. H. Compton, Washington University Studies, 8, 98 (iy2i). 

7 R. Glocker and M. Kaupp, Ann. d. Phys., 64, 541 (1921). 

8 p. Glocker, Zeitschr. f. Phys., 5, J4 (May 10, 1921). 
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agreement with the conclusion that the author had reached/ 
that the scattering by groups of electrons in the atom depends 
chiefly upon the distance of the electrons from the center of the 
group and only slightly upon their spatial distribution. I 
accordingly calculated the intensity of the scattering on the 
assumption that the electrons are arranged in pairs at opposite 
sides of spherical shells of radii p*, the axes of the pairs of elec- 
trons having random orientation. On this basis the intensity 
of the beam scattered by an atom is/ 


J ~ J 

■‘0 — J-n 


Z /2 /, 

+ 2, S ( 


^^/sin ik, sin^ 
— 2. 




\ 


k? 


> (3-13) 


where Z is again the number of electrons per atom, and 


4Tps . 

h = sin 
A 2 


This formula is simpler in its application than are those of 
Debye and docker, and it leads to equally reliable informa- 
tion concerning the distances of the electrons from the centers 
of the atoms. If sufficiently refined measurements of the scat- 
tering can be made, however, it may be possible to distinguish 
between the spatial arrangements considered in the different 
formulas. If the present conception of an atom in which elec- 
trons move in approximately elliptical orbits is correct, none 
of these expressions is exactly applicable, and only approxi- 
mate agreement with experiment may be expected. 


2S. Experiments Showing Interference Effects 

Variations in the intensity of the type predicted by these 
expressions and illustrated in b'ig. 37 have been observed by 
several experimenters, b'riedrich, in connection with his early 
Lane photographs, noticed that when certain liquids are 
traversed by X-rays, the diffraction photographs show rings 
surrounding the central spot,*^ and similar effects have been 

^ A. H. Compton, Washington University Studies, 8, 99 (January, 1921). 

2 A. H. Compton, Washington University Studies, 8, 99 (January, 1921). 

“ W. Friedrich, Phys. Zeits., 14, 317 (1913)- 
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observed by Debye and Scherrer ^ and others. The phenomenon 
is illustrated nicely by Hewlett’s curve, of the scattering by 
mesitylenej shown in Fig. 32 and in Keesom and Smedt’s photo- 
graph (Fig. 38) of the scattering of the Ka ray of copper by 
water.® 

In these figures it will be noticed that just next to the 
primary beam, where the scattering angle <l> is small, the in- 
tensity of the scattered ray is very low. According to exprc.s- 
sions (3 . 10), (3.12) and (3 . 13), however, as approaches xercj 
the intensity approaches a maximum. When this departure 
from the theory was noticed,® it was at once obvious that in 



Fig. 38. 


liquids such a departure was to be expected because of the 
destructive interference at small angles between the rays 
scattered from neighboring molecules. For in a liipiid the 
molecules are not really arranged at random, but possess a 
certain regularity because they never approach closer than a 
certain limiting distance from their neighbors. This results 
at small angles in an interference similar to that ohtainetl 
with crystals at angles less than that given by X = 2/) sin n. 
The question of the diffraction of X-rays by liquids has been 

>P. Debye and P. Scherrer, Nachr. Gottingen, 1916; E. Huckel, I’hy.s. Zcils. n 
561 (1921); R. W. G. Wykoff, Am. Jour. Sci. s, 455 (192'^). 

^ W. H. Keeson and J. deSmedt, Jour, cle Phys. 4, 1944 (1923). 

2 C. W. Hewlett, Phys. Rev., 19, (1922). 

^ A. H. Compton, Bull. National Res. Council, No. 20, p. 14 (1922). 
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examined in outline by Ehrenfest^ and more thoroughly by 
Raman and Ramanathan.^ The rather complicated analysis by 
the latter authors amounts approximately to identifying the 
first maximum of the dilfraction band with the peak B of 
Fig. 37, the first peak A being eliminated by interference. 

If this maximum occurs at an angle <#>«, it follows that the 
mean distance between adjacent molecules of the liquid is given, 
according to equation (3-10), by 

j = 7.72/^ sin Y* (3-H) 

* 

Using this expression, Keesom and Smedt have calculated from 
their photographs the following intermolecular distances for 
different liquids: 

TABLE III-o 


Substance 


s 


Oxygen 

20 

4.0 A 

4 .oA 

Argon 

^7 

4.0 

4.1 

Benzene 

18 

6.05 

5-9 

Water 

29 

3-75 

3-6 

Ethanol 

22 

4-9 

5 -^ 

Ethyl ether 


S -7 

6.2 

Eormic acid 

^4 

45 

4.5 


These values of 2r/ agree so well with the distance in the last 
column calculated from the closest packing of spheres that one 
feels little doubt but that the observed diffraction bands are 
really due to molecules. 

2 C). Empirical Electron Distributions 

In other cases, however, in order to account for the observed 
intensity of the scattered X-rays, it seems necessary to consider 

’ P. Ehrenfest, Versl. Kon. Akad. Wet. Amstcnlam, 17, 1184 (1915). 

C. V. Raman and K. R. Ramnnathun, Proc. Indian Ass. Cultivation Sci. 8, p. 127 



X-RAYS AND ELECTRONS 


78 

the distribution of the electrons within the atoms rather than 
the molecules. Thus the writer has found ^ arrangements of 
electrons which will give the amount of excess scattering ob- 
served by Barkla and Ayers ^ when X-rays traverse carbon, by 
Owen® for filter paper, and by Barkla and Dunlop^ for alu- 
minum, copper, silver, tin and lead. As an example of this 
work, we may consider the data of Barkla and Dunlop. 
Their experimental points, shown in Fig. 39>! 



relative scattering of X-rays at 90° per gram of various 
metals as compared with that by aluminium. Supplementary 
experiments indicated that the scattering by aluminium cliil not 
change much with the wave-length, so that in the calculation it 
was supposed that for this element the electrons scatter iiule- 

^ A. H. Compton, Washington U. Studies, 8, 109 (1921) 

2 C. G. Barkla and T. Ayers, Phil. Mag. 21, 1275 (1911). 

® E. A. Owen, Proc. Camb. Phil. Soc. 16, 165 (1911). 

^ C. G. Barkla and J. G. Dunlop, Phil. Mag. 31, 229 (1916). 
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pendently of each other. The curves are calculated from equa- 
tion (3 . 13), on the basis of certain arbitrary arrangements of 
the electrons, and assuming, to take account of the heteroge- 
neity of the X-rays employed, that the frequencies are dis- 
tributed over a band an octave broad. 

The numbers of electrons at different distances from their 
atomic centers, as employed in these calculations, are as 
follow: 


Distribution of Elec'irons in Atoms, Calculated from Excess Scattering 
(Distances in units of io“® cm,) 


Hydrogen 

No. 

Oxygen 

^ Carbon 

Aluminium 

1 

Copper 

Silver and Tin 

Lead 

No. 

Dist. 

No. 

Dist. 

No. 

Dist. 

, No. 

Dist. 

No. 

Dist. 

No. 

Dist. 

I 

2 

.26 

2 

•35 

2 

. 12 

2 

.052 

2 

.036 

2 

.022 


6 

.42 

4 

,6 

8 

.26 

10 

.104 

10 

•073 

10 

.045 






3 

•7 

8 

■24 

8 

•17 

16 

.090 








8 

.42 

16 

•34 

16 

.132 








I 

1.05 

8 

•51 

16 

.202 










4*3 

•7 

16 

•31 












6 

.6 


While the exact distributions thus assigned are of little signifi- 
cance, because of the comparatively low precision of the scatter- 
ing measurements on which they are based, yet as to order of 
magnitude the results can hardly be wrong. In any case, these 
calculations represent one of the most direct experimental deter- 
minations of these distances which have so far been made. 

30. Scattering by Any Grouping oj Electrons 

It is possible to solve formally the problem of the scattering 
by electrons arranged in any grouping whatever.^ Although 
this solution will not be in a form which we can use to predict 
the intensity of the radiation scattered by the group, we shall 
nevertheless be able to arrive at some interesting deductions 
from the solution. We start with Debye's expression (3.12) 

1 Cf. A. H. Compton, Phil. Mag. 41, 770, 1921. 
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for the scattering by a group of Z electrons. This expression is 
not perfectly general, since it supposes that the distances Smu 
between the different electrons remain fixed. In an atom con- 
sisting of electrons revolving in different orbits about the 
nucleus, this condition obviously is not satisfied. In order to 
take account of these motions, we may suppose that the proba- 
bility that the distance Smn will lie between Smn and Smn + 
is pmn ds. The average value of the intensity for all possible 
distances Smn is then, 

. fsin (/)/a 1 

z z I ^ '4^*^wn| 

/* = /. 2 2 sin ^ ^ 


This expression is perfectly general, as long as tlie forces of 
constraint upon the electrons are negligible. 

The interesting point regarding this expression is that </> 

and X enter only in the form — . We may accordingly wri te 

A 

IJI„ = F ^sin X.j (j . ] u) 


31 . jd Method oj Comparing W ave-lengths 

Two applications of this result may be made. In tlic first 
place it will be seen that it affords us a means of comparing 
different wave-lengths. For if the value (/^/./f)i is determined 
for some particular angle and wave-length 0i ami X|, ami if for 
some unknown wave-length X the angle of scattering </, is ileter- 
mined for which {IJL) ~ then according to e(|ualion 

(3-16), 


whence ' 




valued function, it is of course ixwsihle tiuil h\x) niiirlii c.liial 
{x ) when a; is not equal to In the physical problem, however, unccrtaintie.s from 
this source can be avoided. 
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or 


_ sin 
sin 


(3-17) 


Thus by measuring angles <l> and <l>i and the wave-length Xi, the 
unknown wave-length may be determined. 

This result has been applied in the determination of the 
effective wave-length of the hard 7-rays from radium C.^ A 
measurement of the scattering of these rays by lead and copper 
showed that at <^ = 10 degrees the ratio of the intensity from 
lead to that from copper was about 1 1 per cent greater than it 
was at large angles. Barkla and Dunlop, in the experiments 
shown in Fig. 39, measured the ratio of these intensities for 
certain known wave-lengths scattered at 90 degrees. At 0.3A 
their value of the ratio /lead/T^copper per electron is about 1.75, and 
it is clear that we should have to go to a yet shorter wave- 
length to obtain the rate i.i i observed in the 7-ray experiments. 
We can thus say, from equation (3-26), that 


X 


7-rays 


< 


Sin (4 90°) 


< •037A. 


From an extrapolation of Barkla and Dunlop’s data, the effect- 
ive wave-length of the hard 7-rays from radium C was esti- 
mated by this method as about .oa5A.“ 

At the time that this result was published, the only other 
method of measuring the wave-length of these 7-rays, that of 
crystal reflection,-* had given a value of X = 0.07A for the short- 
est wave-lengths emitted by radium C; but absorption meas- 
urements showed that these rays could not be identical with the 
penetrating 7-rays used in the scattering experiments. By a 

^ A, H, Comi^ton, Phil. Mag. 41, 770 (1921). 

'■* In the author’s original paper (loc. cit.) the value from 0.025 to 0.030 was given as 
the effective wave-length from these experiments. More mature consideration of the 
exjieriments led the writer to choose the lower limit thus assigned, 0.025 A, as the more 
probable value of the effective wave-length (Bulletin National Research Council No. 
20. p. 31, (1922). 

^ E. Rutherford and E. N. C. Andrade, Phil. Mag. 28, 263 (1914). 
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variety of diiFerent methods, the effective wave-length of these 
rays is now estimated as about .017A (Appendix II). 1 his 
method of estimating the wave-length from the amount of 
excess scattering is thus seen to lead to results as accurate as 
could be expected from the data used. 

32. A Failure of the Wave Theory of Interference 

The second application of the result expressed by e(|uation 
(3.16) is a test of the electromagnetic wave theory of inter- 
ference. Let us choose two wave-lengths X and X' and two 
angles <l> and <i>' such that 

sin -^y^X = sin X'. 

Then by equation (3 . 25), 

= (3.1H) 



A test of this expression/ for the wave-lengths 0.46 A aiul 
0.12A scattered at different angles by paraffin, is shown in h'ig. 
40. In this figure, the ratio IJF is plotted against X/sin 
^ A. H. Compton, Bull. Nat. Res. Council, No. 20, p. 10 (lyi'i). 
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and should by (3.18) be the same for all wave-lengths, that 
is, the lines I and II should be coincident. For I^ only that 
part of the secondary X-rays which is of the same wave-length 
as the primary is used, since this is the only part which, accord- 
ing to the classical theory, can be truly scattered. The wide 
difference between curves I and II shows the failure of equation 
(3.18). Unless we postulate the existence of strong damping 
or constraining forces effective at high frequencies which are 
negligible for ordinary X-rays, such a result is inconsistent with 
the classical electron theory.^ 

Of course this failure of equation (3.18) throws doubt on 
the validity of equation (3.17) and its use for determining 
wave-lengths. In view of the fact, however, that equation 


(3.17) is applied to cases where sin^y^X 


is comparatively 


small, it is possible that this difficulty may not be as serious as 
would at first sight appear. 


33. Attempts to Account for the Small Scattering of Hard X-rays 

Several attempts, on the basis of the classical electrody- 
namics, have been made to account for the fact that for X-rays 
of very short wave-length the intensity of the scattered X-rays 
is considerably less than is predicted by equations (3 .05) and 
(3 .06). We see from Fig. 37 that though at certain angles the 
intensity of the ray scattered by a pair of electrons may be less 
than the sum of the rays scattered by two independent elec- 
trons, on the average the effect of interference is to increase the 
intensity of the scattered rays. Similarly the more general 
equation (3.13) leads to a scattering coefficient greater than 
that given by equation (3.06), and hence greater than the 
experimental values for hard X-rays. It is therefore impos- 
sible to account for this reduced scattering from considerations 
of interference. 

^ 'I’his is jierhaps the most definite departure from the laws of diflFraction which has 
so far appeared^ 
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34. Constraining and Damping of Electrons' Motions 

Perhaps the most valiant attempt to reconcile these experi- 
ments with the classical electron theory has been made by 
Schottd He has investigated the effect on the scattering of 
X-rays of various types of constraining and damping forces on 
the electrons. If one supposes that the constraining force is 
proportional to the displacement, and that the damping force 
is proportional to the velocity, the equation of motion of the 
forced oscillation of the electron due to the primary wave is: 

■+■ fmx = Ae cosp/, (3 . 19) 


where A cos pt s Ex is the electric field due to the incident 
wave. The solution of this equation after the system has 
reached a steady state of oscillation, is 



The acceleration of the electron is thus 


(. 3 - 20 ) 


a 


d^x 

If 


= p^Ai cos {pt -f- 5) 


Ae cos { pt -f- 5) 
m 




But if the electron were free its acceleration would have been 


Ae 

^ cos {pt. -h a). 


‘ G. Schott, Proc. Roy. Soc. A. 96, 2 % (1910). 
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In view of the fact that the electric vector of the scattered wave 
is proportional to the acceleration of the scattering electron, 
and since the intensity of the ray is proportional to the square 
of the amplitude of the electric vector, we can say at once that 
the ratio of the intensity of the ray scattered by the electron 
under consideration to that scattered by a free electron is 


Ic 


^/max 




i2\ 2 

+ ;;2 

_p2 


( 3 -^ 1 ) 


An examination of this equation shows that if the frequency 
of the X-ray is greater than the natural frequency of the elec- 
tron ip > q) the intensity of the scattered ray will always be 
greater for a bound electron than for a free electron. The in- 
tensity of the scattered ray becomes smaller than that for a free 
electron only li 1 < q^, that is for frequencies considerably 

smaller than the natural frequency of the electron. Thus the 
effect on the scattered X-rays of constraining forces on the 
scattering electrons should be greatest at comparatively low fre- 
quencies, and should become negligible at very high frequencies. 
Experiment, on the other hand, shows that at moderate fre- 
quencies the scattering by light elements is about that antici- 
pated from free electrons, while the great departure is at the 
highest frequencies. Constraining forces on the electrons are 
thus inadequate to account for the reduced scattering at high 
frequencies. 

An increase in the damping constant r would, as is evident 
from equation (3.21), reduce the intensity of the scattered ray. 
Hut in order that this effect should not approach zero at high 
frequencies r must increase rapidly as p increases. 

Let us suppose that this damping is due to the energy 
radiated by the scattering electron. We have noticed that the 
mean rate of energy loss from an oscillating electron due to its 
own radiation is (equation 2.17) 
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where Ax is the amplitude of the electron’s displacement. But 
from equations (3.19) the rate of energy loss at any instant 
due to damping is 

dWr dx dx /dx\^ 

IF ~ ^^dt'di " ’ 

which, according to (3 . ao) is 
dW 

—1 = rm-p^A^ sin^ ipt S). 
at 

When averaged over a complete cycle, this becomes 

I 


dJVr * O yi » 


(3 • ^ ) 


If then we suppose that the damping is due to the railiation, 
we have at once that 



irmp^Ax^ = Y^Ax%, 


or 

3 mc^ 

(.?• ’.0 

Thus 



4 

(3.24) 


For the highest frequencies at which scattering experimenis 
have been made, i.e., for 7-rays of wave-length o.ozA, ihc 
value of this ratio is 0.000035. It follows from einiation (3 ,21) 
that the effect of this damping on the intensity of the seal icivd 
X-rays is wholly negligible. 

We have seen that for hard X-rays traversing light elemenis 
the absorption coefficient falls below the value calculated from 
the classical theory for the absorption due to scattering alone. 
When we examine the absorption of X-rays on the classieid 
theory we shall see (equation (6.24)) that the absorption co- 
efficient is proportional to the damping constant r, the factor of 
proportionality being such that if we use the value of r given by 
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(3 . 23) the absorption coefficient is just equal to the scattering 
coefficient. Thus the observation that the absorption co- 
efficient is less than the theoretical scattering coefficient would 
mean that the damping constant must be even less than the 
value given by (3 . 23), so that the effect of the damping in 
equation (3.21) will be wholly negligible. Thus we are forced 
to the conclusion at which Schott arrived, that neither by forces 
of constraint nor by damping forces can we account for the fact 
that at very high frequencies the scattering by an electron is 
less than that calculated for a free electron. 

35. The Complex Electron 

It would seem that the only escape from our difficulty, con- 
sistent with classical electrodynamics, is to suppose either that 
the force on an electron at rest is for high frequencies less than 
the value Ee, as assigned by Lorentz’s force equation, or that 
the electric field due to an accelerated electron is less than is 
calculated from the usual electron theory. The possibilities in 
this direction resulting from assuming a new force equation 
have been investigated by Maizlish.' Taking the special case 
of an electron composed of two parts having equal charges but 
different masses, which are held together by certain pseudo- 
elastic and frictional forces, he finds an intensity of scattering 
which for high frequencies falls below that calculated from the 
usual theory. 

One might criticize the particular model employed by Maiz- 
lish in that energy seems to be absorbed (and retained in- 
definitely) by the electron, but probably some other method of 
altering the force equation might be postulated which would be 
free from this objection. We should thus be afforded, however, 
with a solution of only half of our problem. We have seen that 
as the frequency of the X-rays increases, the rays scattered at 
large angles decrease in intensity more rapidly than those at 
small angles, with the result that an asymmetry appears, similar 
to that due to interference when soft X-rays are used. This 

^ I. Miiizlish, Jour. FVanklin last., May, 1924. 
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asymmetry is shown clearly in Fig. which represents the 
scattering of hard 7-rays by iron. It is clear that a mere modi- 
fication of the force equation will only modify the absolute 
intensity of the scattered beam, but can have no effect on its 
angular distribution. 


36. The Large Electron 

A suggestion that at one time seemed to be very promising 
was that the electron, instead of being sensibly a point charge, 
has instead dimensions comparable with the wave-length of 
hard gamma rays.^ The effect of this hypothesis is to make 
possible interference between the rays scattered from different 
parts of the electron. For wave-lengths considerably greater 
than the diameter of the electron, this interference would be 
negligible, and the electrons would act as described by the usual 
electron theory. If the wave-length is shorter, since the phase 
differences from different parts of the electron are larger for 
rays scattered backward than for those scattered at small 
angles, the intensity in the reverse direction should fall off' the 
more rapidly. Qualitatively, therefore, this hypothesis is 
adequate to account for both the reduced intensity ami the 
asymmetry of the scattered X-rays of very short wave-length. 

In order to avoid conflict with a view that an electron’s mass 
is due to its electromagnetic inertia, we may suppose that the 
electron has the form of a thin circular ring of electricity. I'or 
such an electron, with certain reasonable auxiliary assumptions, 
it can be shown ^ that the intensity of the ray scattered by a 
single ring electron of radius a should be 


4 


X o 




where /„ is given by equation (3.08), x — siii aiul /„ is 

X '2 

Bessel’s J function of the wth order. This expression for the 


^A. H. Compton, Jour. Washington Acad. Sci., 8, i (lyiH); I^hys, Kcv. 14, 10 
(1919). 

2 A. H. Compton, Phys. Rev. 14, 20 (19 19); Washington U. Stiulics, 8 ,104 (1921); 
G. A. Schott, Proc, Roy. Soc. 96, 695 (1920). 
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intensity of the rays scattered at different angles from a ring 
electron is found to be in surprisingly good accord with the 
experimental values, if the radius of the ring is assumed to be 
about 3 X cm.i 

This theory fails, however, as any theory based upon the 
classical electrodynamics must fail, to account for the change in 
the wave-length of the scattered X-rays. In view of the fact 
that the quantum theory which leads to a correct expression for 
the change of wave-length suggests also an adequate explana- 
tion of the reduced intensity of scattered X-rays of very high 
frequency, such arbitrary assumptions regarding the nature of 
the electron are unnecessary. It seems futile, therefore, to 
carry the discussion of the scattering of hard X-rays further 
from the standpoint of the classical electrodynamics. 

37. Summary 

The classical electromagnetic theory of scattering in its 
simplest form is quantitatively applicable to the scattering of 
comparatively soft X-rays by elements of low atomic weight. 
But when heavier elements are employed as radiators, the inter- 
ference between the rays scattered by the different electrons 
becomes appreciable, giving rise to what is known ,as “ excess 
scattering.” We find that it is possible to choose electron distri- 
butions within the atom which will give closely the observed 
intensity of scattering of ordinary X-rays, thus affording a 
means of studying these electronic arrangements. For very 
short waves, however, we find that the intensity of the scattered 
X-rays is less than can be accounted for on the theory of electro- 
magnetic waves, the difference being greater when the scattered 
ray makes a large angle with the primary ray. This fact, 
coupled with the observation that the wave-length of the 
scattered rays is always greater than that of the primary beam, 
indicates that there is some fundamental fault in the classical 
explanation of X-ray scattering. 

^ Cf. e,g., A. FI. Compton, Bulletin Nat. Research Coun. No. ao, p. 10 (1922). 



CHAPTER IV 

X-Ray Reflection and Crystal Structure ^ 

38. Lane's Discovery and its Consequences 

‘‘ If,*' as Henri Poincare has said, “ the value of a discovery 
is to be measured by the fruitfulness of its consequences, the 
work of Laue and his collaborators should be considered us ]^er- 
haps the most important of modern physics/* ^ In thedidrac- 
tion of X-rays by crystals we have a tool which has enabled us 
to show at once the identity in character of X-rays and light, 
and to determine with a definiteness previously almost un- 
thinkable the manner in which crystals are constructed of their 
elementary components. By its help we have studied the spec- 
tra of X-rays, we have learned to count one by one the electn)ns 
in the different atoms, and we have found out something with 
regard to arrangement and the motion of these electrons. 
The measurement of X-ray wave-lengths which is thus made 
possible has supplied us with our most precise method of deler 
mining Planck’s radiation constant //, and in showing llu‘ 
change of wave-length when these rays are scattered has demon - 
strated the existence of quanta of momentum of radial ioji 
which had hitherto been only vaguely suspected. Huis in the 
two great fields of modern physical inquiry, the nature of mat 
ter and the nature of radiation, Lane’s discovery of the dilfrac 
tion of X-rays by crystals has opened the gateway to many 
new and fruitful paths of investigation. 

It is not the purpose of the present chapter to present in 
detail an analysis of all the crystals whose structure has been 

^ I am indebted to Mr. J. K. Morse for many helpful suggestions in writing this 
chapter. 

2 M. de Broglie, “Les Rayons X” (1^22). 
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determined by X-ray methods. We shall rather confine oui'- 
selves to a description of the most important methods by which 
such investigations are carried out, and to the study of the 
structure of some of the simpler crystals as examples of the 
various methods. Before entering this discussion it will be 
advisable to review some of the nomenclature used in crystal- 
lography. For a more detailed discussion of the analysis of 
crystal structure, the reader may be referred to that remarkable 
book, “X-rays and Crystal Structure,” by W. H. Bragg and 
W. L. Bragg, on which much of the following chapter is based. 

39. The Space Lattice 

The feature which distinguishes a crystalline from an amor- 
phous substance is the fact that the fundamental units of the 
crystalline substance are arranged in a systematic pattern. 
Before X-ray methods were employed, measurements with a 
goniometer of the angles between the external faces had led to 
the classification of all kinds of crystals into six systems of 
symmetry, and these systems were further divided into thirty- 
two classes under which any particular crystal could be 
assigned.^ The geometrical theory of crystal structure worked 
out by Bravais, Schoenke, Schoenflies, von Federoff and Barlow 
showed that these thirty-two classes could be still further ex- 
tended into two hundred and thirty space groups, which repre- 
sent all the possible ways of systematically arranging the 
fundamental crystallographic units in space. 

Before the application of X-rays to the study of crystals, it 
was not possible, in the case on any particular crystal, to deter- 
mine the nature of the fundamental units underlying its struc- 
ture, the distances separating these units, or the space group to 
which it belonged. By X-ray analysis we can'Uarn whether the 
crystallographic units are atoms, ions, molecules or groups of 
molecules. We can determine, with a few minor exceptions, 
the space group to which a particidar crystal belongs. And 

' An excellent jiccoiint of the mcxlern methods of crystal measurement is to be fount! 
ill Crystallography and Practical Crystal Measurement^ A. li. H. lutton, Macmillan, 
iya'2, 2 vols. 
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what is yet more remarkable, we can measure with precision 
the actual distances between the atoms, ions or molecules.' 

The units of which a crystal is composed may be cither 
simple or complex, a single atom, or ion or a complicated mol- 
ecule or even a group of complicated molecules. There must, 
however, exist some unit which occurs in the crystal in a regular 
repeating order, such that the situation of one of these units 
with regard to its neighbors is precisely similar to that of any 
other unit. We may take some point in this unit, for exant]5le 
the center of some atom, to represent the position of the unit. 
The group of such points is known as the space lattice of the 
crystal. It is found that any such space lattice of points may 
be connected by a three-dimensional network of lines which 
form the edges of a group of parallelopipeds. Fig. 41 shows the 
space lattices to which all crystals may be referred.'^ 

40. Cubic Lattices 

If, for example, we desire to examine a cubic crystal, we 
know at the start that it must be built up from a simple cubic, 
a body centered cubic, or a face centered cubic lattice. The first 
question is to determine by means of X-rays which one. 'To do 
this we must be able to specify and identify in the actual crystal 


^ Inasmuch as this new analysis forms an extension of our previous knowleilgc ol' 
crystals and requires use of the results of the older goniomctric measurements, tluf lom 
pilation by P. Groth of the external measurements of crystals in “Chemische C'rys- 
tallographie,’' Leipzig, 1906, five volumes, forms an invaluable starting jxant for 
crystal analysis. 

2 Space does not permit the explanation of the detailed relations I)clwcTn thcMr 
lattices and the ja crystal classes and the space groups mentioned above. It will be 
noted, however, that all crystals can be divided into two main ilivisions which differ 
radically in their structure, namely, atomic or ionic lattices such as diamoml and the 
alkali halides, and molecular lattices to which the majority of the organic compoutul.s 
belong. 

All the possible space groups have been worked out analytically for ionic and atomic 
lattices by Wyckoff in his monograph, ”The Analytical Kxpression of the Resull.s of 
the Theory of Space Groups,” Washington, 1922. For molecular lattices, on the 
other hand, W. T. Astbury and Kathleen Yardley, “'rabulatcd Data for the Fxum- 
ination of the 230 Space Groups by Homogenous X-rays,” Phil. Trans. 224A, 22i~ 25«;, 
1924, have presented a more satisfactory discussion. 
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certain planes which include certain points in the space lattice. 
This may be done in the following manner. 

Let a, b, Cy of Fig. 42 represent the edges of the unit parallel- 
opiped along its three axes, and let y/, B, C, be the plane to be 
described. This plane intersects the axes at distances OA = pa, 
OB = qb and OC = rc respectively, where jO, q and r are 
integers. The reciprocals of these numbers are in the ratio 


Z 



qr-.rp:pq, respectively. If these products are each divideil 
by their greatest common divisor w, we obtain the integers 

h = qrln, k = rp/n, I = pqjn. (4.01) 

These are known as the (Miller) indices of the plane in (piesiion, 
and are written in brackets, thus (/;, /.■, /). 'The ]>lane ABC is 
thus known as the (/i, k, 1 ) plane, and the ratios a:b- r are 
known as the axial ratios. 

For the plane ABC, p = ^-,q = ^,r = i, and « - i , wiieiue 
h = 2, k = 1 and / = 6. The plane ABC is thus the (j, 2, U) 
plane of the lattice. Similarly for the plane AFCK, p =- 2, 
y = 00, r = CO, whence A = i, k = o and / = o, so this 
is the (i, o, o) plane. In the same manner the points AUDli 
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are in the (i, i, o) plane and the points AH J are in the (ij i, i) 
plane. 

In the three fundamental cubic lattices, as shown in Fig. 43, 
if we call the distance between the layers of points in the (100) 



Fig. 43. 


planes a, the distances between the successive layers of points 
in the o'-her planes are those given in the following table: 


TABLE IV-i 

Distance between Planes of a Cubic Crystal 


Type of Crystal 

(100) 

Planes 

(no) 

Planes 

(in) 

Planes 

Simjile cubic 

a 

\ jy / a 

i/V-j-rt 

Botly centered 

a 


I / ''^.1 ■ I' 

Face centered 

a 




It is clear that if we can by any means mea.s.ure the relative dis- 
tance between these different planes we shall have a key to the 
distribution of the points on the space lattice. 


41. Crystal Structure by X-ray Reflection from Crystal Faces 

Ttie most straightforward method of determining the arrange- 
menf of the atoms in crystals is that which was first employed 
by W. L. Bragg in studying the structure of rock-salt (NaCl) 
and sylvine (KCl). These are both cubic crystals which, in 
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view of their similar chemical constitution and crystal form, 
are presumably alike in structure. The information regarding 
their structure is obtained by reflecting a beam of X-rays from 
certain characteristic planes, and by measuring the intensify of 
this reflection at different angles. The spectra shown in b'ig. 44 
give the result of such an experiment, when X-rays from a tube 
with a palladium target are reflected by these crystals. 

In Chapter I we showed that if X-rays of wavc-lengtli \ are 
reflected from a crystal composed of layers of particles spaceil a 


.Sylvine 
K Cl 

(100) 
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fllO) 
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(III) 





Rofkwii 

NaC] 
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distance D apart, the reflection will occur when the glancing 
angle is given by the relation 

«X = 2D.sin(?, 

where n is the order of reflection. 

The distance between the successive layers is thus, 

D = «X/2sin<?. (4.02) 

Thus in the case of sylvine, experiment .shows the grating 
spaces for the (100), (no) and (iii) planes to he in the ratio 
i/sin 5.2.2 : i/sin 7'3o° • i/sin 9.05°, which is very nearly the 
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ratio I : i/V^- A comparison of these results with 

the calculated ratios of Table IV-i shows that we are dealing 
here with particles arranged according to a simple cubic lattice. 
We have as yet, however, no information as to whether the 
particles so arranged are atoms, molecules or groups of atoms. 

In the case of rock-salt, however, Fig. 44 shows a weak 
first order reflection from the (iii) plane at half the angle at 
which the reflection should occur if this crystal, acted precisely 
as does sylvine. If we were to ignore this feeble reflection, we 
should have, considering the strong reflections only, the same 
ratios for the grating spaces for the different planes as was found 
for sylvine. But taking this weak first order reflection into 
account, the ratio of these distances is 

Dloo : Dim : An = i : 1/V2 : 2/V3. 

According to Table IV-i, these are the distances characteristic 
of a face-centered cubic lattice. This crystal therefore acts very 
much as if it were a simple cubic lat- 
tice superposed upon a face-centered 
cubic lattice. 

The following solution of this 
problem was suggested by Bragg: 

I.et us imagine both NaCl and KCl 
to be represented by Fig. 45, where 
the solid circles represent atoms of 
chlorine and the open circles atoms 
of sodium or potassium as the case may be. There is thus an 
atom at each corner of each of the small cubes into which the 
figure is divided. 

]n view of the considerations brought forward in the last 
chapter, we may suppose that it is the electrons within the atoms 
which are responsible for the scattering of the X-rays. Taking 
the number of electrons as equal to the atomic number, we 
should then have 1 1 electrons in the sodium atom, 17 in chlorine 
and 19 in potassium. But since NaCl and KCl are polar com- 
pounds, we may suppose that the valence electron has left the 




98 


X-RAYS AND ELECTRONS 


sodium or potassium atom and has joined the chlorine atom. 
Thus we should have in the crystal lo electrons in sodium, and 
i8 in both chlorine and potassium. It is thus natural to sup- 
pose that chlorine and potassium atoms scatter about the same 
amount, but that the sodium atom scatters less than the other 
two. Thus a KCl crystal represented by Fig. 45 shouhl scatter 
as would a simple cubic lattice of similar particles. In NaC’l, 
on the other hand, we can think of the arrangement as consist- 
ing of 10 electrons at each point of a cubic lattice of eiige a, and 
superposed on this 8 electrons at each point of a face centered 
lattice of cube edge ia. This would give 1 8 electrons at each of 
the chlorine atoms and 10 at each of the sodium atoms, and 
would also give rise to exactly the type of superpo.sed s[K*ctrum 
which is found from the (tii) planes of rock-salt. 

It will be worth while to consider the matter from a slightly 
different standpoint. Referring again to h'ig. 45, it will he seen 
that the successive layers of atoms in the ( too) and { 1 10) planes 
are identical with each other, each layer containing etpial num- 
bers of sodium and chlorine atoms. In the (1 1 1) planes, how- 
ever, layers of sodium and chlorine atoms alternate with each 
other. If we were to consider the heavier chlorine atoms hy 
themselves, they would give rise to a reflection as from a grating 
space of 1/ V^. But if there is i wave-length difference in pat li 
between the rays scattered by the successive layers of chlorine 
atoms, there will be just half a wave-length iliffereiice between 
the rays scattered by a layer of chlorine atoms and the adjacent 
layer of sodium atoms. These two rays will therefore he oppo 
site in phase, but will not completely interfere, since the ray 
scattered by the chlorine atoms is the stronger. 'I'herc is thus 
produced a weak first order line from the { 1 1 1 ) planes, which is 
observed at about 5.1 degrees. In the second oriler reflection 
from the chlorine layers, the ditterence in path between rays 
from successive layers of chlorine atoms will be two wave- 
lengths and that between adjacent layers of.soiiium ami chlorine 
atoms one complete wave-length. In this ca.se all the atoms will 
cooperate in their scattering, and the intensity will be much 
greater than in the first order, d'hus wc may expect from the 
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(ill) planes of rock-salt that the odd orders will be relatively 
weak and the even orders of reflection relatively strong. 

The complete accord between the predictions based on this 
grouping of the atoms and the experimental spectra from rock- 
salt and sylvine, together with the simplicity of the arrange- 
ment, makes this structure appear very plausible. It cannot be 
said that the proposed arrangement is the only one which will 
work. We might, for example, place i atoms instead of i at 
each point of the space lattice. Chemically,' however, such a 
distribution would present grave difficulties, whereas the one 
pictured in Fig. 45 is quite acceptable. 

42. Confirmation by Measurement of X-ray Wave-lengths 

Perhaps the best verification of this structure is the fact 
that the wave-length of the X-rays calculated on the basis of 
the arrangement of the atoms, shown in Fig. 45 is in agree- 
ment with that determined by other methods. Assuming this 
structure, we showed in Chapter I that the grating space for the 
(100) planes of rock-salt is D = {W/iNp)^, = 2.81 X io~® 
cm., where fV is the molecular weight, p the density of sodium 
chloride, and N is the number of molecules per gram molecule. 
Using this grating space, the wave-length of the palladium X- 
rays used may be calculated from the formula n = 0 .D sin d to 
be 0.576A. 'I'here are, however, several other methods by 
which the wave-length of X-rays can be determined. ‘^I'he most 
ilirect of these is that based upon the diffraction of X-rays by 
ruled gratings. This work, as we have seen (supra, p. 17), 
gives a wave-length identical within an experimental error of 
about 0.3 per cent, with that determined by crystal methods. 
It follows that the grating space which we have assigned to 
rock-salt a.id sylvine is correct. But if this grating space is 
right, there can be only one atom placed in each unit cube of 
side a, and it would seem that the distribution of the atoms 
shown in h'ig. 45 is the only one possible. 

o, 
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43. Reflection Method Using Known Wave-length 

Having thus determined the wave-length of the X-rays 
which we are using, the analysis of the structure of other crystals 
is considerably simplified. Let us consider, for example, the 
case of diamond. This crystal is also of the cubic system. The 
spectra from the three characteristic faces are shown diagram- 
matically in Fig. 46. The palladium Ka line (X = 0.576) is re- 
flected from the (100) face at 19.0° in the first order, imlicating 
a grating space of 0.885 ^ volume of a cube of 

this edge is 0.691 X io ~24 cm.^. But since the number of atoms 
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of carbon per unit volume is NpjW^ N being the number per 
gram atom, W the atomic weight and p the ilensity of dia- 
mond, the volume associated with each atom is '//'//Wp - 
12/6.06 X 10=^3 X 3.51 = 5.6 X ]o- 3 ' cm .3 'I’his is 5.6, 'o.6<; - 
8.1 times the volume ofour unit cube. In order to have 1 atom 
associated with each unit cube, we must therefore have the 
side of our unit cube equal to 2 /)|„„. 

The spacings for the three characteristic planes will be seen 
from Fig. 46 to be in the ratios 

Djoo : Duo : Aii = J : j/\/'2 : W.i- 

Of the ratios corresponding to the three simple cubic arrange- 
ments given in Table III, these agree most closely with those 
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for the face-centered cube. We may therefore take this lattice 
as our starting point to build up the crystal structure (Fig. 47, 
the solid, circles). Let us consider, in Fig. 47, that the cube 
associated with any particular atom is the one which has the 
atom at its lower, front, left-hand corner. It will then be seen 
that only half of the cubes are associated with the atoms repre- 
sented by the solid circles. In order to have one atom associated 
with each unit cube we must therefore locate an equal number 
of additional atoms. Since the grating space Dioo is i that of 
the ‘‘black’’ atoms, the additional “white” atoms must all be 
placed midway between the (100) planes of the black atoms. 



This can only be done by placing the white atoms at the centers 
of the cubes drawn in Fig. 47. But only half of the cubes require 
atoms in order to make up the full number of i atom per cube. 
If therefore we place the white atoms in the centers of the cubes 
with which black atoms are not already associated, we obtain 
the required distribution. 

The spacings of the atomic layers in the different planes 
according to this structure are shown diagrammatically in Fig. 
48. In the (100) and the (i ro) planes the successive layers are 
equal and are equally spaced. In the (1 J r) plane, however, we 
have equal layers of atoms arranged in pairs, such that the dis- 
tance between the two layers of a pair is J the distance be- 
tween two successive pairs. We should therefore expect the 
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intensities of the higher orders from the (too) and the (i to) 
planes to fall off in the normal manner. But at the angle tor 
the second order reflection from the (nr) plane the ray scat- 
tered from the two layers of the same pair will be opposite in 
phase and should just neutralize each other. We should there- 
fore expect the second order reflection to be absent from the 
reflection by the (i ii) faces of diamond. A glance at the spec- 
tra shown in Fig. 46 shows that this is indeed the case. I he 
information given by the absence of this second order reflection 



has not been used in determining the crystal structure shown in 
Fig. 47. The fact that this structure predicts its absence is 
therefore an independent verification of the structure that has 
been assigned. 

44. Powdered Crystal Method of X-ray Crystal /htalysis 

In order to employ the method of reflection which has just 
been described it is necessary to use crystals with faces large 
enough to be set with the desired orientation on the crystal 
table of the spectrometer. Many substances, including most of 
the chemical elements, are not available in the form of such 
crystals. These materials can have their structure examined 
by the powdered crystal method, developctl by Debye aiui 
Sherrer ^ and Hull.- 

Instead of observing the reflections from diflerent crystal 
faces one at a time, one may use a very large number of linelv 
pulverized crystals, among which some will always be oriented 

’ Debye and Sherrer, Phys. Zeits. 17, 277 (1916); 18, 29 1 (1917). 

2 A. W. Hull, Phys. Rev. lo, 661 (1917); 17, 571 (n/ii); Prank, Inst. Jour. 193, 
189 (1922), A. W. Hull and W. P. Duvey, Phys. Rev. 17, 549 (1921). 
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at every possible angle, and record the reflections on a photo- 
graphic plate from all the faces simultaneously. The photo- 
graph thus obtained will have upon it all the reflected lines 
which can possibly be obtained from the crystal. The apparatus 
used in taking such photographs is essentially very simple, and 
is shown diagrammatically in Fig. 49. The rays from the tar- 
get S of the X-ray tube pass through a filter F which renders 
the rays nearly homogeneous, and then traverse the sample C 
under investigation. The record is obtained either on a plate 
placed at P or on a cylindrical film with the sample C at the 



center. Figs. 50 and 5 1 show respectively photographs thus ob- 
tained when X-rays from a tube with a molybdenum target, 
after being filtered through an absorption screen of zirconium 
oxide, traverse fine crystals of silicon and magnesium.' 'I'he 
distinctly different pattern of lines obtained in the two cases 
correspond to the different distribution of the atoms in the two 
types of crystals. 

It is clear that there is no way of telling directly which line 

^ 'J'hese photographs are taken from Huirs paper, Phys. Rev. lo, 662 (1917). 
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on these photographs is due to the reflection from any particular 
face. This makes the analysis of the crystal structure somewhat 
more complex than when Bragg’s large crystal method is used. 
For simple substances, however, the problem is not difficult. If 
the crystallographic data are known, there is a very limited 
number of possible arrangements for the points on the sj^ace 



lattice, and the pattern of lines to be expected from each sucli 
lattice may be calculated. The procedure then consists merely 
in finding to which pattern the observed lines belong. 'I'he lit 
must be exact, both in position and intensity, .so that there is 
little chance for an error to occur. 

Let us calculate the positions and intensities for ceriain 
simple lattices. 'I'he reflections will occur 
at all angles for which the condition 

7/\ = 2/)/,w sin 0 

is satisfied, where /)«, is the distance be- 
tween the successive layers of atoms in the 
{hkl) plane. 'Phis distance may he cal- 
culated in the following manner. 'I'he 
distance of any point /^(.v, y, z) from a 
plane through 0 parallel to the jilane XYZ 
(Fig. 52) is 

Z = i? cos PON, 


z 



(4. 0,1) 
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where R = and PON is the angle between the 

line OP and the normal ON to the plane XYZ. If a, P, r are 
the direction cosines of ON, and a', /S', y' those of OP, then 

cos PON = aa' + /8jS^ -j- yy' . 

But a = x/R, /S' = y/R, y' = z/R. Also, in the figure, 
« = ON/OX, p = ON/OY, y = ONIOZ, whence 

^ 0X‘ OY’OZ 

= h : k \ I, _ (4.03«) 

by equations (4.01). Since ^ 0 ^ + y^ — r, we have, 

« = h/V¥^WTT\ 

0 = k/Vh^ + B + l'\ 

y = // a/FT^^TT^. (4 . 04) 

It follows that 

f hx ky h 1 

^ ^ + /t^ -T/^ ■*“ VP" + W+1^ ^ VF+ /P"+7^} 

= y//j;2 ^1^2 _|. /2 + ky + (4.05) 

]f the atoms which act as diffracting centers are all alike^ and 
are arranged on a simple cubic lattice of side then each time 
X increases by a/h^ y by a/k or 2 by ajl we shall have moved 
from one layer of atoms to another. Thus the grating constant 
will be, 

T)hki — (ij^ ti^ + k- + /“. (4.06) 

]u)r the cube centered lattice, the calculation is complicated 
by the fact that, if is the edge of the unit cube (Fig. 43^), 
for certain planes the numerator of equation (4.05) must be 
increased by only a and for others by in order to reach the 

^ 'Che general exjiression for L for any set of axes and axial ratios is derived by Hull 
in the Physical Review, 10, 677 (1917). 
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next layer of atoms. Thus for the (loo) or the (ii 0 planes an 
increase of x by the distance a means a change from one atomic 
layer to the- next; but for the (no) plane, x must change by 
la to reach the next atomic layer. In general, for this lattice, it 
can be shown that if A + ^ + /is an odd number, tlie numerator 
of equation (4-05) must change by a to reach the next atomic 
layer, whereas if A + ^ + / is even, it must change by ia. 'Phus 
the grating constant for the centered cubic lattice is 

= {a or (4.07) 

where the choice of a or la is made according to the condition 
just stated. 

Using this value of the grating space, we find that the wave- 
length X will be reflected at the angles given by 

sin ^f 2 = sm 6 = n'h/^Dui, (4.08) 

where ^ is the angle between the primary and the reflected 
beam. There will of course be a separate line for each ilifferent 
order of reflection w. 

There will be a gradual decrease of intensity of the lines as 
the angle becomes greater, just as in the case of reflection from 
a single crystal. There will also be variations in the relative 
intensities of the different lines due to the fact that tlitferenr 
numbers of the different types of planes arc present. 'I'luis, su|>- 
pose we have calculated the distance between the jilanes of a 
cubic crystal for which h = g], k = and / = i.e., for tin: 

plane. It is clear that the spacing of the planes will he 
the same whatever the order of then’s or whatever their signs. 
It would be the same, for example, for the (jc* 1) plane as for the 
(231) plane, where i indicates that the Z intercciit is negative. 
If all the ^’s are different and differ from zero, this makes 48 
different planes whose spacing is identical, 'riiere are U planes 
with the same spacing as the (too) plane, corresponding to the 
6 faces of a cube, t2 (iio) planes, one for each cube edge, and 8 
(in) planes, each for each cube corner. 

The number and relative spacings of the different planes for 
the special case of the body centered cube are tabulated below. 
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As an ex^ple of the calculation, consider the (21 1) plane. 2+1 
+ 1=4, which is even, whence, by equation (4-07), 

D'ill — 1' ^ -|- I "h I = 0.408 X 2^31. 

There are 24 possible permutations of the indices, considering 
both positive and negative values, corresponding to 24 possible 
orientations of the ’crystal at which this grating space will be 
effective. This number thus measures the relative intensity of 
the lines. 


TABLE IV-a* 

Spacing of Planes for Centered Cubic Lattice (Distances in Terms of Edge 

o.a OF Unit Cube = i) 


Indices of Form 

Plane Families 
Belonging to Form 

Spacing of Planes 

no 

12 

.707 

100 

6 

.500 

211 

24 

00 

0 

310 

24 

.316 

III 

8 

.2885 

321 

48 

. 2672 

411 

24 


210 

24 

.2234 


24 

.2132 

4.31 

48 

. 1 960 

5'o 

24 

. 1 960 

521 

48 

. 1 826 

_ 

-- - .... - _ 

. 


Mtin* foniplclc labU*s for this and othor latticfs aro given by A. W. Ilnll, Pliys. Kov. lo, 
67.} (iyi7). 


45. Structure of Molybderinm Crystals 

We can now plot the positions of the lines to be expected 
from such a lattice in terms of sin <^/a, as in Mg. 53. Jn this 
diagram the height represents the estimated intensity, and the 
spacing is on an arbitrary scale. Fig. 54 shows the pattern ob- 
tained ‘ when the line X = .710A traverses powdered crystals 

^ A, W. I -lull, Phys. Rev. 17, 571 




Fig, 54. 




STRUCTURE OF MOLYBDENUM CRYSTALS 109 


of molybdenum. It will be seen that the lines occur in positions 
corresponding exactly to the face-centered lattice, whereas the 
patterns obtained with silicon and magnesium (Figs. 50 and 51) 
do not agree with this diagram. From the angles at which the 
lines occur, we can calculate the value of a as 1.57A, whence 
the side of the unit-centered cube is 2^ == 3.i4A. The structure 
of the molybdenum crystal is thus completely determined. 

Proceeding along similar lines it is found that the line pat- 
tern shown in Fig. 50 for silicon agrees exactly with that calcu- 



Fig. 55. 


lated for a lattice like that of diamond, as shown in Fig. 47. The 
distance between the atoms is, however, greater, the grating 
space between the (n 1) planes being 3.14 X cm. instead 
of 2.05 X lO"^ cm. as in the case of diamond. Magnesium is a 
hexagonal crystal, and the line pattern shown in Ing. 51 corre- 
sponds to the hexagonal close packed arrangement, such as 
shown in Fig. 55. 'J 1 ie angles at which the lines appear indicate 
that the minimum distance between the magnesium atoms is 
3.22A. 

While theoretically this powdered crystal method is not as 
powerful as the single crystal method, since the orientation of 
the crystals for the different lines is initially unknown, its great 
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convenience has made it used perhaps more than any other 
method of X-ray crystal analysis. 

46. Method of the Laue Spots 

Laue’s method of permitting a beam of X-rays containing a 
large number of wave-lengths to pass through a thin section ol a 
crystal is the simplest X-ray method of obtaining crystallo- 
graphic information. As usually used, it docs not give direct 
measurements of the spacings for the different planes. It does, 
however, exhibit the symmetry of the crystal, and thus forms an 
independent check on the goniometric measurements, or when 
these are not available it may partly replace them. In flic hatuls 
of Ewald 1 and WyckofF,^ this method has supplied all the nee • 
essary information to assign particular crystals to the correct 
space groups. 

47. Gnomonk Projection 

The first step in the interpretation of the large number of 
spots obtained in a Laue photograph is to identify the iiuliees of 



the planes producing them. 'I'his may be simply done by the 
method of gnomonic projection. Imagine a l)eam of \ rays 
traversing a section of a crystal placed at Z (h'ig. 50), and bt-iiig 
partially reflected along ZS, producing a s]iot on the jihoto. 
graphic plate at S. If ZC represents the plane in the erysiid re 

^ P. P. EwaUl, Ann. tier l^hys. 44, 257 (igi-f). 

^ R. W. G. Wyckoff, Ann. of Sci. 50, 317 
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sponsible for this partial reflectionj its angle of inclination $ to 
the incident X-rays is given by the relation. 


OZ z 


tan 28 . 


(4-09) 


Now draw a line from Z, perpendicular to ZC, intersecting the 
photographic plate at Zl. The point Zl is then the gnomonic pro- 
jection of the observed spot It is on the line joining S and 
the central image 0, and is at a distance from the center, 

a = z cot 6 . (4- 10) 


The different points A can be rapidly plotted for each of the ob- 
served spots S by the help of a double ruler, such as shown in 
Fig. 57, in which the distances a corresponding to the distances 
s are calculated from equations (4.09) and (4. 10). 

If the direction ZO of the incident X-rays coincides with one 
of the axes of a cubic crystal, the coordinates of the point A de- 
termine at once the index of the plane responsible for the spot S. 
In Fig. 58, which is a 3-dimensional diagram of a Laue spot S 
and its gnomonic projection the reflecting plane in the crystal 
is seen to intersect the Xy Y and Z axes at distances Xy y, and z 
respectively. The Miller indices of the plane are thus in the 
ratio, 

, , - III % z % 

X y z X y z 

But by the construction of the figure it is evident that 


"Ulus 


z 

X 


x' 

z^ 


and 


z 

y 


y\ 

z 


h: k: I ^ 


X 


y 

z 


z 

z 




= : y' : 2;. 

Since Zy the distance from the crystal to the plane, is known, ^ 
the coordinates A;',y' of the point A thus give at once the Miller 
indices. 

^ In practice, the tlistance Z is usually taken as 5 cm. 
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48. Structure oj Magnesium Oxide 

We may take as an example of the application of this method, 
the cubic crystal of magnesium oxide (MgO). A photograph of 
its spot pattern, with the X-rays incident along the Z axis, taken 
by R. W. G. Wyckoff, is shown in Fig. 59. Fig. 60 shows these 
spots as an inset, and their corresponding gnomonic projections. 
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Fig. 60. 


If we assume that magnesium oxide has the same type of 
structure as rock-salt, and if the ions are Mg++ and O"-, with 
10 electrons to each ion, it will be approximately a simple cubic 
crystal. By equation (4.06), the grating constant for the 
(/z, k, 1 ) plane is 

Ah = a/{}fi + (4.06) 

where a is the edge of the unit cube. The wave-length of 
the rays producing an observed spot may now be calculated 
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from the relation 


n\ = iDhu si» 0 . (4 . 1 a) 

It will be seen from Fig. 58, however, that 

sin 0 = z/ -f- y'"^ -H 2-, 

or by equations (4.11), 

sin e = //V/F+'/i^"+ /< ( 4 . 1 { ) 

Substituting this value for sin 0 and the value given by 
equation (4.06) for Dm in equation (4. la), we get: 


hX — laljijfi -f- -(- /“). (4, i.|.) 


In Fig. 60 we notice that the reflection from tiie ( 211) 
plane is intense. To calculate the corre.sponding wave lengtii 
from equation (4 . 14) we must know the value of a. 1 f we take 
the molecular weight of MgO as 40.3, its density as 4.02 g. eni.^ 
and Avogadro s number as = 6.06 X lO"* per gram moletaih', 
we have, assuming that the crystal has the rock-salt structure, 
a = {W'/iNp)''^ = %.\qJ. For the (211) plane, // ^ 2, k 
I, and / = I. The wave-length of the first onler reflection is 
thus given by equation (4.14) as X = 2 X 2.i<.)/n ■ <1.7. .. A. 
Since the X-rays used in these experiments are usually intense 
over a wave-length range from about 0.3 to o.^.A, this result is 
satisfactory. A similar test for the other s])ots gives ecpially 
acceptable results,' whereas if other lattices had been assume, j, 
some of the calculated wave-lengths woidd not have been wit bin' 
the range employed. Thus we infer that the crystal has tin- ' 
sodium chloride structure. 

The chief disadvantage of this method is evidently that it 
affords no direct measurement of the grating sjiace eorrespoiul- 
ing to each plane, so that a complete analysis can be elleeted 
only for the simplest crystals. This difficulty may be overcome 


Certain faint spots appear on WyckofF’s Jiliolograplis. iliie (o ilu- lirs, „„lrr rellre. 
tions ron, ], lanes such as a, i) as calciilalcl for a faro-cenlcvil I in wliii li, 

kiTl' n 'V’" strueturc, the layers of Mg an.l O aloins inlrrfrr,-. This 

IS probably due to a different electronic distribution in the Mg and i he ( ) aionis 
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by the method devised by Duane, ^ in . which the potential 
applied to the X-ray tube is gradually reduced until the spot 
disappears. Having determined this critical potential Vm^ the 
wave-length is calculated from the quantum relation, 



and the grating space is then given by equation (4.1a). In 
Duane's experiments the spots are detected by an ionization 
method, so that the potential at which each spot appears can 
readily be determined. When the wave-length is known from 
such measurements, the study of the Laue spots presents as 
much useful information as does the method of reflection from 
crystal faces. In fact the two methods become identical in 
principle. 

The chief advantage of the Laue photographs in the study of 
crystal structure lies in the fact that from the many reflections 
from planes with complicated indices one can conveniently 
make intensity comparisons between the different planes. 
Using the reflection from crystal faces, such comparisons can be 
made only with considerable labor. 


(^9. Crystal Structures oj the Solid Elements 

It will be useful to present as a conclusion to this discussion a 
table of the structure of crystals of the elements that have been 
examined by the X-ray method. Most of the data included in 
these tables have been taken from a paper by A. W. Hull.^ The 
remaining data have been gathered from miscellaneous sources. 
Die number of crystalline compounds whose structure has been 
investigated by these methods is now so large that a complete 
table of them would be too long to include here. A summary of 
this work is given (to 1924) in the appendix of W. H. Bragg and 
W. L. Bragg's fourth edition of ‘‘ X-rays and Crystal Structure," 
and in the second part of R. W. G. Wyckoff's “ The Structure 
of Crystals." 

^ W. Duane, Phys. Rev. i(j22. 

“ A. W. Hull, J. Franklin Inst. 193, 200 (1922). 
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Diamond. 
Graphite . 
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Sulphur .... 
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Copper 
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1. Hull, Phys, Rev. lo, 6oi (1017). 

2. W, H. and W. L. Bragg, Broe. Roy. Sor. 

A. 89, 277. 

3. Debye and Sherrer, J*liv»jk. Z. 18, 201 

(1017). 

4. P. Sherrer, Physik. Z. 10. a.E (loiK). 

5. Debye and Sherrer, Physik, Z. 17, J77 

(lyib. 

6. Hull, Phys. Rev, 17, .12 (1021). 

7. Hull, Phy.s. Rev. 18. HE (u;ji). 

Inst. J. 193, JOO (1022). 
y. liull. Phys. Rev. 17, 571 {1021). 

10. A Wostgren, Z. f. Physik, Phein. 98, 1H2 

(1021). 

11. Bohlin, Ann. d. Phy.s. 61, 421 (1020). 

12. W, L. Bragg, Phil. Mag, 28, 355 (ioi.|). 
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CHAPTER V 


Intensity of the Reflection of X-Rays from Crystals 
I. introduction 

50. Reflecting Power as a Function of Electron Distribution 

We have seen in the last chapter that the higher orders of a 
given spectrum line diminish rapidly in intensity. An investiga- 
tion by W. L. Bragg ^ and W. H. Bragg,^ in connection with 
their early work on the reflection of X-rays, revealed the fact 
that the intensity of the lines varies in much the same manner 
for the different faces of a crystal, when the successive layers of 
atoms are similar to each other. A summary of the work of this 
character on crystals of rock-salt is shown in Fig. 61. This 
shows the intensities of the reflected lines observed at different 
angles when the rhodium Ka. line is reflected from the various 
faces of a rock-salt crystal, as measured by W. L. Bragg, James 
and Bosanquet.*^ The positions of the reflections from the dif- 
ferent faces are plotted in the terms of sin d/s\n ^100, where 0ioo 
is the angle at which the first order reflection from the (100) face 
occurs. In labeling the different lines, the indices (222) have 
been used to indicate the second order reflection from the (i 1 1) 
plane, and similarly for the other lines. The height of each line 
is proportional to the area under a curve representing the line 
plotted as in Fig. 44, and may be called the “ integrated re- 
flection.” When measured in this way, the relative intensity of 
any two lines is independent of the width of the slits used and 
of the accuracy of setting on the center of the line. 

It will be noticed that for the faces with even Indices, In 
which cases all the atoms co-operate in their scattering, the tops 

^ W. L. Bragg, Proc. Roy. Soc. A 89, 468 (1914). 

2 W. H. Bragg, Phil. Mag. 37, H81 (1914). 

® W. L. Bragg, James and Bosanquet, Phil. Mag. 41, 309 (1921). 
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of the lines fall upon a smooth curve. A similar curve connects 
also the lines reflected from the planes with odd indices, in 
which case the rays scattered by the sodium atoms interfere 
with those scattered by the chlorine atoms. It has been shown 



by W. H. Bragg ^ that the smooth curve joining the tops of 
these lines is represented approximately by the expression, 


C 


T 


COS- 16 

sin- 6 


e 


- sinS 


0 


( 5-°0 


In this expression the constant C depends upon the energy in 
the incident beam, the wave-length of the X-rays and the nature 
of the crystal. The factor (i -|- cos- 26) is the polarization factor 
which appears in expression (3.04), and the factor is in- 

^W. U, Bragg, Phil. Mag. 27, 881 (1914). 
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eluded to take account of the thermal agitation of the atoms, as 
will be discussed below. The factor sin^^ in the denominator is 
an arbitrary one, chosen to make the calculated reflection fit the 
experimental data. 

It is well known that if the width of the lines ruled on a dif- 
fraction grating is comparable with the distance between the 
successive lines, the intensity of the higher orders of the spec- 
trum rapidly diminishes. Similarly, in the case of the reflection 
of X-rays from a crystal, if the thickness of a layer of atoms as 
determined by the distribution of the electrons is comparable 
with the distance between the successive atomic layers, the 
higher orders of reflection should fall off rapidly in intensity. 
The intensity of the reflection of X-rays from crystals as a func- 
tion of the distribution of the electrons was first examined 
theoretically by C. G. Darwin,^ who showed that if all the elec- 
trons were in the mid-planes of their atomic layers the integrated 
reflection should be inversely proportional to sin 6 cos B instead 
of to sin20 as indicated by equation (5.01). There thus remains 
a factor in the experimental reflection formula of about i/tan 6 ^ 
which, is presumably due to the fact that the scattering electrons 
are not in the mid-planes of their atomic layers, in other words, 
that the size of an atom is comparable with the distance from 
one atom to the next. In the present chapter we shall review 
the progress which has been made in determining from a study 
of X-ray reflection the distribution of the electrons within the 
atoms. 

2. THEORY OF 'I’HE IN'l'ENSI'I’Y OF CRYS'I'AFLINE REFLECTION 

5 r. Perfect and Irregular Cy^ystals 

'rhe investigation from the theoretical standpoint of the in- 
tensity of the X-rays reflected from crystals has occupied the 
attention of a number of writers.* Comparison of these theories 

’ F. Debye, Ann. d. Physik, 43, 49 (1914). C. (i. Darwin, Phil. Mag. 27, ^^15 and 
675 (1914); 43, Soo (!9'22). W. H. Bragg, Phil. 'Frans. 215, 25] (1915). A. H. Comp- 
ton, Phys. Kev. 9, 29 (1917). W. L. Hragg, James and Hosan(|uct, Phil. Mag. 41, 
309 (1921). 1 1 . A. Wilson, Phys. Rev. i8, (1921). P. P. Ewald, Phys. '/eitshr. 22, 

-9 (^ 9 - 5 )« W. Duane, Proc. Nat. Ac. Sci. ii, 489 (1925). 
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with experiment has shown that the crystals which we ordi- 
narily use are by no means perfect. On the other hand, there is 
enough regularity in the crystal structure so that when turned 
near the angle of maximum reflection the atoms inside the 
crystals are partially shielded by the reflection of the X-rays 
from the surface layers of atoms. We may distinguish between 
the two limiting cases of a crystal so perfect that we can treat it 
as a perfectly regular arrangement of atoms, and the case of a 
crystal so irregularly formed that the components which are 
sensibly perfect are so small that the upper layers of atoms do 
not appreciably shield the lower layers from the incident X-rays 



when the crystal is so oriented that it gives the maximum reflec- 
tion. It is found that a good piece of calcite approximates a 
perfect crystal, whereas rock-salt is more nearly what we may 
describe as an “ irregular crystal.” 

No real crystal lies strictly in either category. It is easier, 
however, to prepare an approximately “irregular ” crystal than 
to prepare one that is nearly perfect — it can be made irregular 
by grinding to a powder if other methods are ineffective. The 
most important case is therefore that of the irregular crystal 
We can examine this problem by considering first the intensity 
of the diffracted beam from a very small crystal, and we can 
then find the effect of groups of such components in the form of 
crystalline aggregates or of powdered crystals. 
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52. Difraction by a Very Small Crystal 

Let us consider the amplitude of the wave scattered by a 
single electron placed at some point 0 in the mid-plane of a layer 
• of atoms (Fig. 62). For convenience we shall first take an inci- 
dent wave whose electric vector is perpendicular to the plane 
SOP. If this vector is represented by 

E, = A, cos {pt + 5), (5.02) 

then, by equation 3 . 10, the resulting field at P is 

Po = Ao cos {pt + A), (5 . 03) 

where 

Ao = A^e’^/mrc^^ ( 5 * 04 ) 

and 

A = 5 — prjc. 

If all the electrons in an atom were exactly in the midplane 
of the atomic layer, and if the glancing angle B is given by the 
relation 

n\ — 'iD sin 0, 


all the rays scattered to P would be in the same phase, and the 
resulting amplitude would be the sum of the amplitudes due to 
the individual electrons. But if an electron is at a distance % 
from the middle of the atomic layer to which it belongs, the 
path of the ray scattered to P is increased by 22; sin 0, and its 
contribution to the amplitude of the ray scattered by the atom 
is accordingly 


A,, = y/o cos 


-22 sin Q 1. 


We may express the probability that any electron will be at a 
height between 2 and 2 + ^2 above the mid-plane of the layer 
of atoms to which it belongs as p{z)dz. The probable contri- 
bution to the amplitude by any electron is then, 
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where a is the maximum possible distance of an electron from 
its atomic layer. If there are a number Z electrons in each 


atorn^ the 

amplitude due to an atom is thus 


where 

zZ = AJ^, = FA, 

mrc^ 

(5.06) 


F = zj p(z) cos sin 6 ^dz. 

(5-07) 


The quantity 7 ^ is called the “ structure factor ” of the atom. 

Let us now imagine a volume element dy dz of a simple 
cubic crystal composed of a single kind of atom. This crystal 
element is large enough to contain a large number of atoms but 
is so small that when oriented near the correct angle the 
phases of the rays diffracted by all the atoms are sensibly the 
same except for multiples of 2ir for different atomic layers. If 
there are n atoms per unit volume, the amplitude of the ray 
diffracted by such a volume element is, in view of equation 
( 5 -06), 

dA = nAoFdxdydz. (5-oH) 

Let us suppose for convenience that each of the very small 
crystals has the form of a rectangular parallelopiped whose 
edges are hx, 5 y and 5 z. We have assumed that the dimensions 
of this crystal are so small that the rays are not appreciably ab- 
sorbed on passing through it, and it follows that the phase of the 
wave diffracted by the whole crystal is the same as that from an 
atom at the center of the crystal. We shall therefore take this 
point as the origin of coordinates. Consider the case when the 
ray is incident (as in Fig. 63) at a glancing angle 0 -f- n, where 
sin 6 = n\/ iD, and is diffracted at the angle 0 + jS, 7 where 
the angle 7 is measured in a plane perpendicular to SOP. A ray 
diffracted from a crystal element at a point x, y, z in the crystal 
traverses a path which is longer than that from an atom at 0 by 

x{ot — p) sin d + yy + 2(2 sin 6 + (a + fi) cos 0{, 
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if second order terms in a, p and 7 are neglected. Considering 
the manner in which we defined dJ (equation 5.08), it will be 
seen that the diffracted rays from all parts of the crystal are in 
the same phase, except for integral multiples of 2 t, when the 
difference between their paths is 2Z sin 8. Neglecting multiples 



of air, the phase of difference between the rays from x, y, z and 
from 0 is accordingly 


5 = —{x(,a — / 3 ) sin 8 + yy + z{oi + / 3 ) cos fl}. (5 .09) 
X 

The amplitude of the ray reflected by the whole little 
crystal is (by eq. 

r Sz/2 ^Sn/2 ^Sx/2 

j I cos S-dxdydz 

5z,'2 - IH//2 - 8x/2 


where 


sin ^sin ijsin f 

= n.I„b- - -- Sx8vSz, 

^ V ^ ' 


( 5 - 'o) 


/ N S-v . „ 

^ = wili - «)-• sin 8, 

5 v 

. = X7y, 

/ . ^ 

? = H" 

X 

We have seen that the intensity of a wave the amplitude 
of whose electric vector is di is 
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Substituting the value of A\ found above we should thus obtain 
the intensity of the ray diffracted in the direction 7 - How- 
ever, we usually measure with an ionization chamber the rays 
diffracted at all angles p, y at which any appreciable intensity 
is observed, i.e., effectively, 

30 /-OO 

(5.J2) 


X OO ^OO 

rdfi I rdyh. 

■00 


This is the “ power,” or energy per unit time, diffracted by the 
crystal when the incident rays strike at an angle 0 + «• When 
we determine the energy represented by the area under a spec- 
trum line, we sum up the power of the diffracted ray for all 
angles a at which the intensity of the diffracted ray is measur- 
able. A common procedure for doing this is to rotate the crystal 
with a slow uniform angular velocity « past the angle 0 . 'I'he 
angle a then lies between a and a-\- da for a time da/ w, and the 
total energy diffracted near the angle 6 as the crystal is rotated 
is 


Wi 


y-oo 0 ) 


( 5 - 13 ) 


Substituting the value of Pi given by equations (5.12), (5.11) 
and (5.10), this expression becomes: 


cv 




00 

/// 


sin2 [h{p — «)} sin^ {^7} sin^ {/{a + p)] 
KK^ - aY ~{hY 


dadfidy^ 


where 


7 . 

h = tt— sin 6 ^ 

A 


k = 


_ 


i 


5 z 

T — COS 0 . 

A 


The portion of this expression within the integral signs has the 
value x^/ihkl, whence 

W I = ^ — hxhyhz 

07 rw 2 sin B COS B 

0 '2 A. ^ } 

OTT 0) Sin 20 
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since Aa — A,e^lmrc^, where hV = hxhyh%. But the intensity 

■ • c 

of the rays incident on the crystal is I, = -^A^. Thus 

OTT 


a,» 7 M sin 20 


(5-14) 


This represents the total energy reflected by the crystal when 
illuminated by X-rays polarized with the electric vector per- 
pendicular to the plane of reflection, when the crystal is turned 
past the angle of maximum reflection 0 at a uniform angular 
velocity «. 

If we had considered an incident ray whose electric vector 
lies in the plane of reflection, it is clear that the electric vector 
of each diffracted ray would have been reduced by the factor 
cos 20 , so that the intensity, and hence also the total reflected 
energy would have been reduced by the factor cos^ (20). Thus 
if W-2, is the energy of this component of the reflected beam, 
since the intensity of each component of the unpolarized inci- 
dent beam is equal on the average to half the whole incident 
intensity J, 

= W\ cos^ 20, 


and the whole reflected energy is 

= /Fi + /Fa = Wi{i 4- cos2 20) 

= — 1 +.---^-— hV. 

2 CO sin 26/ 

We may thus write for the integrated reflection, 

1 5^, 

1 2 sin Id 




(5-15) 


(5 -16) 


J 


In this expression W 'ls the total energy diffracted by a small 
crystal of volume 5 /^, as it is turned past the angle 6 with a uni- 
form angular velocity co. I is the intensity of the incident (un- 
polarized) beam, n is the number of atoms per unit volume of 
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the crystal, X, e, m and c have their usual values, and F is the 
“ structure factor ” defined by equation (^.oy). 

No mention has been made of the effect of the thermal 
agitation of the atoms in the crystals. Debye and Darwin have 
tried to take account of this motion by introducing into equa- 
tion (5 . 16) a factor of the form where B depends upon 

the temperature and the nature of the crystal. As we shall see 
below (§ 55), experiment does not give great confidence in the 
applicability of these calculations to our problem. The struc- 
ture factor jP, since it depends upon the distances of the elec- 
trons from the middle of the atomic layers, will take account of 
the thermal displacements of the atoms, and in view of the un- 
certainties of the thermal calculations it is probably wiser to 
leave our expression for the reflected energy in its present form. 

53. Diffraction by an Irregular Crystal 

In order that a crystal may be so small that the absorption 
within the crystal is negligible, it must be too minute to reflect 
an X-ray beam of measurable intensity. To compare the re- 
sults of our calculation with experiment we must therefore con- 
sider the effect of such tiny crystals in large aggregations. Two 
cases are of importance, an imperfect crystal composed of such 
little crystals oriented at random over a range of angles .so 
narrow as to retain many of the characteristics of a single crys- 
tal, and a wholly random composite of little crystals such as 
are used in experiments with powdered crystals. 

54. Case of Transmission of Diffracted Rays 

Let us consider first the case of the diffraction of X-rays as 
they pass through an irregular crystal, as illustrated in lug. 64. 
We suppose that the phases of the rays from the comjioncnt 
little crystals are random, so we can calculate the energy in the 
reflected beam by taking the sum of that reflected from each of 
the component crystals. If /i is the absorption coefficient of the 
X-rays in the crystal, since the total path of the ray in the 
crystal before and after reflection is h sec 0, all the rays are re- 
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duced in intensity by the factor But the volume 

irradiated by the X-rays is Ah sec 6 , where A is the area of the 
slit which limits the incident 
X-rays. The energy in the dif- 
fracted ray is thus given by (cf. 
equation (5.16)) 


X rrequiar 
Crystal or 
Crystai AfaSi 


iJ 







Fig. 64 



I 

where I is the intensity of the 
rays as they pass through the 
slitj and Q is defined by equa- 
tion (5 . 16). This quantity is a maximum when h sec ^ = i/iu, 
that is when the crystal is thick enough to reduce the intensity 
of the transmitted rays to \/e of that of the incident rays. 
The reflected energy is then given by 



(5-17) 


where e is the Napierian base. 

In performing the experiment one can more conveniently 
compare the energy in the diffracted beam with the energy per 
unit time, or power, of the rays which traverse the crystal. 
I'his transmitted power is 


Thus 




p 


Qh se^ 0, 


(5. 18) 


gives the ratio of the energy IV in the diffracted ray to the power 
P in the transmitted ray, when the crystal is turned with an 
angular velocity, w. 


55. Case oj Reflection of Dijfracted Rays 

When X-rays are “ reflected from the face of a crystal, as 
in Fig. 65, they really enter to some depth % and are then dif- 
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fracted out again. The diffracted rays from a volume dV at this 
depth are reduced in intensity, due to absorption, by the factor 

CSC0 


The energy in the diffracted ray from a thick crystal is thus 
given by 


I 


q ( ^ CSC 


where again A is the area of the slit limiting the incident 
beam. On integration this becomes. 


Ww _ QJ 

I ~ In 


(5 •19) 


On comparing this result with equation (5 . 17), we see that the 
energy “ reflected ” from a 
crystal face is greater than the 
maximum energy obtained by 
the transmission method by a 
factor of e/i — 1.36. 

In this case also one usually 
measures the intensity 1 of the 
incident beam by determining 
the power P - A 1 transmitted through the slit when the 
crystal is removed. We then have 



Fig. 65. 


Q 

P 


(5 • -o) 


This represents the “integrated reflection” as plotted in 
Fig. 61. 

It will be noticed that this expression involves the absorp- 
tion coefficient n, whereas equation (5.18) does not. If, as is 
usually the case, the crystal is sufficiently regular to make the 
extinction due to reflection at the angle B comparable with the 
ordinary absorption, the appropriate value of n is difficult to 
determine. Under such conditions equation (5.18) can be com- 
pared with experiment more reliably than can equation (5 . 10). 



DIFFRACTION BY POWDERED' CRYSTALS 129 


56. Difraction by Powdered Crystals 

A powdered crystal may be considered as an aggregation of 
very small crystals whose orientation is wholly random. 
Imagine that ON is the normal to a plane in the crystal of the 
type which gives a reflection maximum at the angle d. It will 
be seen from Fig. 66 that the probability that this normal will^^ 



be so oriented that the glancing angle of incidence lies between 
0 a and 0 a da is 

2 t cos (0 + a)da 1 , 

i = - cos oda. 

47r 1 

since a is small compared with 0 . Tf there are a number p of 
planes of this type in the crystal, e.g., for the (loo) planes there 
are ^ = 6 cube faces, for (no), p = 12, for (ui) /> = 8, etc. 
(cf. p. 107, Table IV-2), the probability that some one plane 
will have this orientation is thus 

\p cos Oda. 
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If Pi is the power diffracted by the crystal for a glancing angle 
of incidence B a (eq. 5.12), the probable power diffracted for 
a random orientation is therefore 
^00 

Pi = I Pl*\p cos Bda, 

J —00 


These integration limits can be used since the diffracting power 
is negligible except for small values of a. Substituting from 
equation (5.12) we have thus, 


Pi = \p cos 6 


'/I/- 


dadpdy, 


which, by comparison with (5.13) and (5.X4), becomes 



pe* 

rrPc^ 


sin 6 


bV. 


On introducing the polarization factor i(i + cos^ 1B) as before, 
we obtain ^ 


P ^ ^ + cos^ 2fl 

- = — 5// 


sm B 


— Q-\p cos BhV. 




The quantity P is the probable power diffracted in a cone of 
semi-apex angle iB (Fig. 66). If the rays are measured by an 
ionization chamber at a distance r with a slit of a length / 
which is short compared with r sin 26, and if the width of the 
slit is great enough to take in all the angles a at which any 
measurable power is diffracted, then the power entering the 
chamber is P, = P//2ir r sin iB. Also, if A is the area of the 
slit limiting the primary beam, the power of this beam is P = 
AI. Thus the ratio of the power of the diffracted beam entering 
the ionization chamber to that of the primary beam is 


P 


- — j — ^ — -• Q\p cos BBV = Q- 
‘iirAr sin 26 ^ ^ ^ 


phF 
'iirArsm 0 


(5.22) 


^ This is the same as Darwin’s equation (10.4), Phil. Mag. 43, H27 (ly^i). 
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Probably the most satisfactory method of comparing the 
intensity of the primary rays and the rays diffracted by pow- 
dered crystals is that pictured in Fig. 64. The little crystals 
are molded into a plate of thickness h, which is turned at half 
the angular rate of the ionization chamber, so that the absorp- 
tion is the same for the primary and the diffracted rays. In 
this case the total volume exposed to the X-rays is Ah sec 6. 
But there are interstices between the little crystals, so that the 
volume of the crystals traversed by the X-rays is 

Ah sec 0, — j 
p 


where p' is the density of the crystalline mass, and p is the 
density of the individual crystals. Thus the ratio of the power 
of the rays scattered to the ionization chamber to the power of 
the primary rays that have traversed the crystal mass is 



pi 

%irAr sin d 


• —Ah sec 6 
P 


nfUll . " . 

^47rrp sin 'iQ 


(5-23) 


If we calculate in a similar manner the power of the rays 
reflected’’ from a thick plate of powdered crystals set as in 
Fig. 65^ we find 


P ifir jur p sin 0 


(5-H) 


In these expressions, p is the number of surfaces in a crystal 
of the type considered, / is the height of the slit of the ionization 
chamber, h is the thickness of the crystal mass, r is the dis- 
tance from the crystal mass to the ionization chamber, p' is 
the density of the^ crystal mass, p is the density of the in- 
dividual crystals, Q is defined by equation (5.16), 0 is the 
glancing angle of incidence of the X-rays on the crystal, p is 
the absorption coefficient in the crystal mass. 
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3. MEASUREMENTS OF INTENSITY OF DIFFRACTED X-RAYS 

57. Measurements on Powdered Crystals 

In deriving these formulas for the reflected X-rays we have 
supposed that each of the component crystals is so small that 
the intensity of the incident rays is not appreciably reduced on 
traversing the crystal. We should expect this condition to be 
most nearly satisfied in the case of the diflPraction by finely pow- 
dered crystals. Because, however, of the low intensity of the 
rays diffracted by powdered crystals, very few ionization 
measurements of their energy have been made. 

Bearden, working in the author’s laboratory, has neverthe- 
less recently succeeded in measuring the Ka line of molyb- 
denum after it has been diffracted by powdered crystals of rock- 
salt.i The crystals were ground in a mortar to an impalpable 
powder, and were then molded into a thin flat plate. This 
plate was placed in the position of the crystal on a Bragg spec- 
trometer and were traversed by the X-rays in the manner 
indicated in Fig. 64. The rays incident upon the plate had 
been reflected from a crystal of rock-salt in order to separate 
out the molybdenum Ka line. The conditions were thus those 
assumed in deriving equation (5.23). The ratio Ps/P was 
measured by opening the slit until all the rays diffracted near 
an angle d were received into the ionization chamber. The 
measurement then consisted in observing the ratio of the 
power received by the chamber at id to that received by the 
chamber at the angle zero. 

For the first order spectrum from the 100 planes of the 
powdered rock-salt crystals, the ratio P,/P was found in a 
typical case to be 3.01 X 10 ■^, and for the second order, 0.324 
X 10-^. When these values of P«/P are introduced into equa- 
tion (5-23) they give as the corresponding values of jj, .0232 
cm. and .0045 cm. respectively. On substituting in equa- 
tion (5.16), the corresponding values of the structure factor F 

^ J. A. Bearden, Phys. Rev. 27, 796 1926. This measurement is much more precise 
than an earlier one by Freeman and the author, Nature, no, 38 (1922). 
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are found to be (for the molecule of NaCl) 20.4 for the first order 
and 13.2 for the second order reflection. This means that in the 
first order the power in the diffracted beam is what it should be 
if there were 20.4 electrons at the centers of the sodium and 
chlorine atoms. Since the sum of the atomic numbers is 28, 
and since the contribution of each electron to the amplitude of 
the diffracted beam is necessarily somewhat less than if it were 
at the center of the atom, this result is in good accord with the 
predictions of the theory. 

58. Measurements on Single Crystals 

A greater number of experiments have been performed on 
the reflection of X-rays by single crystals of rock-salt. If such 
a crystal were perfect it is clear that we could not apply to it 
the theory based upon the assumption that the extinction due 
to reflection is negligible. But it is found by trial that the 
reflection from a rock-salt crystal is spread over an angle of 
about half a degree, and within this range of angles reflects only 
a small fraction (about 5 per cent) of the incident energy in the 
first order from the (100) planes. 

The absolute reflecting power must be measured using 
mono-chromatic X-rays incident upon the crystals. Otherwise, 
when the chamber is turned to receive the direct rays, not all of 
the rays which enter are of the wave-length which is reflected. 
A suitable arrangement for measuring the absolute reflecting 
power is that shown in Fig. 67. The measurement may be made 
by observing the total ionization as the chamber and crystal are 
moved at a uniform angular velocity w past the spectrum line, 
and this is compared with the ionization per second at zero 
angle when the crystal is removed. Thus we obtain the in- 
tegrated deflection which is given theoretically by 

formulas (5.18) and (5.20). 

By this method the author,^ using a wave-length of .710A, 
has found the value of WtaJP for the first order reflection from 
a cleavage face of rock-salt to be 4.0 X 10 and W. L. Bragg 

^ A. H. Compton, Phys. Rev. lo, 95 (1917). 
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and his collaborators ^ have found 5-5 ^ ^ “ .613A. 

These values correspond to values of the structure factor, 
{Fci + i^Na) equal to 16.0 and 16.5 respectively, if calculated 
using the ordinary values of the absorption coefficient. 1 he 
fact that these values are appreciably less than the value h = 
20.4 found by the powder method indicates that the conditions 
of the experiments with the solid crystals are not exactly those 
assumed in developing the theory. 



When a similar experiment is tried using a crystal of calcite,^ 
JVoi/P is found in a typical case to be 8.7 X 10 for X = 0.71 A, 
which, using the usual absorption coefficient 23.5 cm.“^ corre- 
sponds to a value of the structure factor per molecule of about 
II. This is so much smaller than the sum 50 of the atomic 
numbers in the CaCOa molecule that one becomes very doubtful 
of the applicability of the formulas we have developed. 

59. Efects of Extinction 

That this doubt is justified may be shown in at least three 
different ways. i. Experiments by Davis and Stempel have 
shown that at the angle of maximum reflection from a cleavage 
face of calcite almost half of the incident X-rays may he re- 

^ W. L. Bragg, James and Bosanquet, Phil. Mag. 41, 309 42, 1 (n;ii). 

2 A. H. Compton, loc. cit. 

^ B. Davis and W. M. Stempel, Phys. Rev. 17, 608 (lycii). 
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fleeted. It is obvious that this cannot occur without extin- 
guishing the beam entering the crystal more rapidly than would 
be the case if the usual absorption alone were effective, a. 
That such an additional extinction does occur in some cases 
has been shown by W. H. Bragg ^ by studying the intensity of 
the X-rays transmitted by a thin diamond crystal as it is 
rotated through an angle at which strong reflection occurs. He 
finds that when the crystal is at the angle for maximum reflec- 
tion, the intensity of the transmitted beam is considerably less 
than for other angles. And 3, the fact that the reflecting power 
of a crystal depends upon its degree of perfection is obvious 
from the fact that a freshly cleaved crystal surface does not 
give as great integrated reflection WutjP as does the same sur- 
face when ground.^ The obvious interpretation of this fact is 
that during the process of grinding the portion of the crystal 
near the surface is broken into small parts which may be 
oriented at slightly different angles and which may be slightly 
offset, destroying the regular phase relations that hold for a 
perfect crystal. The effect of introducing these faults into the 
crystal is to reduce the extinction of the rays as they enter, so 
that a larger volume of the crystal is effective in reflecting the 
X-rays. Thus the poorer crystal gives the greater integrated 
reflection. 


60. T>etermination of the Extinction Coefficient 

Though these extinction effects are much more prominent 
in the case of calcite than for rock-salt, it is obvious that they 
must occur also to some extent with the latter crystal. In order 
to determine the importance of this effect in the case of rock- 
salt, W. L. Bragg, James and Bosanquet have measured the 
integrated reflection by the transmission method (Fig. 64) of 
rock-salt crystals of different thicknesses. It will be seen from 

^ \V. H. Hragg, Phil. Mag. 27, 881 (1914). 

“ .A. H. Compton, loc. cit., and Bragg and Bragg, X-Rays and Crystal Struc- 

ture (1924), ]>. 219, who rccortl a rock-salt crystal whose cleavage surface reflected 
only 1 2. 9 per cent as much as did a ground surface. 
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the discussion on page 7 that if the length of the path of the 
X-rays in the crystal is 


PT “ 


•nt 


(5-25) 


where P, = is the power of the rays incident upon the 
crystal. An alternative form of this expression is 

= log!2 - m/. (5-26) 

Thus if log p'y is plotted as a function of /, we should get straight 
lines whose slope is — /* and which intersect the axis / = o at 

HQ- 



In Fig. 68 is shown such a graph, with points representing 
reflections by crystals varying in thickness from .25 mm. to 
2 5 mm. The curves represent data for the first, second ami 
third order reflections from the (100) planes (100, 200 and 300), 
and the first order from the (no) plane. As will be seen from 
Table V-i, the slope of the (100) curve represents an absorption 
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coefficient of 16.30, whereas the normal absorption coefficient 
of these rays (X = .613A) in rock-salt is 10.70. 


TABLE V-i 

Reflection and Absorption op X-Rays by Rock-salt 
(Bragg, James and Bosanquet) 


Reflection 

Effective Absorption 
Coefficient ^ 

Extinction Coefficient 

€ = /4 — Mo 

Reflecting Power 

Arbitrary Units 

(100) 

16.30 

5.60 

100 

(no) 

13.60 

2.90 

50-5 

(200) 

12.66 

1.96 

19.90 

(300) 

10.72 

% 

.02 

4.87 


Normal absorption coefficient, 10.70. 


Thus the value of the extinction coefficient is 5.60. For reflec- 
tions -of higher index than (300), these measurements indicate 
that the extinction is negligible. For the lower order reflections, 
it would seem that the formulas we have developed above can 
be applied if instead of the usual absorption coefficient we use 
instead the effective absorption coefficient, which includes the 
extinction coefficient. 

61. Experimental Values oj the Structure Factor 

Using this effective absorption coefficient in equation (5 . 20), 
and solving for the structure factor by equation (5.16) we find, 
corresponding to Bragg’s value of JVoilP = 5.5 X 10 T^Na + 
Fiix — 20.4. Similarly, for the (200) reflection (second order 
from 100 planes), Bragg finds, Wo^jP = 1.09 X iO“^ and Meff. = 
12.66, whence = ii*4* The close agreement between 

these values of F and the values 20.4 and 13.2 for the (100) and 
the (200) reflections using the powder method, shows the 
effectiveness of this method of correcting for the extinction. 

In the case of rock-salt, we have seen in the last chapter that 
when X-rays are reflected from the (100) and the (no) planes 
or from the even orders of the (m) planes, the sodium and 
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chlorine atoms co-operate in their scattering, that is, the ampli- 
tude due to-a molecule of NaCl is the sum of the amplitudes due 
to the individual atoms. For odd order reflection from planes 
such as (hi), where there are alternate layers of sodium and 
chlorine atoms, however, the amplitude due to a molecule of 



NaCl is the difference between the amplitudes due to the 
chlorine and sodium atoms. When we calculate the structure 
factor per NaCl molecule we thus get in the former case An,, -|- 
Fci and in the latter case Fa — Fn,,. These values of F, as l)ased 
on the data of Bragg, James and Bosanquet are shown as curves 
I and II in Fig. 69, plotted as functions of sin 6 . 

The fact that the various values of F as thus determined lie 
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on smooth curves, even though they are based on measurements 
of reflections from planes with many different orientations, indi- 
cates that the sodium and chlorine atoms have practically 
spherical symmetry. This isotropic character of the atoms en- 
ables us to estimate the structure factor of the individual atoms 
at each angle. For taking at any particular angle the appro- 
priate values of Fci + Nm and of Fci — F^a from the curves I 
and II, we have at once, 

Fa. “ i { (-^ci “h -Fjsra) "h {Fa ““ F ^-a) } 
and 

Fno. = i{(-F'ci d” Fjsfa) (i^Cl 

The structure factors thus calculated for the individual atoms 
are given in curves III and IV. 

4. REFLECTION BY PERFECT CRYSTALS, AND THE EFFECT OF 

EXTINCTION 

62. Difference between Reflection from Perfect and Imperfect 
Crystals 

Before we undertake to determine the electronic arrange- 
ment corresponding to the structure factors determined in the 
manner just described, let us consider the problem of X-ray 
reflection on the assumption that the crystals which we use are 
approximately perfect. In this case the extinction of the rays 
due to reflection from the surface layers is of much more Im- 
portance than the ordinary absorption. It may be noted that 
since the rays reflected from succcwssive layers of atoms are in 
phase with each other, the ‘‘ wave of reorganization,” proceed- 
ing from the upper layers in the direction of the incident beam 
and exactly opposite in phase, is much more effective in extin- 
guishing the incident rays than we should suppose if we were to 
consider separately the energy reflected from each layer In turn. 
The result is that for a perfect crystal, the depth In the crystal 
that is effective in scattering the X-rays is very small indeed. 

That this must be the case was made obvious by Darwin,^ 

1 C. G. Darwin, Phil, Mag. 27, J25 (1914). 
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when he showed that a calculation such as we have carried out 
above, if applied to a perfect crystal, predicts near the angle of 
maximum reflection a reflection of many times as much energy 
as is incident upon the crystal. The principle of the conserva- 
tion of energy thus demands that the thickness of the layer 
effective in reflection shall be much smaller than if it were deter- 
mined by the ordinary absorption of the X-rays in the crystal. 

63. Theory oj Reflection from a Perfect Crystal 

If near the angle of maximum reflection we neglect the 
normal absorption in comparison with the extinction, Darwin ^ 
and independently though much later Ewald ^ have shown that 
should reflect all of the rays incident upon it 
within a certain range of glancing angles, as is illustrated in 
ig. "JO. If the incident rays are polarized in the plane of re- 



Fig. 70. 


flection and if the electrons were all in the midplanes of theii 
atomic layers {F = Z), the region of complete reflection shoulc 

> C. G. Darwin, Phil. Mag. 27, 675 (1914). 

» P. P. Ewald, Phys. Zeits. 26, 29 (1925). When Ewald alludes to the n.nive thcorle, 
of the earher mvest.gators he is apparently unaware that the theory he .levelops had 

SdeJ^S ^ho recogniLd its 


® The shift of the angle of maximum reflection from 
sidered as an effect of refraction. It is indentical with 
law discussed in Chapter VIL 


Oq to Oq -f IMq may he con- 
the departure from Bragg’s 
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extend from (defined by n\ = iD sin O tb ® The 

range of angles for complete reflection in this case is 


A0O 


2«Z ^ 1 I 

T 'm sin %B 


(5-27) 


Here n is the number of atoms per unit volume, v is the fre- 
quency of the X-rays and the natural frequency of the elec- 
trons. Since the crystals usually used are composed only of 
light atoms, it is evident from our discussion of the scattering of 
X-rays that is very small compared with ^ for all the elec- 
trons which contribute .to the scattering. This may therefore 
be written, since v = c/X, 


inZe^y? I 
irmc^ sin 20* 


(5-^8) 


In addition to the energy in the region A^o where the reflec- 
tion is complete, there is also appreciable reflection in the neigh- 
boring region where the intensity is falling gradually to zero. 
Darwin shows that when the reflection in the latter region is 
included the eflFect is the same as if there were complete reflec- 
tion over an angular range of A0o. 

When the structure factor is less than Z, and when the in- 
cident rays are unpolarized, the center of the reflected line re- 
mains in the same position, but the region over which complete 
reflection occurs is not so broad. When the electric vector is 
perpendicular to the plane of reflection, the range of complete 
reflection is whereas when the electric vector is in the 

plane of reflection the range is A^oFcos {26) JZ, Thus for the 
effective range of complete reflection for unpolarized rays 


8 I + cos 26 

Ad = - r, — 

jTT me- 2 sin 26 


= —nF>!^^— cot B. 


3^ 




(5 . 2ia) 


The reflection of such unpolarized rays by a perfect crystal is 
represented in Fig. 70 by the solid line. 
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If the crystal is turned with angular velocity to past the 
region of reflection of the wave-length X, the rays will be inci- 
dent between 6 and d A6 for a time A6/ w. Since in efi^ect the 
reflection over this range is complete, the energy reflected during 
this interval is 

W = PAOJ 03, 

where P is the power of the beam striking the crystal. Thus 

= Ad = —nF \^ — ; cot 6. U . nj) 

P jTT mc^ ■' 

64. Comparison with Experiment 

In the case of calcite, we have seen (p. 134) that the value of 
W 03 IP for a certain cleavage face, was 8.7 X 10“'’ for X = 
0.71A. If in equation (5.29) we place F = Z, that is, if all 
the electrons were at the middle of the diffracting layers, an 
assumption which gives the maximum possible reflection on 
this theory, we find W03/P = 4.1 X 10 -s, less than half (jf the 
experimental value. The fact that the theoretical and the ex- 
perimental values are of the same order of magnitude may be 
taken to indicate that calcite approaches the characteristics of 
a perfect crystal. But the fact that the observed reflection is 
definitely greater than is thus calculated can only mean that 
calcite does not actually attain this standard. 

Other experiments in this connection which may be com- 
pared with Darwin’s theory for a perfect crystal are those of 
Davis and Stempel,' in which they have measured the fraction 
of the X-rays reflected from a crystal when the rays strike at a 
definite angle near that for maximum reflection. ’J'heir appara- 
tus is similar to that shown in Tig. 67. The first crystal, cal- 
cite in their experiments, served to collimate the rays, so that if 
the face of the second crystal was parallel to the first the rays 
struck the second at the angle for maximum reflection. 'I’he best 
reflection from the second crystal was obtained when a good 
calcite crystal was cleaved and the two halves were used for the 

IB. Davis and W. M. Stempel, Phys. Rev. 17, 608 (1921). 
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collimating and reflecting crystals. Under these conditions they 
observed a maximum reflection coefficient as great as 44 per 
cent with the second crystal at the best angle. This is to be 
compared with the 100 per cent, or complete reflection pre- 
dicted by the theory. The angular breadth of the reflected 
band, measuring to where the intensity is reduced to half of its 
maximum value, is in Davis and StempeFs experiments 18 
seconds of arc when X == .68A, which may be compared with 
Darwin’s prediction that A^o = 5.8 seconds, though there is no 
reason to suppose that the two. angles should be exactly the, 
same. We may draw the conclusion from these experiments 
also that, although a crystal of calcite may approach perfection, 
it is yet too far from perfect for us to apply to its reflection the 
theory for a perfect crystal. 

Since calcite is one of the most nearly perfect crystals which 
we have to study, there thus seems little hope of being able to 
apply the theory for a perfect crystal strictly to any real crystal. 
On the other hand, we have seen that the theory for an irregular 
crystal is not strictly applicable even to a crystal as imperfect 
as rock-salt — much less to calcite. For real crystals, therefore, 
we may expect to find reflection occurring in a manner which is 
intermediate between that described by equation (5.20) and 
that described by (5.29). 


65. Effect of Extuiction in Real Crystals 

It is clear from this discussion that it Is hopeless to try to 
find a crystal so nearly perfect that we can apply to it with 
confidence the formulas for reflection from a perfect crystal. If 
we are to succeed in our efforts toward determining the distri- 
bution of the electrons, we must therefore look for irregular crys- 
tals, to which we can apply the other set of formulas. But 
what degree of imperfection must a crystal have in order that 
we may consider It Irregular? I'his question has recently been 
examined in detail by Darwin.* He distinguishes two types of 
extinction, “ primary ” extinction, which occurs within each 
^ C. G. Darwin, Phil. Mug. 43, 800 (1922). 
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little block that acts like a perfect crystal, and secondary ex- 
tinction, which represents the shielding of the blocks deep in 
the crystal by the reflection of the X-rays from the blocks near 
the surface. If both types of extinction can be made negligible 
the crystal mass may be classed as what we have called an 
irregular crystal. 

Regarding the primary extinction, at the angle of maximum 
reflection from the (loo) face of a perfect rock-salt crystal, 
under the conditions of Bragg, James and Bosanquet’s experi- 
ments, this is about 140 times as effective as the ordinary 
absorption coefficient. If the crystal has a thickness of m layers 
of atoms, Darwin finds that the correction to the reflecting 
power WujP due to the primary extinction can be made to a 
close approximation by multiplying the values given by equa- 


tions (5. 

16), (5.18) and (5 . 20) by the factor 



tanh mq 

( 5 - 3 °) 


mq 


where 

q 5= nFD \ — r CSC By 
'1 ^^2 

(5-31) 


D being the distance between the atomic layers, and n the 
number of atoms per unit volume. In applying this correction, 
however, the difficulty arises that there is no satisfactory 
method for determining w, the number of atomic layers in 
each effectively perfect block.i 

Estimates of the extinction coefficient by determining the 
effective absorption of the X-rays in the crystal, as Bragg and 
his collaborators have done for rock-salt, give only the second- 
ary extinction coefficient. The primary extinction in each little 
perfect block of the crystal struck by X-rays at just the right 
angle might be almost complete, yet the average extinction co- 

1 Darwin discusses a possible method of finding this correction by a study of the 
form of the reflection curve for different angles of incidence {B + a). Me considers it 
doubtful, however, whether application of the method to a real crystal is practicable. 
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efficient might be low because only a few of the blocks were 
properly oriented. The maximum value of the primary extinc- 
tion coefficient is according to Darwin = inF\e^/mc^. 
Since F decreases with increasing 6 y the extinction is most im- 
portant for small angles or low orders of reflection. For the 
(100) reflection of X .683A from rock-salt, e^ax. = 1500. That 
is, if we wish to limit the primary extinction to i per cent, the 
linear dimensions of each perfect block must be less than .01/ 
1500 = 7 X lo“® cm., or only about 250 atomic layers. Thus 
in order to be certain that the results are unaffected by primary 
extinction, we should have to pulverize the crystals until the 
individual pieces are barely visible with the high power micro- 
scope. 

It is probable, however, that in many cases the primary 
extinction is negligible even for crystals of large size. For on 
a visible scale we find that rock-salt crystals have their surfaces 
twisted and bent, and if this is also true on a microscopic scale 
the phase differences between successive atomic layers must be 
irregular except for very small thickness of the crystal. More- 
over, since we have seen that grinding and polishing makes a 
crystal face less perfect for an appreciable depth below the sur- 
face, it is probable that if a crystal is ground into units of a 
given size the parts of each unit that are sensibly perfect are 
much smaller than the units themselves. 

The problem of the secondary extinction is not so difficult. 
Even this, however, is not quite as simple as we have supposed 
when we have attempted to correct for the mutual effect of the 
different layers by adding an “ extinction coefficient ” to the 
normal absorption coefficient. In making this correction we 
take into account the reduction in intensity at the lower layers 
due to reflection of part of the X-rays by the upper layers. But 
we neglect the additional effect on the upper layers of the partial 
reflection of the X-rays by the lower layers. Even in the case of 
rock-salt under the conditions of Bragg’s experiments about 5 
per cent of the X-ray intensity at the crystal surface when 
oriented near the angle 0 is due to rays reflected from within the 
crystal. The effect of this is to make the reflected beam slightly 
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more intense that it would be if the extinction alone were 
considered.^ 

It can be shown that this tertiary radiation effect is more 
important for thick crystals. than for thin ones. Experimental 
curves such as those shown in Fig. 68 should for this reason 
tend to be slightly concave upwards. The fact that they are 
sensibly straight may be taken td indicate that in the case of 
rock-salt the tertiary reflection is not important. Even had the 
experimental curve been concave, it is clear that the intersection 
of the curve with the axis t = o would give log Q. Thus the slope 
of a straight line drawn from this intersection to meet the 
experimental curve at about / = i/m would give an effective 
absorption coefficient that would enable us to calculate Q very 
closely from the observed value of Wu/P. The method used 
by Bragg for estimating the effect of the secondary extinction 
thus seems to be adequate. 

66 . Criteria for Detecting Primary Extinction 

There are at least three ways of testing whether it is per- 
missible to neglect the effect of primary extinction in a set of 
experiments such as those of Bragg, James and Bosanquet. 
I. If two samples of the crystal which differ widely in the per- 
fection of their structure give the same value of (9, presumably 
the primary extinction is unimportant, a. A test of the same 
kind might be made comparing the value of Q obtained using a 
large conglomerate crystal with that obtained using finely pul- 
verized crystals. 3 . We have seen that if primary extinction is 
the important factor in determining the penetration into the 
crystal, the reflecting power PPw/P should be proportional to 
jP, whereas if the primary extinction is negligible IPu/P should 
be proportional to In a crystalline compound such as 

NaCl, where by comparing the reflections from different planes 
it is possible to distinguish the reflections from the different 
atoms, we can tell to which factor the reflection is proportional. 

^ Darwin gives a somewhat detailed discussion of this matter in liis nyii paper. Jt 
is also considered mathematically from certain as])ccts by K. W. I.amson, Phys. Kev. 
27, 624 (1921). 
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Bragg, James and Bosanquet found about the same values 
of Q for a considerable nuinber of different crystals which were 
sufficiently imperfect, thus satisfying the first test. 

We have seen that the value of Q measured by Bearden for 
powdered crystals is identical with that of Bragg, James and 
Bosanquet for the (100) reflection. Both Havighurst ^ and 
Bearden have failed to find any difference in the intensity of the 
reflection from powdered NaCl crystals according to the fineness 
of grinding. This indicates that no effect of primary extinction 
is present with the powdered crystals. Thus it seems also that 
Bragg and his collaborators have succeeded in correcting for the 
extinction with the solid crystals of rock-salt. 

For the (200) and (300) reflections Bearden’s values of F ob- 
tained from powdered crystals are larger than those of Bragg, 
by an amount that seems to be greater than the experimental 
error. This would indicate that for these reflections the correc- 
tion made for the extinction coefficient with the single crystals 
is somewhat too small. Havighurst, also using powdered crys- 
tals, has however obtained results agreeing with those of 
Bragg. 

The third test supplies the answer to a riddle which has long 
been a source of confusion. In the case of rock-salt we have 
seen that in separating the effects of the sodium and chlorine 
atoms we get consistent results if we assume that the amplitude 
is proportional to F and the intensity F'^. This satisfies our 
test for the absence of primary extinction. But in order to 
interpret the spectra obtained from calcite, W. H. Bragg ^ has 
shown that one must assume that the intensity rather than 
the amplitude of the reflected ray is proportional . to the 
atomic number. Bragg wrote me in 1916 that some of his 
results point one way and some the other. We now see that it 
is the degree of perfection of the crystal which determines 
whether the intensity is more nearly porportional to For to F'^.^ 

^ R. J. Havighurst, Phys. Rev. (1926). 

2 W. H. Bragg, Phil. "JVans. Roy. Soc. A., 215, 253 (1915). 

2 A paper by B. W. James has recently appeared (Proc. Roy. Soc. A. 109, 614, 1925) 
in which this criterion for distinguishing between perfect and imperfect crystals is 
developed in detail. See also W. L. Bragg, Phil. Mag. 50, 306 (1925). 
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We may thus rest assured that in these experiments oh rock- 
salt the primary extinction is oflittle if any importance, while 
the method of allowing for secondary extinction seems to be 
adequate. The values of the structure factor F calculated from 
these measurements can thus be used tentatively as the basis 
for calculating the distribution of the electrons within the 
atoms. 


5. THE DETERMINATION OF ELECTRONIC DISTRIBUTIONS FROM 
A KNOWLEDGE OF THE STRUCTURE FACTOR 

67. Three Methods of Calculating the Electron Distribution 

We are now prepared to undertake the interesting and im- 
portant problem of finding what arrangement of electrons will 
account for the experimental values of F. Three methods of 
attacking this problem have been used. These are a method 
of trial, the use of an empirical reflection formula, and an 
application of Fourier’s series. 


68. Method of Trial 

In the method of trial,® one assumes various arbitrary 
values of p(z) in the expression for the structure factor, 
p/2 / z . \ 

F = ZJ p(z) cos ^47r- sin d jdz. (5 -O?) 

It can readily be shown that if there is a group of electrons 
arranged at random on the surface of a spherical shell of radius 
r, then for each of these electrons 


p{z) = \/ir, (5.34) 

between the limits — r and r. The value of F for a shell of rn 
electrons is thus 




m 


sin ^47r“ sin 0 

^ n 

47r- sin ^ 

X 


( 5 - 35 ) 


1 A. H. Compton, Phys. Rev. 9, 49 (1917)* 
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Thus for an atom composed of a number p of such electronic 
shells the structure factor is 


F = sin ^47r^ sin ^ isin d^. (5 . 36) 

When this method is applied with care, it gives results which 
are perhaps as reliable as those obtained by the more direct 
method of Fourier series. 

Bragg, James and Bosanquet have used this method in 
analyzing their data for the intensity of reflection by ^ck- 
salt. From an exhaustive study of the various possibilities, 
they find the best agreement with the experimental values ^ 
of F when the distribution of electrons on shells is as follows: 


Sodium, 7 electrons on a shell of radius 0.29A 
3 electrons on a shell of radius o,76A 
Chlorine, 10 electrons on a shell of radius 0.25 A 
5 electrons on a shell of radius 086A 
3 electrons on a shell of radius 1.76A 


Bragg and his collaborators 
have found, however, using a 
method similar to that described 
in section 70, that a' better 
agreement with the experimental 
data can be obtained assuming 
a continuous distribution of the 
electrons. The most satisfactory 
agreement with the experimental 
data was obtained with the elec- 
tron distribution shown in Figs. 
71 and 72. 



Fig. 71. 


69. Use of Empirical Reflection Formula 

The second method of solution consists in finding an em- 
pirical formula, such as expression (5. 01), which represents the 

^ In the work of Bragg, James and Bosanquet the factor F was corrected for the 
effect of the thermal agitation. 
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experimental data, and equating this expression to the appro- 
priate formula which gives the theoretical intensity in terms of 
the structure factor. Thus we may place expressions (S-oi) 
and (5 . 20) equal to each other, obtaining 

The factor was introduced into the empirical formula 

from theoretical considerations to take account of the thermal 
agitation of the molecules (cf. infra, p. 159). Dropping this 



factor is merely equivalent to correcting for the temperature 
agitation. In any case it differs only slightly from unity. If 
we make the further approximation that cot B — esc B, since in 
the experiments B is never large, we may write from (5.37), 


F 

2 


= fp(^) cos ^4ir| sin B'jdz = K csc^^ 6 . 


( 5 - 3 «) 


The only solution of this integral equation which satisfies the 
physical conditions is ^ 


p{z) = (5-39) 

This corresponds to a distribution of electrons about each atom 
for which the number of electrons in a spherical shell between ■ 
distance r and r +dr from the center of the atom is propor- 
tional to i/r^. 


1 A. H. Compton, loc. cit. 
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Such a solution is of little value, since it implies an atom 
with an infinite radius. It is interesting to note, however, that 
the greater part of Bragg’s curve for chlorine is represented by 
a curve very similar to the graph of i/r^ (Fig. 72). 

70. Method of Fourier Series 

By far the most satisfactory method of determining the 
electron distribution from the observed values of F is by an 
application of a form of Fourier analysis. This method was 
used first by W. H. Bragg,’- though in a manner unsuited to 
give accurate results. It has recently been put in a very usable 
form by Duane,® and has been applied with valuable results by 
Havighurst.® 

Let us first write the expression for the structure factor in a 
slightly different form. In most of this chapter we have 
assumed that we are dealing with a crystal made of similar 
atoms arranged on a simple cubic lattice. We can, if we wish, 
refer any cubic crystal to a simple cubic lattice of points all of 
which are identical. Thus for rock-salt, the lattice constant 
would be a = 2D100, where Dioo is the distance between succes- 
sive layers of atoms in the 100 planes, and there would thus be 
4 Na atoms and 4 Cl atoms associated with each point in the 
lattice. Fmay now be used to represent the structure factor 
for this lattice unit. Considering for the present only reflections 
from the (100) planes we then have 

F = p(z) cos ^4^^^ sin e^dz, 

where Z is now the total number of electrons in the lattice unit. 
Since «X = 2 a sin d, where n is the order considering the grating 

• W. H. Bragg, Phil. Trans. Roy*. Soc. 215, 253 (1915). 

• W. Duane, Proc. Nat. Acad. Sci. ii, 489 (1925). Duane*s method of treating the 
. ;9Jem Is entirely diflFerent from that used here, being based on a quantum theory of 

,f; faction. He arrives, however, at identically the same result as eq. 5.48. 

^ R. J. Havighurst, Proc. Nat. Acad. Sci. ii, 502 (1925). 
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z z 

space to be a, 4T- sin 6 = 2x« whence, 

A ^ 


Fn = Z f p(z) COS (2vn^dz (5-4°) 

J-a/2 \ 


is the value of the structure factor for the »th order. 


71. Electron Density at Any Height Above the Middle of an 
Atomic Layer 

Let us now express the number of electrons' per unit 
height, Zp{z), as a Fourier cosine series, thus: 

z z 

P = Zp(z) = Ao-\- Ai cos 2ir- + A2 cos 4ir- + . . . 

d d 

An cos 2irn- + .. . ( 5 - 4 ^) 

a 

= cos (2irr-V 

O \ aj 

The structure factor then becomes: 

= r hAfCos (^trr^ cos farw-Vz. 

J-a/2 0 \ aJ \ a/ 

On integration it is found that every term vanishes except that 
for which f = «, so that 

Fn=( A n cos^ (2vn^dz 

J-a/2 \ aJ 

^aAn^ 

Thus 

An = ~Fn- (5 . 42) 

The experimental determinations of Fn carry with them there- 
fore determinations of the coefficients of the terms in the 
Fourier expression (5-41) for the density of distribution of 
electrons. 


ELECTRON DENSITY AT ANY HEIGHT 


IS3 

It is clear that the same procedure may be followed for 
planes of any index. The results are especially instructive in 
the case of (iii) planes, since in this case for rock-salt we deal 
with alternate layers of sodium and chlorine atoms. The only 
necessary modification of equations (5-41) and (5-42.) is to let 
a represent the distance between the (iii) planes of the space 
lattice. 

An illustration of a calculation of this type is given in 
Fig. 73. Here the light lines represent the individual terms 

2 2 

cos 2 t«-j 
a a 



where = — y^2.8i4A = 3.243A, and the values of are 
V3 

those of Fill, F222, . . per NaCl molecule as measured by 
Bragg, James and Bosanquet, uncorrected for the temperature. 
The heavy line represents 

2 „ z 

- 22 Frt cos 'l-Ktl -y 
^1 a 

and therefore represents the value of P given by equation 
(5-41) except for the constant term Ao. 

The value of this constant term ^can be evaluated from 
equation (5-41) from the fact that 

Call 

I p{z)dz = I. 

J-a/2 
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But by (5-41), 

I p{z)dz = -^a 4- Sr I 

J --a/2 ^ 1 J- 


2 ? , 

COS 'lirr-dZy 

a/2 


a 


or 


whenceji 


^ A I 

I = — yfo + o, 

Zj 


Ao = X/«. 


(5-43) 


The number of electrons in an elementary cube between the 
heights z and z — dz from the middle of an atomic layer can 
thus be calculated from the expression 


P. = 


■Z , 2 “ „ 

— t- - Sp„ cos 

d d \ 



(5-43«) 


where n is the order of reflection from planes whose spacing is a. 

In the case under consideration, for a molecule of NaCl Z = 
28, and Ao = 28/3.243 = 8.63, if z is measured in Angstroms. 
In Fig. 73, this value of Ao is represented by the height from 
the heavy base line to the light base line used for constructing 
the component curves. The density of distribution of the elec- 
trons at a distance z from the mid-plane of a (iii) layer of 
chlorine atoms is thus proportional to the height P of the 
heavy curve of this figure. 

It will be noticed that midway between the large humps at 
z/D =0, I, . . appear smaller humps. These of course repre- 
sent the layers of sodium atoms between the layers of chlorine 
atoms. In this method of analysis the existence of such alter- 
nate layers of atoms is not assumed, but follows from the 
observed values of P for the different orders. The fact that in 
between the successive atomic layers the electron density does 

^ If the Fourier series 5-41 is taken from r=— ootor=+oo instead of from 
o to 00 , we have instead of equation 5-42, An = Fn/a, Since for n = o, F = /, it 
follows at once that Aq = Z/a^ which is equation 5“43* Though this brings out more 
clearly the relations between A, F and 2 , the series used in the text has the practical 
advantage of having only half as many terms. 
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not fall to zero means that the outer parts of the sodium 
and chlorine atoms overlap each other. 

In order from this figure to make an estimate of the relative 
number of electrons in the alternate atomic layers, it is neces- 
sary to try to resolve the heavy curve representing the sum of 
the electrons in both kinds of atoms into two curves, each repre- 
senting the electrons in atoms of one kind. Such a resolution is 
indicated by the broken lines, in which the area under the two 
curves as measured by a planimeter is in the ratio of 1.80 : i.oo. 
This is the ratio 18/10 = 1.8 to be expected if the valence elec- 
tron of sodium has been transferred to chlorine. Though a dif- 
ferent resolution might be effected, giving the ratio 17/11 = 
1.54 corresponding to the complete atoms in each layer, we 
may thus assume provisionally that the atoms are in the form 
of ions, a conclusion reached by Bragg and his collaborators 
from these data following a different line of argument. 



In order that the adjacent atomic layers shall not overlap as 
in Fig. 73, we must consider planes in which successive layers 
are farther apart. Thus if we calculate in the manner just de- 
scribed the electron distribution for the (100) planes, using the 
experimental values of Fa given in curve III of Fig. 6g, we 
find the values of P for the chlorine atoms shown in Fig. 74. 
It will be seen that the planes are even in this case not far 
enough apart to prevent some overlapping. 

This difficulty can however be overcome by calculating the 
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distribution for planes so far apart that overlapping of the 
successive layers of atoms is impossible.^ Thus Figs. 75 
76 represent the distributions P in layers of chlorine and so- 
dium atoms respectively calculated for a grating space of 
Of course planes with such a grating space do not 
exist in a crystal of rock-salt, but if they were present the 
appropriate values of F should be given by the curves of Fig. 
5-09. The values of F that have been used in calculating Figs. 
75 and 76 are as follows: 


TABLE V-2 


Order 

Fn 

Fn 

Order 

Fn 

Fn 

(0 = 6.13A) 

Cl 

Na 

(D = 

6.13A) 

Cl 

Na 

I 

16.31 

9- 59 


9 

2.50 

.91 

2 

12.35 

8.20 


10 

1.86 

•44 

3 

9.10 

6.65 


II 

1-35 

•H 

4 

7.27 

4-99 


12 

.92 

.04 

5 

6 

5‘®4 

4-75 

364 

2.75 

extrap. ^ 

13 

14 

•53 

•24 

0 

7 

3-85 

2.00 


15 

.05 


8 


1.42 


16 

,006 




— 


Ao 

1 2.94 

1 

1-63 


The values of F from order 2 to order 10 are read directly 
from the experimental portion of curves III and IV of Fig. 69. 

^ The logical extension of this method would be to calculate the distribution for an 
infinite grating space. In this case the Fourier series (5.41) becomes a Fourier integral, 

J roo 

Fx cos { 2 Trzx)dXy (5 . 43^/) 

0 

where x = (2 sin 0 )/X, and Fx is the value of F taken from curves such us those of Mg. 
5.09 but plotted against x instead of sin B. The evaluation of this integral for various 
values of z can be performed graphically, but the process is laborious. 'J'he result is 
also probably less reliable than that obtained by evaluating a series as is done here, 
both because of the inaccuracies of graphical integration and because knowledge is 
assumed of the form of the extrapolated portion of the F curve, which is not used in 
the series method. 

2 For this grating constant sin B = .05 for the first order, which enables the values 
of F to be read easily from Fig. 69. 
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It can be shown that the manner in which the values for orders 
higher than 10 are extrapolated to zero makes little difference 
in the form of the electron distribution curve. For order i- the 

value of F is so chosen that the area ^ Pdz of the peak repre- 



senting the chlorine atom is 18 electrons, and that representing 
the sodium atom is 10 electrons.^ 

The most striking feature of these curves is that the electron 
density of the atomic layers falls definitely to zero, for chlorine 



at about zA, and for sodium at about i.iA. It is highly im- 
probable that the long straight portion between the humps at 
the atomic centers, representing zero electron density, would 
occur as a matter of chance. Its existence gives confidence 
not only in the reliability of the method, but also in the 

^ The appropriate value of Fi is readily found by the help of equation (5.52). 
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accuracy of the data used to calculate the diiferent terms in the 

Fourier series. . , 

Duane 1 has called attention to the fact that from the 

intensities of the X-ray spectra it is impossible to tell whether 



-I 0 I Z 3 t S 6 

z= An<jsTroms from original phne 


Fig. 77- 4 

■r 

i» j 

the coefficients of the terms in equation (5.41) are positive or 
negative, and that the only reason for considering the phase 
angle of each term to be zero is considerations of symmetry. 

In Fig. 77 are plotted in three different ways the values of P 

1 W. Duane, Proc. Nat. Acad. Sci. ii, 489 (1925). 
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for chlorine using the data of Table V-i. Curve i is that given 
in Fig. 75 as calculated from equation (5.41). In curve 2, 
the coefficient of the 6th term has been taken to be negative, 
the other terms having their former values. For curve 3 the 

6 th term was cos ‘ "I" ^ 3 showing the effect of intro- 

ducing an arbitrary phase angle. The fact that curves 2 and 3 
indicate impossible negative densities of distribution in some 
places whereas curve i does not, confirms the correctness of 
the assumptions that all the Fourier coefficients are positive 
and that the phase angles are zero. 

72. Electron Density at Any Point in the Space Lattice 

The method of analysis that has just been discussed gives 
the number of electrons in a sheet taken parallel to some 
atomic layer. The electron density at any point, ^c, y, z within 
the lattice can be calculated in the following manner. 

Let us consider the reflection from the {h, k, 1 ) plane in the 
crystal. Writing s as the distance along the normal to this 
plane, we have (equation 5.40) 

rDhki/2 j s \ 

Fn(.K k,l)=^ Z\ p{s) cos ( 27 r« - ]ds, (5 . 44) 

But by equations (4.05) and (4.06), 

_ hx ky + Iz 

and 

Dhki = aj's/u- + + /-. 

Thus 

S fl 

cos 2Trn^~ = COS iir {hx + jy + Iz). (5-45) 

Let dS represent an element of area of an (A, 1) plane. Then 

if p is the electron density at any point, pdSds Is the number of 
electrons in an element of volume, x^ccordingly, 

Zp{s)ds = f (pdS *dSy 
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where the integral is taken over a surface of such an area that 

the integral ) j | pdS will, include a whole unit of 
J-D /2 J J 
crystal structure. That is 

rD/2 r r ra/2 ra/2 ra/2 

Z=\ ds\ \ pdS=\ I I pdxdydz, (5.45a) 

where a is the edge of the unit cube of the crystal structure. 
Thus 

ra/2 ra/2 ra/2 f ^ 1 

Km) =1 I I pdxdydz cos 2 ir-{hx ->irky + lz)\’ 

J -a/2 J -a/2 J -a/2 la. J 

(5.46) 

If we now represent the electron density p by the three dimen- 
sional Fourier series, 


00 00 00 


X y z 

p = S S S cos iTp- cos 2 Trg- cos 2tr-) (5-46^/) 

— 00 —00 —00 U U Cl 

and integrate equation (5-46) using this value of p, all the 
terms vanish except that for which 

/> = ± «/%, q = ±nk, and r = ± nl. 

We obtain thus 

^nihkl) ^nh,nk,nl'd^i 

or writing 

H — nh, K = nk, L = nl. 


Abkl r.Fi 


HKL- 


(5-47) 


On substituting in equation (5.45a) the value of p given by 
(5.46a) we obtain 


A 000 — Zjc^. 

The electron density at the point x, y, z is thus 


(5 47") 


8 


00 00 00 
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where F^kl is the experimental value of the structure factor 
for the ;^th order reflection from the {hkl) plane. 

Equation (5.48) has been given by Duane (loc. cit.) on the 
basis of an investigation by Epstein and Ehrenfest (cf. Chapter 
X). Using the data for rock-salt supplied by Bragg, James and 
Bosanquet, Havighurst ^ has calculated from this expression 
the electron densities at different points along various lines in a 
rock-salt crystal. His results are shown in Fig. 78. The upper 
curve represents the electron density at points along a line 
drawn from one chlorine atom to the next, perpendicular to the 
(100) planes. The hump midway between the two chlorine 
atoms represents the sodium atom. Similarly, in accord with 
the rock-salt structure shown in Fig. 4.05, a line drawn along 
the diagonal of a cube face, as shown in curves 3 and 4, passes 
successively through atoms of the same kind. In curve 3 these 
are the chlorine atoms, and in curve 4 the sodium atoms. 

Similar curves have also been calculated by Havighurst ^ 
for crystals of potassium iodide, ammonium chloride, and dia- 
mond. Though the experimental values of F for these crystals 
are not as precise as in the case of rock-salt, the power of this 
method of analysis shows itself in the fact that though no 
assumptions are made of the details of the crystalline structure, 
each atom in the lattice reveals itself by the appropriate hump 
in the electron density curves. 

73. Radial Electron ’Distribution in Atoms 

The number of electrons associated with one of the humps 
shown in Fig. 78 is proportional to the volume of the hump 
in a 4-dimensional diagram, i dimension representing the 
density and the other 3 the distance from the center of the 
atom along the X, Y, and Z axes. The difficulty of evaluating 
such a volume numerically is obvious. However, if the atoms 
are assumed to have spherical symmetry, as we have seen (p. 79) 

1 R. J. Havighurst, Proc. Nat. Acail. Sci. ii, 502 (1925). Havighurst used the value 
of Aooo = o instead of that given by Eq. (5.47/2). 

2 Ibid. 
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is probably the case within experimental error, the number of 
electrons in a spherical shell of radius r and thickness dr is 

Udr = p-\rrHr. ( 5 - 49 ) 

Thus U = 47ir®p is plotted against r, the area under the 
curve should represent the number of electrons in the atom. 



Curves of this type for sodium and chlorine, calculated by 
Havighurst, are shown in Fig. 79. These curves are to be com- 
pared with Bragg’s curves, Figs. 71 and 72, based on the same 
data, but obtained by a different method. 

It will be seen that the curves in which U is plotted against 
r differ slightly according as r is taken along a cube axis or a 
diagonal (see especially the curve for sodium). It is probable 
that a more reliable average curve can be obtained using the 
values of F taken from the smooth curves of Fig. 69, which 
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assume spherical symmetry, than using the directly measured 
values of Fukl. It is not necessary for this purpose to evaluate 
a 3-dimensional Fourier series. 

Let h'ig. 80 be a curve, such as those shown in Figs. 75 and 
76, in which the average linear density of electrons at a dis- 


NaCl 



Kki. 79. 


f ain't' from the middle of an atomic layer is idolled against z. 
If there are U//r eleefrons between r and ;• I th’ iVoni tlie eeiiter 
of the atom, the eont I'ihution to /’ ihie to these electrons is 

(iP -- Ui/r- />(:■), 

where is the ]>rol)ahilit y that each of these electrons is at a 
height 2. VVe have seen, however, eiiuation (5.34), that for 
electrons at random on the surface of a sphere, /(z) = ir. 
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Thus 

dP = -Udr, 

2r 

or 

Udr^ 2 rdP. 

The contribution of these C/i/r electrons to the area of the hump 
of Fig. 80 is thus an element of height dP and ot hrcaiith 
2 z = 2r, the diameter of the shell. We can accortlingly imagine 
the whole hump as made up of such elements t)l area, each 



representing a number 2 zdP electrons on a spherical shell ot 
radius r = z and of thickness dz. 

From Fig. 80 we see that 


,p dP. dP . 
dP - — -y-dz = - - . dr, 
dz dz 


since r = z. Using the value of P given by ecpiation (5.41 ), 
and writing again r = z, we obtain, 


dP Ztt f . . z , . . 2Z I 

- * “ Dp* ='0 + +■■•}■ 

Recalling that = 2FJD (eq. 5-42), equation (5.5,,) iluis 
becomes 

r “ r 

Udr = 87 r^ sin 27 r« ^^dr. (5.511 

The values of are the same as those used in evaluating /*, as 
in Figs. 75 and 76. 
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The total number of electrons in the group may be obtained 
by integrating U(h\ If the grating space D is taken so large 
that there is no overlapping of the atoms, the limits may be 
taken from o to r = D/a. Thus 



74. Electron l^istrihntions \n Isoditifn^ Chlorine and Alumhittm 

An application of formula (5.5O to the case of rock- 
salt brings results of great interest. Using the experimental 
values of E given in Table V- a we obtain the curves shown in 
lugs. 81 and 82, representing the radial distribution of the 
electrons in sodium and chlorine respectively, 'rhese are to be 
compared with I^ragg’s curves, lugs. 71 and 72, and I lavig- 
hurst’s curves shown in log. 79. As compared with Bragg’s 
curves, it is clear that the present straightforwanl method of 
analysis may reveal irregularities in the electron distribution 
curves which may easily be overlooked when the data are 
analyzed by less direct methods. Bragg informs me that 
lairves 71 and 72 represent averages over the humj^s shown 
in ' urves similar to those of h'igs. 81 and 82, calculated by 
B()san(]uct using practically a b'ourier method, d’hey ironed 
out the humps, doubting their reality. I lavighurst’s curves, 
on the other hand, limit the electron distributions to a much 
smaller radius than do the distributions shown in curves 71,72 
and 81,82. 'riiis may be due to the overlaj^ping of the successive 
atomic layers in the jdanes he has considered. It will be noted, 
however, that I lavighurst’s curve for chlorine shows humps at 
and .8 Angst nim, nearly coinciding with hunpxs A and li in 
h'ig. 82, aiul his data suggest also hum]\s in the curve tor sodium 
corresi^onding closely with those ot lug. 81. 

d1ie form of curves 81 and 82 dejiends somewhat upon the 
manner in which the E curves of lug. 6y are extrapolated to 
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zero. This extrapolated portion is much more important in thf 
present case than in Figs. 75 and 76 because of the factor n in 
the coefficient of each term of series (5 ,51), which becomc.s large 



for the extrapolated values of F. Alternative extrapolations of 
the F values for large values of n give U curvc.s which, while 
similar to Figs. 81 and 82 in their general form, differ in the 
position and prominence of the minor humps in the curves. 



The degree of uncertainty of these curves can be estiniated 
from the magnitude of their erratic variations. 'I’lius in log. H 1 
a planimeter measurement shows that the total area iiiuler I In- 
curve beyond the point C is zero, so that this marks the cxtrcnie 
radius of the sodium ion. The irregularities in the curve be- 
yond this point may thus be ascribed to errors of experiment 
and extrapolation. Those in the chlorine curve beyond 2A 
must be due to errors of a similar character. In view of tin- 
factor r in series (5 .51), the amplitude of such erratic oscillations 
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of the curve should be proportional to r. It will thus be seen 
that errors of experiment, extrapolation, etc., may be re- 
sponsible for most of the irregularities in these curves for radii 
greater than i.aA. It is improbable, however, that we can 
account on this basis for any considerable part of peaks A and B. 

The two prominent peaks A and B of Fig. 81 can be resolved 
into two components as shown by the broken lines. The areas 
of these component humps are 8.08 and x.92 electrons respect- 
ively. 'That is, this electron distribution curve represents a 
.sodium ion consisting of 8 electrons all located .sf> close to the 
center that our method does not distinguish them from each 
other, with two other electrons farther out, at a distance of 
about .yA from the center of the atom. 

It is probable that the breadth of the peaks is due chiefly to 
the thermal agitation of the atom. An electron at the center of 
its atom would on this account be displaced on the average at 
an appreciable distance from the equilibrium center of the 
atom, 'riius it is clear that all the electrons, but e.specially those 
near the center of the atom, are on the average moved by the 
thermal agitation to a greater ilistance from the point in the 
lattice at which the atom is in equilibrium. 'I'he scale of 
the atom is thus somewhat distorted, the smaller radii being 
magnified more than the larger radii. Of course, however, the 
t hernial motions cannot in any way affect the area of the hunqis, 
so (hat our interpretation of the significance of the jieaks 
remains unaltered. 

A similar examination of l<'ig. 82 shows that chlorine can be 
considered as conqioseil of 4 groups of electrons, 10 near the 
laaiter forming peak ,/, 4 at /#, 2 at U, anil 2 at /). 'The radii of 
the latter three electron groiqis are about .74-'^, l•l4A and 
i.fxiA, uncorrected for thermal motion. 

.Some very recent experiments by Bearden' lead to values of 
A' which differ slightly but consistently from those of Bragg, 
James and Bosan(|uet, and give a V curve tor sodium in 
which the peak B of Fig. 81 is absent. I lis curves for the elec- 
tron distribution in chlorine are similar to that shown in big. 

‘ J. A. JJcanlcn, 'riicsis, Cliicago, ttjxb. 



i68 


X-RAYS AND ELECTRONS 


8a, though the positions and areas of the peaks are soniewliar 
different. In view of these differences, one cannot place much 
confidence in the details of the distribution curves here shown. 
They need to be checked by measurements on other similar 
substances. 


As an example of such measurements, Bearden has deter 
mined the intensity of the lines diffracted by finely groiutil 
metallic aluminium. For an element the experimental values of 
F can be used directly in calculating the electron distrilnititms. 
For this reason the data for aluminium are less subject to error 
than are those for sodium and chlorine, since tlie.se are based on 
differences and sums respectively of the F values for rock salt. 
Bearden’s electron distribution for aluminium is similar to those 
we have found for sodium and chlorine. 'There is an inner group 
of 8 electrons, surrounded by shells of 3,, i and i electrons. 
The consistency of these results for sodium, aluminium ami 
chlorine gives one considerable confidence at least in the general 
form of the electron distribution curves thus obtaineil. 


Emphasis may well be laid upon the fact that this method 
of studying the distribution of electrons in atoms of a crystal 
involves precisely the same assumptions as does the tleter 
mination of the arrangement of atoms in crystals by X ray 
inethods. Only greater care has to be taken in the applicatioii 
of the method, since we are now concerned with the ultimate 
details of the crystal structure. In treating these problems, 
however, we assume that the cla.ssical electrodynamics can be 
applied rigidly to phenomena of X-ray diffVaction. B.,t dillVac 
tmn is a special case of scattering, and we shall see in t’banter 
IX that in certain large classes of phenomena of X-ray seatin' 
ing the experiments depart widely from the prediciio'ns of the 
c assical theory. Grave doubt is thus thrown upon ilie funilti . 
mental reflection formulas upon which the discussion in this 
chapter is based. The fact that the pre.sent amilvsis hsuls 
definitely to atoms of finite size (Figs. 75 and 76)', and il,.. 
reasonableness of the electron distributions at which wc finally 
arrive serve however, to confirm one’s fiiirh both in the 
experimental data and in the reliability of the method of 



l-;i< I'KCT OF 'J'I<:MPERA'ri/RK ON X-RAY REFLECTION 169 


niialy.sis of these data that has been developed. We seem at 
last to be reaping the reward of the very considerable theo- 
retical and experimental labor that has been spent in studying 
the intensity of X-ray reflection. 

75* (>I Temperature on X-ray Reflection 

Mention has several times been made of the fact that as the 
temjierature of the reflecting crystal rise.s, the integrated re- 
flection diminishes, '.riiis was predicted by Debye ’ soon after 
the iliscovery of X-ray diftraction by crystals, and was experi- 
mentally demonstrated by Bragg.^ The theory of the effect 
lias been developed in ilctail by Debye ■'* and Darwin,* and from 
a widely different standpoint by Brillouin. '> The validity of 
Debye’s calculation has been examined also by b’axen and 
Waller," whose conclusions differ from those of Debye only in 
minor details. At the present writing, the experimental studies 
of W. II. Bragg,** Backhurst,'’Jauncey,"’ Collins," and James,'- 
though showing an effect of the preilicted order of magnitude, 
do not supjiort the theories cpiantitatively. We shall therefore 
discuss the ])rohlem only briefly. 

'I’hc electron distributions shown in h’igs. Hi and H’ exhibit 
clearly the effect of the thermal motions of the atoms in the 
hreaillh of (he peaks due to electron groups. 'I'lie efi'ect of the 
random thermal iliplacemeiit of (he atoms from their normal 
posiiions will he to introduce ramlom jdiase iliffereiices 
between the rays scattereil by the different electrons, ami thus 
to reduce the intensit y of t he reflected ray. It is found |ios- 

I 1 >. D.-ln.', Will. il. I). I’liy-s. (.'cs. ts, |'|>. SyS, y.jl!, .S57 (i./i.j). 

W. 11 . Phil. M:ifr. i7i 

P. Dfhyr, .Ami. tl. Pliy.s. 43, .p; 

* C’. (1. Darwifi, Phil. Mn^. 27, (idi.|). 

’’ 1 .. lirillnuiii, .'\nn. ih- Phys. 17, MS 

“I!. /. f. Physik, 17, ifift (iD-.P- 

I.. W.illrr, /. r. Phvt.ik, 17, (id’.I)- 

■* \V. 11. Ihji/jtfi*, Phil. 27 , SSi (nji.^). 

” I, Ihukhiirsi, Pn)c. Roy. .Soc*. 102, ^.p) (i(;2’). 

M. Jaimrcy, Phys. Rev. 20, 421 (i‘;2 2). 

“ I*'.. II. Collins, Phys. Rev. 24, 152 (ny2.j). 

R. W. Janies, IMiil, Mag. 49, S^S (“>* 5 )- 
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sible to represent the effect of the thermal agitation by in- 
troducing into the reflection formula, equation ($. ib)i factor 

Z) = (5-5.1) 

usually known as the “Debye factor.” If one uses the Maxwell- 
Boltzmann form of the kinetic theory to calculate the atomic 
displacements, the constant B is 


iS^kT 


(5 • 54) 


where k is Boltzmann’s constant, T is the absolute temperature, 
and / is the force on the atom per unit displacement. U.sing, 
however. Born and Karman’s modification * of Debye’s .specific 
heat theory, which treats the heat motions as a series of elastic 
waves, Debye finds either 


or 


4 >{x) 

fikX^Q X 


B = 


6^2 


iikx^e 


I _l_ ^ 
4 X 


(5-55) 


(5- 5^0 


according as he assumes respectively the absence or tbe exist - 
ence of a zero-point energy. In these expressions /i is Planck’s 
constant, /i is the mass of an atom, 0 is a temperature character 
istic of the crystal, x = 0/T, and 4 >ix) is a function of l) 7' 
which Debye evaluates. According to the prevalent form of the 
kinetic theory, equation (5.55) should represent B the most 
reliably. At high temperatures this expression makes li ])ro 
portional to T, as does equation (5.54); but at low tempera- 
tures B becomes proportional to T'^. 


76. X-rays Bifusely Scattered by a Crystal 

In addition to the rays which are regularly reflected from a 
crystal at the angle given by n\ = iD sin 6 , there are foiiml to 

^ Debye, loc. cit. 

2 Darwin, loc. cit. 

3 Born and Karman, Phys. Zeits. 14, 65 
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be diffusely scattered rays in all directions. If the atoms in the 
crystal were all identical and arranged with perfect regularity, 
the rays at any angle other than near sin“^ nX/iD should be 
completely extinguished by interference. In view of the fact 
that there is a comparatively small number of electrons in each 
atom, it is clear that at any particular instant the arrangement 
of these electrons relative to the incident ray cannot be the 
same for all the different atoms. This introduces a type of 
irregularity which must make the interference incomplete even 
though the atoms have no thermal motion. On this account 
diffuse scattering will occur which is probably proportional to 

I - 

where // is a constant independent of the temperature. Due to 
to the thermal agitation there is, as Debye shows, an additional 
irregularity in the atomic positions, which results in diffusely 
scattered rays whose intensity is proportional to 

where, as we have seen, B depends upon the temperature. 
The intensity of these scattered rays should thus depend iijv)!! 
the leinperaturc according to a relation of the form 

/, = «(! - -p /,(i _ (^ .^7 

M ile experiments on the intensity of the rays reflected from 
crystals at difl’erent temperatures, especially the recent ones of 
James, show that the constant B is accurately independent of 
0 and is proportional to i/X“, in accord with the eipiations 
(^.54), (5.55) ami (5.56). 'I'he manner in which B is found to 
vary with the temperature is not, however, in even apjiroximate 
agreement with the theory. 'I’hus for the rock-salt (too) planes, 
James finds that 

= i-ibi X 10 (5.5H) 

whereas he calculates from equation (5.55) that 
Bi, = 4.8y X JO-' 7 yx^. 


( 5 - 59 ) 
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Thus the experimental value of 5 is proportional to 1 , whcua.' 

its predicted value is proportional to T. t t 1 

No more satisfactory agreement has on^ the whole Kvn 
found by other observers, though in certain isolatu casts 
Debye’s formula gives nearly correct results. Porhap.s a more 
effective way of studying thermal motions will he to studj t u, 
electron distributions at different temperatures, and t lus 
observe more directly the magnitude of the average atomic 
displacements. 

In the theories of the diffuse scattering by crystals developed 
by Debye and Faxen (loc. cit.) no account is taken of the first 
term of equation (5.57), which is due to the nearly random 
positions of the electrons in the individual atoms. It is thus not 
surprising that Jauncey’s experiments show an intensity eon 
siderably greater than the value 

/. = C(i - 

predicted by Debye’s theory. Jauncey finds also that the elleei 
on this scattered intensity of increasing the temperature is 
much smaller than one would expect from this expression. 

It is interesting to note, however, that the scattering by a 
crystal is found by Jauncey to approach zero at small angles, as 
equations (5 . 57) and (5 . 60) would both predict. Even when 
the temperature is raised until the substance is in the liquid 
form this effect remains, as is shown by Hewlett’s experiments 
on liquid mesitylene ^ and Duane’s ^ on water. 

Regarding the intensity of the diffusely scattered rays, 
Jauncey finds that if a beam of X-rays of wave-length .71 A ami 
1° broad falls on a polished (100) face of calcite at the correct 
angle for first order reflection, the energy in the reflected heam 
is greater than the whole diffusely scattered radiation by the 
ratio 1.4 : i.o. The diffusely scattered rays at large angles are 
of about the intensity predicted by the classical theory for non 
crystalline substances (Chapter III). At angles in the ncighlior 
hood of 25°, excess scattering occurs, as is preilicted hy I )el>yc‘s 

^ C. W. Hewlett, Phys. Rev. 19, 265 (1922). 

2 A. R. Duane and W. Duane, Phys. Rev. 20, 86 (iy22). 



theory (eq. 3.21) for amorphous substances. The diffusely 
wscuttcred rays are found to be less penetrating than the prim- 
ary rays.' 

77 . Effect of Magnetization on X-ray Reflection 

Anything which alters the positions of the atoms or changes 
the distribution of the electrons in a crystal must, in accord 
with the theory developed in this chapter, affect the intensity of 
reflection of the X-rays. According to the ** molecular ’’ theory 
of magnetism, when a ferro-magnetic sul)stancc is strongly 
magnetized, the elementary molecular magnets become 
approximately aligned in the direction of magnetization. If 
these elementary magnets are the chemical molecules, or other 
grou]\s of atoms, one might expect magnetization to alter the 
atomic arrangements to such an extent that the Laue diffraction 
patterns would be altered. 

'rhe exj)eriment was tried by de Broglie,- using a crystal of 
magnetite, immediately after the discovery of the diffraction 
of X-rays by crystals, and later, independently, by Compton 
and 'rrousdale.'^ Magnetization was found to have no effect on 
the positions of the Laue siK)ts, and no noticeable effect on their 
intensities. 

An experiment to detect a ]X)ssil)lc change in the intensity 
of reflection of X rays by a magnetite crystal due to magnetiza- 
tion was carried out by Kognley and the author.^ A balance 
imnhod canploying two Bragg ionization s|)eetrometers was 
adopted, which was ca]iable of delecting a change in intensity of 
I pen* cent, even in the fourth order. 'The magnetite was mag- 
netized to about one tliirel of sat iiral ion, ]>erjK-ndicular to the 
reflecting surface in one experiment and ]>arallel to the surface 
in anotlier. No cfTect due to the magnetization was observed. 

d1ie negative result of this ex]K‘riment is not easy to recon- 
cile with theories of ferromagnetism. It one assumes that the 

' 0‘. I'!. M. JjuMuvy, l*hys. Krv. 20, (ii;2i). 

iM. lie I.c Kailiiiin 10, iHf) 

K, r. Conipion aiiil A. 'CrousilaU*, niiys. Kcv. 5 , ,0 5 
‘A. 11 . unit (). Kognley, Kliys, Kcv. 16, 4^).| 
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atom acts as the elementary magnet, its orientation hy the 
magnetic field should produce a detectable effect unless if' is 
surprisingly nearly isotropic. It is not inconsistent with the 
experiment to imagine that the orbits of certain of the inner 
electrons are turned by the magnetic field, but this is rat Iter 
difficult to reconcile with the pronounced effect on magnetiza- 
tion of chemical conditions and mechanical jars. 'I'he tihsetiee 
of any effect on the intensity of reflection due to magnetiza- 
tion isj however, consistent with the view that the elementary 
magnet is a spinning electron. This suggestion has been usetl 
to account for a variety of magnetic properties of tmitfer, and 
has recently been revived in connection with the interjwetatinn 
of complex spectral lines. 



CHAPTER VI 


'J’he Absorption oi^- X-Ravs 

7H. Total and True Absorption 

Wc are acquainted with two distinct methods by which X- 
ray energy is dissipated. Examination of the cloud expansion 
jdiotographs obtained when X-rays traverse air reveals the 
existence of high speed electrons ejected from the air molecules 
by the X-rays.- Wc also find that a part of the X-ray energy 
is spent in producing scattered rays. There is at present no 
evitlence that the energy of the X-ray beam is spent in any 
other way. It is true that fluorescent radiation is produced; 
hut as we have already seen (Chapter I) this fluorescence prob- 
ably occurs as the atoms from which the electrons are ejected 
return to their iK)rmal condition. 'I'he primary action of the 
X-rays is thus to eject the electrons, and the fluorescence is a 
form in which jiart of the energy reappears which has been 
removed from the X-ray beam. If we let r rcjircsent the 
ahsorjition due to the ejection of the jihotoelectrons ami a that 
due lo the scattering, the total absorption coefficient may be 
wrtle n, 

H = T (T. (b • o ' ) 

luir want of a better name, we shall designate the (piantity 
T the “ true ” absorption, and ir the al)sor[Uion due to scatter- 
ing. 

Because of the presence of the scattered rays, the rate at 
which the intensity of a beam of X-rays decreases with the 
thickness of the absorbing screen traversed deiieiuls uj>on the 
geometrical coiulitions as well as upon the material and wave- 
length. I f the beam is narrov/, nearly all of the .scattered energy 
will fall outside of the main beam; but if the beam is broad, 
much of the scattered energy will remain within the main beam 

17.S 
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and add to its intensity. This effect of the scattered rays is 
well illustrated in the curves shown in Figs. 83 and 84, repre- 
senting data obtained by Bachem.* Fig. 83 shows the intensify 
of the X-rays at various positions in a deep water bath when 
the water is irradiated from above by hard X-rays (200 kv., 
I mm. copper filter) passing through an opening 20 cm in 
diameter. The curves of Fig. 84 are exactly similar except that 
the diameter of the incident beam is 5 cm. It will he seen that 



beca.use of the presence of a greater amount of scattered rays, 
the intensity falls off less rapidly for the broader beam. 'I'liis 
is accompanied also by a greater intensity oiitsiile the geo- 
metrical shadow, due to the scattered rays when the liroailer 
opening is used. Bachem finds 1 that under the conditions of 
Fig. 83, at the surface of the water 33 per cent of the X-rays 
are secondary rays coming back from the water, while at’ a 
depth of 20 cm. 85 per cent of the X-rays are secondary, only 
15 per cent coming directly from the primary beam. 

For a narrow X-ray beam it is clearly the coefficienl of total 
absorption M which determines the rate of energy ilecrease, and 
tor a broad beam it is a coefficient intermediate between n and 

T, since only a portion of the secondary beam remains within 
the direct beam. 


et seq. 


A. Bachem. "Principles of X-ray and Radium Doaage,” fl, lu.-.j. 
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We have defined the absorption coefficient, or more spe- 
cifically the “linear ” absorption coefficient, as the fraction of 
the incident energy which is absorbed per centimeter of matter 
traversed, that is, 


n — — 


dl/J^ 

(ix 


(6 . 02) 


If we consider a beam of r square centimeter cross section, this 
is the fraction of the energy absorbed per cubic centimeter of 
matter traversed. If the density is p grams per cm.'*, the frac- 
tion of the energy absorbed per gram is of course p,,, = p/p, 
which is called the fuass absorption coefficient. Similarly, if there 
are a number n atoms per cm.''*, the fraction of the energy 
absorbed per atom is p,, = p/n, which is called the atotnic 
absorptio}i coefficient. 


7y. 'r/ie Measnr-ement of .-Ibsorption Coefficients 

In order to obtain precise measurements of the absorption 
coefficients it is necessary to use homogeneous X-rays, h'or if 
more than one wave-length is present, the longer waves will be 
strongly absorbed by the first portions of the absorption screen, 
making the fraction of the energy removed ])er unit initli de- 
crease with (he thickness travcrseil. If / is the intensity of the 
heam after traversing a thickness .v, and if /o is its intensity if 
the screeti is removed, we found (1 .01) that / = /..c whence 

log y ’• 

Hill c‘(|ii:i(i<)n (i .01) was based upon the assumption that' ii as 
(lelined in eijualion (h.O‘ 2 ) is independent of ,v, so that e(iuation 
(^.c.)j) ean he used to ealeulate the eoeffieient strietly only in 
ease the wavedength is constant’. 

We may however s))eak o( the “effective*’ ahsorjition co- 
t'llicient of a heterojj;eneous l)eam of X-rays, meaning usually 
the value calculated from ecpiation (6.02) tor some particular 
value of .V. 'This eifective value a])])roaches u maximum limit 
for small values of .v, which depends upon the distrihution ot 
wave-lengths in the incident heam. 
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The homogeneity required to make accurate measurements 
of the absorption coefficients may be secured in either of two 
ways. In his early experiments,^ Barkla secured nearly homo- 
geneous rays by exciting the secondary fluorescent radiation of 
various elements. Thus, for example, hard X-rays were 
allowed to fall successively upon chromium, manganese, iron, 
etc. The absorption of the fluorescent X-rays from these ele- 
ments in various substances was then examined. As we now 
know (see p. 25, §7), the K radiation from these elements is 
not strictly homogeneous, but consists rather of two prominent 
components whose wave-lengths differ by 10 or 15 per cent. 
But the rays thus obtained were practically free from the radia- 
tion which forms the continuous spectrum of the primary beam, 
so that this work marked a great advance. 

With the advent of crystal spectrometry, it became a com- 
paratively simple matter to secure nearly homogeneous .\-rays. 
The apparatus used by Bragg and Peirce - and in most of the 
later absorption measurements is shown diagrammatically in 
Fig. 85. From the crystal C, preferably of calcife in onler to 
obtain a pure spectrum, a ray is reflected to the ionization 
chamber I. Early experiments by Moseley ami Darwin ■' and 
recent ones by Woo ^ have shown that it makes no dilKercncc 
whether the absorption screen is placed at // in the |)ath of tin- 
direct beam or at B in the path of the reflecteil beam, though 
usually the screen has been used at B. 

It will be seen that this arrangement satisfies the geometrical 
conditions for measuring the total absorption, for tin- rav re 
fleeted from the crystal is necessarily narrow, and the aperture 
of the ionization chamber is ordinarily small. Of course if tin- 
absorption screen were placed against the window of the ioni/a 
tion chamber, an appreciable amount of scattered radiation 
might enter, but this will not occur if the screen is plaeeil near 
the crystal. 


^ C. G. Barkla, PJiil. Mag. 22, 1). 

2 W. H. Bragg and S. K. Pcircc, Phil. Mag. 28, 

H. G. J, Moseley ami C. (i. Darwin, Phil. Mag. 26, .ir f (r.;i \). 
* Y. H. Woo, Pwc. Nat. Acad. 10, 145 (iy24)’ 
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If X/; is the wave-length of the first order ray reflected at the 
angle Oy rays may also appear whose wave-lengths are X/2, X/3, 
etc. 'Fhesc higher orders can be eliminated by taking the pre- 
caution of operating the X-ray tube at a potential too low to 
excite the wavc-ength Xa/a, This condition is satisfied if 
< 2 /u'/e\oi where is the maximum potential applied to the 
tube. There is thus a sufficient margin of potential to make 
possible the excitation of the desired wave-length with a con- 
siderable intensity. 
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'The sha|)e and purity of the absorbing screen are also of 
great importance when precise absorption measurements are to 
be made. In view of the rapid increase in absorption coefficient 
witli atomic miitiber, even a very small im|nn*ity of a heavy 
clement may increase greatly the absorjuion by a light element 
such as carbon or aluminium. In the case of the heavy ele- 
ments, especially for the greater wave-lengths, the absorbing 
screen must be so thin that it is very difficult to secure uniform 
thickness. 'Fhe effect of non-uniformit y is to give an aj^jKirent 
absor])tion coeflicient smaller than the true value. 

Ho. l\ihlcs of /I hsorfUiou ('ocffirioits 

'The following tables give the absorjnion coefficients of X- 
rays of various wave-lengths in different elements: 
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TABI.E 

Mass Absorption Coephcients of tor Kijsmbni'.s for 


Element 


I H 

3 Li 
6 C 


7 N 

8 0 

12 Mg 

13 A1 


i6 S 
26 Fe 


27 Co 

28 Ni 


29 Cu 


30 Zn 


42 Mo 

46 Pd 

47 Ag 


SO Sn 


74 W 
78 Pt 


79 Au 
82 Pb 


83 Bi 
90 Th 


Authority 


ODS 

H 

H 

H 

ODS 

A 

B 

H 

H 

ODS 

A 

B 

A 

R 

D 

H 

HR 

BP 

B 

A 

RW 

H 

A 

BP 

B 

RW 

RW 

A 

BP 

B 

A 

R 

RW 

D 

BP 

B 

A 

BP 

B 

R 

BP 

A 

R 

BP 

B 

A 

BP 

B 

A 

A 

BP 

B 

A 

BP 

B 

A 

R 

HR 

A 

A 


WAVK-LtmtiiH 


.080 


.140 


.144 


.ISO 


.I2S 


.154 


• ISi 


.146 


.162 


143 .168 


. 1621 


.190 


.275 


.2611 


.263 


.3051 


.328 


.174 

.181' 


.174 


.204 

.39 

• 3991 

.404 


.42 

.48 

.472 


.326 


.32 


.380 


.72 1. 13 


.78 


2.35 

2.46 


2.39 


.SOI 

.46 

• SO 


.600 


1 .67 


.ISO 


.163 


.153 


.163 

.163 


• 17s 


.203 

.198 


.200 

.158 


.272] 

.55 

.585 

.580 


.60 

.69 

.6701 


.17s .200 


.166 


.155 


.I7t 

.174 


.173 


. 160 


.177 

.183 


.236 

.221 


.236] 

.202 


.333 

.77 

.82 

.79 


1.02 


.275 

.259 


. 259 


.1H7 

.185 

.173 


. 193 
.207 
. 209 
.311 


.273| 
. 246 


.42 

1.06 

1.06 

1.07 


.382 

.370 


.390 


.42 

.3 

.17a 

.292 

.197 
. 199 


.22.1 

.2.13 

.238 

.439 


..■545 

..S3 2 


.3.S« 

.3,S7 


.765 I. II 

.79 1. 13 

.72 1.02 


1.96 


2.63 


1.28' 


2.83 


1. 17 
1.39 
1.4s 


1. 55 

1 . 56 

1.43 


.63 

1 . 90 
1.88 
1.98 


.517 

.518 


.359 

.44 

!l8Hj 

.219! 

.2i6i 

.2131 


.251, 

.289] 

.281 

.612] 


.786 

.76.1 


2,12 
2 , 46 
2.55 


.9.1 
3. 1.5 
3 . 90 
.1.39 


.719, 

.718 


. 490 

‘AS 

.3 

.20K 
, 24«» 
.240 
.245 


.336 
. 339 
.875 


1 . 1 1 
1 , 06 


1.3J 


•1.77 

.S.9J 


3.52 

■I.JI 

.| . 10 I 6. 


.9Hj 

.95 


1.78 


7 «»J 
V. 2.S 


2.77 

2.77 

2 . 59 


4.02 


3.84 s.Oo 
3.6c; 0.00 


1. 16 2.01 3,10 4.44 


3.40 

3.6(; 


3.64 


2.47 3.78 


2-44 i .3.78 
3.88 


5.27 

S.70 


5. 42 


5.22 


3.0 


7.92 


2,iJ2 

3.10 


4 . .59 

4.. so 
4. 13 


6 . ijft 

6,05 


7.42 


1 0 . C) 

11.4 


3.. so I 5.6 j 
4.14 I 7-37 


2.42 


1.57 

, 2.4s 
l.8s 2.6() 


3.35 
2.. 55 

2. 40 
3 . 59 

3.87 


4 . 28 


4- 78 

4 ■ 60 
3.45 

5 . 90 

5- 47 


12.7 


17.9 

IH.2 


iK .1; 


H.Oo 
H ..S 


7.7.S 


8. .12 

8.. 1H 
6.c; 

9.. 14 
f) . 67 


1 . 1.6 

14.2 

I I .1) 

1.1. H 


10.2 
1(1 1 


7-90 


26.8 

27.2 


20 . 7 


,18,2 

, 18.6 


|i; 8 

I 


21 .1 
0 


.11,8 
,1.1 6 
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VI-i 


Diffkrknt Wave-lkn(3ths, Acgoruincj to DiFrERENT Observers 



liilctnunb 


a i 
Li 

C 6 


Mk 12 
A1 i,i 


S lO 

h'l! JO 


('o J7 
Ni jK 


Tii ji) 


Zji .^o 

Mu -I.; 
IM JO 

A}'. 17 

Sii ,S‘> 

VV V 1 

Pt 7» 

All yo 

IMi Sj 

Hi K.i 
'I'll «;i) 


|) \V Dtmuf. NmL Aiatl., March, n;jj. 

Ilk A W. Hull aii.I M, kicr. Phvn. kcv. K. H.iO (loiO). 

HP W, 11 . Hrai'i' aiul S. IC. Peirce, Phil. Maf'. JK. O.-O 

RVV I*'. K. Richhtiver ami P. W. VVarliiirUMi, Phys. Rev. 22, s.Pi (loJ.i), 

lO.r a.lihtiruial <Iala. cf. C.lucker, Pliys. Zeits. 10. fto (luiH); Owen, Pruc. Ruy. Si'J 

(nj«H); WilliuniH, Prnc. Kny. Si»c., 04, S 7 i (lyJH) WooLen, Phys. Rev. 14, 71 doig). 
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TABLE Vl-a 


Mass and Atomic Absorption Coefficients of the Ki.kmknts for X - 
(Molybdenum Ka Line) 



T 

A 

W 


Rkkickkncics: 

“ !?• Rliys. Ri‘v, 20, noo (loj.*) 

s K. A. Wint'unlh, Zcils. f. JMiys. H, .jn.j (i 


tJ). 
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TABLE VI-3 

Mass, Atomic and Electronic Absorption Coefpicients of the Elements for 
y Rays from Radium C, Filtered through i Cm. of Lead 


(X = .017A approx.) 


Element 

Alimucl 

OFF 

ihn 

Ishino 

X 10®® 

X 10'-“^ 

I II 

.117 


.... 

.0195 

I.9S 

6 C 

■° 5 W 

.... 

.... 

.118 

1.97 

H 0 

.0591 


.... 

,156 

1-95 

yi Mg 


.0566 


.227 

1.88 

ri Al 

•0575 

•OS 59 

.0659 

.256 

1.97 

16 s 

, osyi ) 

.... 


•.hb 

1.98 

2 () Ec 

•057s 

.... 

.0632 

. 52 f; 

2 . 03 

•28 Ni 

.0589 

.... 


•570 

2.04 

li ) Cu 

.0570 



.598 

2.06 

30 /n 

.0569 

.0567 


.613 

2.04 

47 As 

•°557 



.990 

2. 1 1 

5fj Sti 

•0557 

.0545 


1 .06 

2. 13 

78 Ft 

.0680 

.... 



2.76 

8(j I Ig 

. 0702 



2.29 

2.87 

82 FI) 

.of)8i 


.0717 

2.29 

2.76 

83 Hi 

.0705 




2.89 

lyn 'I’ll 

.0810 





3 41 

tyl V 

.0826 

.... 


3.21 

. 1-49 


Kkkku 


N Afiiuii'l. Pfiir. Unv. 105, (|CJJ.|); log, jo/> (igj.s) 

IC A Owen. N. I''lcminK, VV. IC. Pan*'. I’lia'. IMiys. S'»'. I/otuI 
M h.liiiiM. IMiil. Man. .i.L i.p* (tot/). 


'riir value-, (luiitc-ij Irmo I'.lunu':; \vuil< an 
.M ill I ri 10K , 


‘inilfiti .U», 

'tr<l fur a iilintil. crnir in (‘alinialinn lln* 

il I ri 1MK , 

■J‘lif viiliH-. n| Mini /!,. arc l iili iiliilcil friJin Almiail'j; vjiliii-: ‘'f c.M rpI in (lie ciisi* of Mn, 
Wllll ll (J /•' /■' 'a VJlIllC IS IlSl'il. 


'rAnij-: vi 4 

AnsOKfriON Coi-.I'KKMKNI'.S FOR SuAI-lKUKI) ')-RaVS 


Ivlr- 

iMcnt 

Al 
•2fi lA- 
.Sn 
H:. I*l> 


■--'.(A 


r.ijyA 

. < >7 

()23A 

fi 

...4.A 

■'' 57 -'' 

• 3 '^Xuj» 

023 A 

1 

.041 A 

1 



/ 

oK 



■ 74 





. j8 



/ *r 

3.1; 



.11 

.21 


3 7 

7 '^ 

n 

4.6 

8 «; 


.nijyA 

•2 4X 
2.H 

f). I 

21 


Rfi-kwi-ni K: a. II. (’iJinpleiii, IMiil. Man. -li, 7P'> with wuvii4lmimI lis c-a|iiilaleil 

fnnii iMinjiUon (g.o.j). us!iimuiu[ Ao 
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■I’AHI.K 


Mean Values of the Mass Absorption Couffioiiints 



Ele- 








— ... 

-- 


W.WI* 11, M. Ill 

ment 







““ ^ 

- — 







.017 

.057 

.080 

. 100 

.125 

.ISO 

.175 

. am) 

• 250 

.301) 



I H 

.020 






.07 

.07 

. 065 



3 Li 






.07 

.071 

■ "73 

• 1 ; 

6 C 

7 N 

, II8 


.277 

.289 

.301 

.317 

.331 

.337 

. 36 fi 

. 19 V 
. 39 ' 

. 2 1 'i 
.4 28 

, irt 

8 0 

12 Mu 

.156 
. 227 




.385 

.377 

.430 

.702 

. 9()0 

1.43 

5. 27 

. 395 
.4 . <59 

.400 

.. 1«3 

• •IP 
. 5.19 

..SIK 

.634 

. SHo 

Ji.i2 

13 A1 
16 S 

26 Pe 

27 Co 

. 256 
.318 
.529 

.30 

.74 

. 640 
.80 
2. 14 

.730 

I . 01 

a . 44 

. 795 
1.08 

3.68 

.811 
1 . 03 

1.75 

7.28 

• 93 1 

I . 20 

a . 2 j 

9.77 

1.25 

1 . 65 

3 . 33 
17.8 

1.7.! 

2 . 30 

.( .92 

29 . 3 

2 . 16 

3 3 V 

6 ijH 

•I'i •. 

1 -.1 

1 O.'l 
" 

(, t , 1 

28 Ni 

29 Cu 

• 570 
■ 598 

.613 


2. 54 
2.76 

3 . 34 

3.19 

3.38 

4,1 

4.60 
5 . 12 

5 . 84 
6.58 
8.06 

8.17 

9 . 68 

II .4 
13.6 

20 . 6 

2.1 . 2 

34.3 

39 , V 

61 1 j j 


30 Zn 


1 1.5 

13.8 

44.8 

16.0 

28.8 

. 16.9 

V 2 ■. 

1 iiri 

42 Mo 



o.s 

9.9 

19. i 

63 . 7 

.M.o 

9 


1 2 , 

46 Pd 





21.4 

31.0 

117 

201 

.{0 2 j 

|J \ 

47 Ag 
SO Sn 

74 W 

.090 

t.o6 

3-5 

12.8 

iS.o 

7 1 

20. 1 

22.2 

29.7 

38.3 

T A P 

46.8 

57. 5 

66 . 9 

83 . 5 

102 

121 

198 

-*32 

3.!0 

l«l , 

riM 1 

78 Pt 

79 Au 

82 Pb 

83 Bi 

a. IS 


79 

78 

8S 

84 

103 

ir8 

118 

105 

184 

246 

88,5 

97 . 0 

170 

261 

iO.S 

■MS ! 

fill t 


138 

97 . 9 

139 

-236 

37 '» 

VS*2 

2.20 

2.39 

3.07 

17 

175 

117 

10 1 

139 

2 . 19 


) 


120 

T ■jn 

148 

131 

68 

84 

lOI 

I 5 « 

289 

175 

MO 


90 Th 



124 

176 

}21 




T r p ^ 


los 






K Limit 

ISI 

216 

176 


j 


— 



— 

— 

1 1 






186 


X-RAYS AND ELECTRONS 

In Table VI-i I have interpolated between the values given 
in the original papers to obtain the values for the wavc-lengt is 
desired. 

8 1. Critical Absorption Wave-lengths 

The most prominent characteristics of the absorption co- 
efficients as functions of the wave-length and the atomic num 
ber are shown in Figs. 86 and 87. In Fig. 86 is shown the man 
ner in which a given element, in this case platinum, alisorbs 
radiation of different wave-lengths. In general the absorjition 
coefficient increases rapidly with an increase of wave-length. 
There exist, however, certain critical regions in which for a 
slightly increased wave-length there is a sudden decrease in 
absorption. The wave-lengths at which such sudden changes 
occur are known as the critical absorption wave-lengths. 1 1 is 
found that if the wave-length of the radiation is shorter tlian 
the shortest of these critical wave-lengths, the complete X -ray 
spectrum of the absorbing element is excited, including the 
characteristic K radiation.^ A slightly longer wave will excite 
only the characteristic fluorescent L, M, etc., radiations, but 
not that of the K type. Similarly there are three critical ab- 
sorption wave-lengths associated with the L series, at each of 
which a separate portion of the emission spectrum of the L 
series disappears, until at wave-lengths longer than 1.07 .A no 
fluorescent L radiation is excited. Experiment shows - that t he 
critical absorption wave-length associated with any X rav 
spectral series is very slightly shorter than the shortest emission 
wave-length of the series. Thus any element is especially tran.s 
parent to its own characteristic radiation. 

Figure 87 shows the absorption per atom of X-rays of wa\-e 
length i.ooA in the different elements. 'I'he rapid increase of 
the absorption with the atomic number is prominent. Hut 
here again there exist the critical points at which sudden ile 
creases in the absorption occur. Thus arsenic, of atomic mini 

^ C. G. Barkla, Phil. Mag. 22, (lyi i). 

2 D. L. Webster, Phys. Rev. 7, 599 (iyi6). 
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33j absorbs this wave-length much more strongly than does 
selenium, of number 34, corresponding to the fiict that rays of 
lA wave-length will excite the characteristic K radiation of 
arsenic but not of selenium. Similarly there exist critical 
atomic numbers for the L series in the neighborhood of plat 
inum (Z = y 8 ). 

Critical absorption wave-lengths have been observed cor. 
responding not only to the K and L series of the absorber l)Ut to 
its Af series as well in the case of the very heavy elements. 

Some discussion has arisen with regard to the existence of !i 
critical absorption of a shorter wave-length than the A' rtidia • 
tion, which could be ascribed to a possible / radiation. Several 
experimenters, including Barlcla and White,^ Williams,- Oweti •' 
and Dauvillieri^ have obtained evidence which they have taken 
to indicate the existence of such critical wave-lengths; and 
Laub s and Crowther ® have observed penetrating secondary 
radiation which they have attributed to this source. 'I’liis 
secondary radiation, however, has no definite wave-length 
characteristic of the radiating element, and is exidicable its 
scattered radiation whose wave-length has been changed as 
described above (p. HI, 15). Furthermore the agreement 
is not good between the values given by different ob.servcrs for 
their critical / wave-lengths. The careful measurements of 
Richtmyer and Grant ^ and those quoted in Table VI i have 

lengths. And finally an examination of the radiation from an 
X-ray tube with an aluminium target led Duane and Shimizu 

conclude that aluminium has no characteristic lines in its 

ncoTthar'™"" the wave-lengths X = ..S >o. /and 

1.259^ that amount to as much as 2 per cent of the general 

■ Barkla and White, Phil. Mag. 34. 170 (k;.;). 

Williams, Proc. Roy. Soc. 94, 567 (jy.s). 

, n ttoy. Soc., 94, 3,19 (<9.8). 

Dauvi her, Ann. de Phys. 14, 4^ (uj 2 o). 

J. Laub, Ann. der Phys. 46, 785 (lyi 5). 

J. A Crowther, Phil. Mag. 42, yiy (,yj,). 

Richtmyer and Grant, Phys. Rev. 15. 547 (lyio). 

Duane and Shimizu, Phys. Rev. 13, (lyiy); 14, ^Hy (ly.y) 
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radiation in the neighborhood.” The evidence is thus strongly 
against the existence of a characteristic J radiation.' 

82. Table of Critical Absorptmi Wave-lengths 

'fhc wave-lengths of the critical absorption limits for differ- 
ent elements are given in the following table. I he values in 
italics arc direct determinations from X-ray absorption spectra. 
Other values are calculated, some from the wave-lengths of the 
spectrum lines (see p. 330), some from critical potentials for 
exciting soft X-rays, some from ultraviolet spectra, and a few 
are interpolated. 

83. Rmpirical Absorption Formulas 

An empirical absorption formula which has been found to 
express fairly satisfactorily the absorption by all elements of 
atomic number greater than 5 for wave-lengths between o.i 
and 1.4// - is 

M,. = + .8Z,r„.' (b-04) 

« In rfi’cnt i»:ii>crs (Phil. Mag. i‘r25). Harkla himself ahaiulons the view that 
iliLM'e exists a Hiiore.seont ./ radiation similai* to the characteHsiic K aiul A iiuliations. 
lie eonti niies^ however, to find abnornialitie.s in the ahs(»rpiion of soft the 

nature of vvhieli i.s a saddcH tieerease in ifitensity after the rays have travel sed .i tei tiiin 
thickness of the ahsoi’hing screen. This effect is especially prominent when scatteied 
\ rays arc used, l)ul is not always found to I)e pre.sent. Harkla ascrihes it to a trans- 
loimaiion of the \ rays as they travtrrse the matter, calling the phenomenon a 
tr.nisformation.’' His results seem to lind no explanation on the basis ol javsent 
iheories ol radiation, and an exienth'd discussioti of tlu'in would he premature, 

‘•■'I'his is eipiivaleni to a similar formula u.sed hy Kicljtmyer. (!'. K. Kichtmyer, 
IMiys. Hev. iH, i { (in-i); h'. K. Kichtmyer and K. VV. Warlmrton, Phys. Kev. 22, 

<: use of the factors/* and A' that I fitid are hy Hragg and Peirce 

(Phil. M.ig. 28, ini.|) and hy Duane aiul Hunt (Phys. Rev. 6, h;iO rcsj'ec- 
lively, 'rile term /»<►, representing the .scattering, was employed hy Harkla and 
('.,llicr (Phil. Mag. 29, vM, “H*); ^ ( A. W. 1 lull and M. Kice, INiys. 

Kcv.8,sg. (I.;t0)). Hewlett, (C. VV, Hewlett, Phys, Rev. 17, (t.y2i)),and Kicht- 
myer, loc cit., have fomul a term etpiivalent to .8 /^r« to he more satisfactory, espe^ 
.ially at very short wave lengths with the lighter elements, h'or the heavier elements 
i j,roporlional to /•’ .seems to represent the .scattering hetfer than one propor- 

:i(,nal to /, due douhtle.ss to the cooperation in scattering hy t he electrons grouped 
n the atom as de.scrihed in Chapter II. (docktr (Phy.s. /eit. 19, f)f), ami 

Mien (I*hy.‘'. Rev.: 27, 266, nyih) fiml that somewhat hetter agreement may be 
ihtained if .slightly different values of the exiionents of / ami A are uticd. 
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Here X is the wave-length of the X-rays cniployeil, ‘A is tlu- 
atomic number of the absorbetj K is a universal ciinslant having 
the value 2.24X10-2 for wave-lengths shorter than the eritival 
K absorption wave-length, if \ is expressed in centimeters, and 
a value .33X10-2 when X is between the critical K ami 1 . 
absorption wave-lengths. The quantity un is given by the 
expression (^. eq. 2. 16), 


(To = 


Sir (f^ 

3 7»2f‘t 




and has the value 6.63 X 10-2® cm.2 It reprc.scnts the total 
energy scattered by a single electron, when struck by a beam 
of unit intensity, as calculated on the chussical electron theory. 

The extent of the agreement of this expression (f» .o.|.) with 
the experimental values for the repre.sentative elements, carbon, 
aluminium, iron, silver and lead, is exhibited for wave lengths 
between o.i and i.oA in Fig. 88. The logarithms of the atomic 
absorption coefficients are plotted against the logarithms of the 
wave-lengths. It is remarkable that a formula with but 
arbitrary constants is able to express so accurately the absorp 
tion by some 80 elements of radiation over .so wide a range of 
wave-lengths. It would suggest that 'the relation is of some 
physical significance. Nevertheless, the formula is imsatisfae 
tory for extrapolation to shorter wave-lengths, since the mini 
mum absorption that it can give, 0.8 Xir,,, corresjionds to a 
mass absorption coefficient of about .16. 'J’his is not in agree- 
ment with the mass absorption coefficient about .of) observed 
for all elements when hard 7-rays are employed. 


84. Oweri s Law 


It IS natural to associate the quantities t and of equation 
(6.01) with the quantities A'Z'X® and res])ectively of 

equation (6.04).! In view of the manner in which the constant 


This Klentification is not quite justifial. lA.r as we have svvn in fham.-t 1 1 .In- 
scattering .s not strictly imiejienclent of the wave-length, ami we shall see la,.-.- (fi.a,.. 

aTsorfoVn vlT ° ^ represents a lorn, of hue al.M.,i„ion 

associated with the scattering process. 
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K has been defined, it will be seen that a more complete expres- 
sion of the first identity would be 

< Xz. + . . . (6.06) 



'I’lie first term of this series is to be counted, us the subscript 
indicates, only for wave-lengths less than the critical K absorp- 
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tion wave-length of the element whose atomic nujnhcr is /, uiul 
similarly for theiother terms. The constant Kk ha.s the value, 
according to Richtmyer and Warburton, of (2.14 -- X 
10-2 = i.pi X io~2. An expression equivalent to this was first 
given by E. A. Owen in 1918,' and it reprcsicnts a more accurate 
statement of the absorption law which he first proposetl in 
1912.2 I shall accordingly refer to it hereafter as Owen's Itiw. 

The first term of equation (6.06) seems to repre.sent the 
absorption by the electrons in the K shell of the afotn, the 
second term by those in the L shell, etc. If this is the ease, we 
may write for the absorption by the K electrons in the at<mi, 

remembering that Kk = 1.91 X 10-2 for wave-lengths less 
than Xjc, and o for wave-lengths greater than X^-. Also 

'i'l — KjJi^AX'^, (/t.oX) 

where Kl = .25 X 10-2, and similarly for the ab.sorption by 
the outer shells. 


85. Absorption Due to Scattering 
_The empirical expression, 

corresponding to the second of these identities, is not in agree- 
ment with the value 

®’o “ y^lSoy (t) . I I 1 ) 

which would be anticipated from equation (2-16) for a chance 
distribution of the electrons within the atom. If we should 
calculate the atomic scattering coefficient from some such 
formula as (2.31), taking into account the cooperation of the 
electrons within the atom, we should get a result even greater 
than that given in equation (6.10), and therefore differing still 
rnore from the experimental value. 'This difficulty is obviously 
the same as that described above (p. 56, rt jvvy.), where we 
■ E. A. Owen, Proc. Roy. Soc. 94, 522 (iyi8). 
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noticed that for short wave-lengths the experimental values of 
the scattering coefficient fell distinctly below those predicted by 
the theory. For it is only for the very short wave-lengths that 
the scattering accounts for any considerable part of the total 
absorption, so it is for these wave-lengths that the term .SZo-a 
of equation (6.04) is experimentally found. It is very probable 
that for the heavier elements and for longer waves the scattering 
coefficient becomes much greater than Z a-o, as formula (2.31) 
would suggest.^ The true absorption is so great under these 
conditions, however, that the scattered energy is very difficult 
to estimate. 

'The absorption experiments thus support the conclusion at 
which we had prcvioiusly arrived, that the electromagnetic 
theory predicts too great a scattering coefficient for short wave- 
lengths. 'J'hey supply us, however, with little information con- 
cerning the scattering coefficient for wave-lengths greater than 
0.3A. 


KMCCTROlWAONK'nC 'I'HIiORY OI’’ TRUE AUSORl’TJON 

S6. /V//.rt’ Theory 

An ecpiation identical in form with cx]iression (6.06) has 
l)een derived theoretically hy the author,- making use of J. J. 
'I'honison’s ohi hypothesis of X-ray pulses.'* .Such a .solution of 
the problem is unsalisfaetory, siiiee the basic hypothesis of X- 
ravs I'onsisting ol sliort |)ulses is inconsistent with the fact that 
X-ray siH-ctrum lines are very sharp {cj. snpra^ p. II, 14). liut 
the fact tlial t he ( )wen’s empirieal formula can thus he ilerived 
suggests strongly that the law may he of real physieal signifi- 
eanee. It will therefore he valuable to consider this view of the 
mechanism of absorption. 

'I'homson postulates a ])ulse consisting of an electric inten.s- 
ity through a distance^/, followed hy an intensity — for a 
distance c/, after which the held due to the pul.se vanishes. If 

' Cr, t'.ij., S. |. M. Allen, IMivh. Rev. 241, (i<;24) . 

•’ A. 1 1 . ComjMoM, I^liy.s. Rev. 14, 24<; (nyh;). 

J. |. 'I'homson, “Coiulueiion of I'llcetricily ihroiigh (ra.ses,” - 2(1 Ktl., j)p. 326-8. 
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the time required for the pulse to pass is short compared with 
the natural period of an electron which it traverses, the acceler- 
ation of the electron during the first half of the pulse is Kef m, 

F € d 

its velocity at the end of the first half is -L X where c is the 
^ me 

velocity of light, and the distance through which the particle 

I Ei 6 /d\^ 

is displaced is ~~\z) • During the second half of the pulse 

the acceleration is — Eejm, and when the pulse has passed the 
velocity of the electron is again reduced from Kedtmc to zero, 
though it has continued to move until its displacement is 


X = Eed^f mc^. (fi . • • ) 


If F is the restoring force on the electron when displacetl a 
distance x from its equilibrium position, the work done in tlis- 
placing the electron a distance x is 


JV = 



— Fdx. 


( 6 . 12 ) 


But if Vo is the frequency of the free vibrations of the electron 
about its equilibrium position, the restoring force is 

F = — i^T^mv^'X, 


or in terms of natural wave-length instead of natural frcciucncy, 

= - 47r2OTcV>‘o“. (b.ij) 

Substituting in equation (6.12) this value of ^ and the value 
ofx from expression (6. 1 1), we obtain for the work done on t he 
electron, 






(h. 14) 


The energy per unit area of the pulse is, however 



where E is the electric and H the magnetic intensity of llie 
pulse, since E = H. Dividing (6. 14) by (6.15) we find for the 
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fraction of the energy per unit area of such a pulse which is 
absorbed by a single electron. 




(6.16) 


'I'he absorption by the Nk electrons in 
cordingly be 

_ 47r^<?V»iV;c 


the K shell should ac- 


(6.17) 


the natural wave-length of the electrons being Xa-. This expres- 
sion is equivalent to that obtained by Thomson. 

In order to associate this result with Owen’s experimental 
law, we note that the thickness 2d of the pulse corresponds 
closely to a complete wave-length X of the incident rays. 
Moreover, according to Moseley’s law (eq. i .04), if we identify 
the natural frequency of the absorbing electrons with their 
critical absorption frequency, we have for the corresponding 
wave-lengths, i/Xa = Ca-Z“ approximately. According to the 
simplest form of Bohr’s theory, = 'Xr-c'mlnK^cIt^^ where h 
is I^lanck’s constant and »a- is the quantum number of the K 
shell. Sid)stitviting these values fore/ ami X^ in cejuation (b. 17) 
we obtain, 

ta- = avz'v>, 

where 


' WA'r'//'' ’ 




Making (he usual assumptions that the number of electrons in 
the K level is Jind that the quantum number is 

Vk = I, we get Kk = 10.4 X 10 -. 'I'his differs only by a 
factor of 5.4 from the experimental value = i.yi X 10 -. 

It we attempt in a similar manner to calculate the absorp- 
tion of a long train of waves, the result is an expression of an 
entirely different form and in much less satisfactory agreement 
with experiment. Equation (6. 19) is thus dependent upon the 
assumption that the X-rays consist of pulses which are short 
compared with the natural wave-length of the absorbing elec- 
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trons. Since Owen’s law holds for the absorption of X ray 
spectrum lines, which are known to come in long trains ot 
waves, the present theory is unsatisfactory. Nevertheless, the 
fact that the theoretical equation (6.19) is of just the right 
form, and the fact that the constant of proportionality A a is ot 
right order of magnitude, cannot be mere accident, 'rhougli 
this agreement does not justify the theory which we have de - 
veloped, it gives some confidence that Owen’s law is ot real 
physical significance. 

87. Absorption of Long Trains of Waves 

We noted above that there is no difference in the fraction 
of the energy absorbed from an X-ray by a given screen before 
and after reflection from a crystal. After reflection from a 
crystal, however, even a short pulse is spread out into a long 
train of waves, and similarly the length of any X-ray wave 
train will be increased by the reflection proce.ss. 'I’liis experi 
ment therefore indicates that the length of the train of waves 
has little if any effect upon the fraction of the energy of the 
train which is absorbed on passage through matter. 'I'o simplify 
the problem, we shall therefore suppose that the wave trains 
are of infinite length, that is, that they are undamped. In 
order that the energy shall be removed from such a wave 
train, we must suppose that it excites forced oscillations of the 
electrons which it traverses, and that these oscillations are in 
some manner damped. The work done in moving the electrons 
against the damping forces will then constitute (he energy 
absorbed from the wave train. 

The amount of energy thus absorbed can he estimated in 
the following manner. Let us suppose that at any particular 
absorbing electron the electric vector of the primary wa\'i- 
train is in the direction of the X-axis, and is expressed by 
.-^cos (pZ-f 5), where p = 2tc/X and 5 is the phase .at the 
time t = o. We shall suppose that the damping is pniduceil 

by a viscous force whose magnitude is - m being the 
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mass of the electron and r being an arbitrary ^constant. We 
shall assume also that the electron is subject to 
force — q^mx. Its equation of motion is then, 


dt'^ ^^~di ~ ( 6 . 2 i ) 


l"hc solution of this equation for the case where the wave 
started at a time / = ~co , so that the system is in a steady 
state of oscillation, is: 



X = — y/i cos (pt + 5i). 


(6.22) 

Here 

A = /(d 

r'^] 

Vi 



mp-/ 1 \ 

3 


and 

5i = 5 T tan ' ^ ■ 

l^/fi 

\p/ \ p'\ 

)}■ 



'[’he energy dissipated in the time dt against the frictional 

. dx . 

roree — rm- , is 
dt 

dx dx , 


;iml iIk’ loial work done on the electron us one wave traverses 
it is, 



Tile energy of this one wave ]K*r scjuare eentinieter jier second 
of the wave front is, however, 



where A’ is the electric intensity of the wave at any instant, 
which is e([ual to the magnetic hi tensity //. The fraction of the 
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energy which is incident on unit area that is absorbed by the 
electron is hence. 


Tfl — 



1 

) 

ldx\ 

2 

1 dt 

c 

47 r^ 

I EHt 

/o 




Using for x the value given in equation (6.2a) we find, 

i (1)'*-'^*' 

and using for E its value A cos (/>/ + S) wc obtain 

r ir/p 

EHt = 

Thus by (6.23) the absorption coefficient per electron becomes 

^ -2%\ 

or substituting the value of A\ given in expression (6.22), 


mcp 


r2\2 


t pi) pi 




In order to put this result in a more useful form, let us 
evaluate the quantity 

r_i _ dp 

Jo , 


-iLY + i! 

PV 


To do this, we assume that the damping constant r is small 
compared with the frequency terms q and/). 'I'his will be true 
unless the damping approaches its critical value, 'riie term 

rVp^ is then small compared with except when /> 

IS nearly equal to q. Thus for the narrow region of fretniencies 
for which the term r'^/p^ is significant, it may be replaced by 
the constant term r^/q\ Making this substitution, the expre.s' 
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sion may be integrated, giving the value k j cf — 
F'rom equation (6.24), therefore, 





mcs/ <f — rV4 

But y/ (f — r^/4 = Sttc/Xo, where Xo is the wave-length of the 
radiation emitted by the natural vibration of the electron. 
In terms of the wave-length our expression therefore becomes, 
since dp/p = — </X/X, 



In virtue of our assumption that r is small, the absorption is 
practically confined to a narrow range of wave-lengths SX. So 
without introducing any appreciable error we may replace the 
limits of integration o and 00 by Xo — J 5 X and Xo + iSX, 
respectively, where Xo is the wave-length of maximum reso- 
nance. But over this narrow range, Xo is nearly equal to X, so 
to a close approximation we may write, 


i: 


■Xo I -isx 




Xo i 




me- 




Wc shall now introduce the hypothesis that the K absorp- 
tion band is due to the* ])rcsen(:e of electrons whose resonance 
wave-lengtlis may lie anywhere between o and Xy^, where X/c is 
the critical K absorjuion wave-length. If there is a number 
N K such electrons per atom resjMinsible for the K absorption 
band, it follows from ecpiation (b.25) that 


X 


Xa- I i«X 


X“ ?nc^ 


(6.26) 


where as before tk is the atomic absorjition coefficient due to the 
K electrons. Experiment shows that the critical absorption 
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limit is very sharp, which means that 5 X is very small com- 
pared with 'Sx- According to the present view of al)sor]>tion, 
this means that the damping coefficient r is very small com - 
pared with the angular frequency p, as we have assumed. 
Thus equation (6 . 26) becomes 



irer^ 


me 




The number of electrons per atom responsible for the K absorp 
tion band is consequently 


Nx 



Aa' 


Is. 


d'K. 


(f). 27 ,) 


A result equivalent to this has been obtainetl by R. A. 
Houstoun,^ who finds on evaluating the integral from esperi 
mental data that Nk is of the order of unity. Using the ilaia 
collected in Tables VI-6 and VI-7 I find by graphical integra- 
tion that this equation gives in the case of Zn, Nk ~ i-.j. elec- 
trons per atom, and for Pt, Ni, = 4.3 electrons jicr atom. 'I'bese 
results, though of the correct order of magnitude, are not in 
sufficiently good accord with the accepted numbers 2 aiul S to 
inspire confidence in the reliability of this expression. 

If we assume as an experimental datum that the absorptiim 
is proportional to the cube of the wave-length, thal is, ru 

we may substitute this value of t/c in ecpialion (O.iy), 
and on integrating obtain. 


whence 


Nk 


27rt’“ 


A-> 


(t>. 27,/) 


„ _ 1tNk(‘“ 

^ K — — “ * 

K'-mc- 




Thus^the part of the true atomic absorpiion coi-dii inii due 1.) 
the K electrons is, 

27rC“ ^ ,, Nk 


’■-A = .,X-* 

me- 


»R. A. Houstoun, Proc. Roy. Sue. l':.liiilniii.h, 40, jj 
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Introducing similar terms representing the L, M, etc., absorp- 
tion, we obtain the absorption law: 


7nc^ I 




) +(?t) +•••)■ 


(6.30) 


In view of Moseley’s approximate relation, oc i/X/cj this 
is approximately equivalent to Owen’s law, but now the formula 
involves only i arbitrary constant, the exponent of X. If in 
equation (6.17) /'/•'* is replaced by XV8, it will be seen that 
equation (6.29) differs from the corresponding expression 
based on Thomson’s pulse theory only by the numerical factor 


SK, Experimental Tests 

A numerical calculation from equation (6.29) in the case of 
copper, using /Vk = 2 and Xk = 1.38 X cm., gives tk = 
2.3 X 10 for X = .5//, whereas the experimental value is 

1.7 X 10 Kor the same wave-length absorbed in platinum, 
using N/, = 8 and = i.oX io"'** cm., this equation gives 

1.8 X 10 for T/,, whereas the experimental value is t.i X 
10 'I'liough these differences are too great to ascribe to 
experimental error, one cannot believe that the approximate 
agreement is wholly accidental. 

According to both expre.ssions (f).3o) and (6. 17), the ab.sorp- 
tion of a delinite wave-length in different elements should vary 
inversely as Xa-, which is only approximately proportional to 
1//'. It is therefore important to .see which of the.se two rela- 
tions is experimentally the more preci.se. In 'Fable VI 8 1 have 
collected typical data from Tables VI band VI 7 to make the 
test for the two wave-lengths 0.2 and oM.I. it will be .seen that 
the values of t„/Z' remain more nearly constant than does 
t„Xa“, and are perhajis constant within experimental error. 'Fhus 
Owen’s empirical form of the ab.sorption law, as cxpre.ssed by 
equation (b.ob), is more precise than an equation of the form 
(ti.qo) which results from the electromagnetic theory. 

We shall .see later (Chapter XII) that on the ba.sis of the 
(piantum theory Kramers has derivetl an approximate expres- 
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sion for the true absorption, according to which t„ is proportional 
to rather than to l/Xjc®. 

Thus here again, though the electron theory as hascil upon 
the usual electrodynamics helps us in interpreting the absorp- 
tion of X-rays, it fails to give a strictly accurate account of the 
phenomenon. From the fact that the absorbed energy is spent 
in exciting jS rays, which so far as we arc aware is a strictly 
quantum phenomenon, the surprising thing is not tluit the 
classical theory fails to .describe the process accurately. 'I’he 
wonder is that the calculations on this basis agree at all with 
the experiments. 


TABLE VI-8 


Ele- 

ment 


For X = 0.2/^ 

For X - U.6 

Ta 

(Xl0“) 

Ta / Z * 

(Xio»“) 

(XIO”) 

(Xio»») 

(Xlo”) 

6 C 

49*3 

0.017 

I -31 

4-13 

0.419 

3 ^3 

13 A 1 

7-95 

0.51 

1.78 

3.22 

>3 3 

4 ,b(; 

26 Fe 

1-738 

8.39 

1. 83' 

2.53 

213 

4 . 6 <; 

30 Zn 

1.296 

17-5 

2.16 

2.95 

399 

4 9.1 

42 Mo 

.618 

61.5 

1.97 

2-35 

1287 

4^3 

50 Sn 

.424 

120. 

1 .92 

2.05 




Nl = 2.953 


42a 

.67 

74 W 

1.119 

93-3 

•31 

11.7 

*97 .‘I 

.bi; 

82 Pb 

.865 

154. 

-34 

n.S 


.bH 


(X lo”) 


I l.< 

.H 4 

•'■V 

r.A/,'' 

,1 

■1 .,•/ 
J .)J 



CHAPTER VII 


The Refraction of X-Rays 
89. Introduction 

According to the usual electron theory of dispersion, as de- 
veloped originally by Drude 1 and Lorentz,^ if the frequency»' 
of the radiation transmitted by a substance is high compared 
with the natural frequency of the electrons in the substance, its 
index of refraction [>. is approximately 

11 = 1 — ne^lium^, (7-o0 

where n is the number of electrons per unit volume, and e and 
7 n have their usual significance. This represents an idex of re- 
fraction less than unity. Calculating n for glass of density a. 52, 
and using a wave-length of 1.279A, equation (7 0:) predicts 
an index of refraction of i — (5.2 X which agrees within 

experimental error with the experimental value i — (4.2 X 
10 “)i describeil in Chapter I. 

'I’his agreement between the calculated and the experimental 
values ]u-esents several points of interest. In the first place, it 
shows tliat in the region of X-ray frequencies we are able to get 
a ipiantitative test of the usual electron theory of dispersion, 
which is very difficult in the region of optical frequencies be- 
cause of the unknown natural frecpiencies of the electrons com- 
posing the refracting medium. In the second place, by a com- 
parison between the experimental and the theoretical values of 
the refractive index, equation (7.01) affords a means of measur- 
ing the number n of the mobile electrons per unit volume, and 
hence also the number per atom. This calculation is more 

^ Drude, “'riicory of Oj^tics,” triinshitctl by Mann and Millikan, p. 388. 

M I. A. Lorent/, “The 'I’lieory of bdectrons/' id Kil., p, 149. 
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reliable than that from the scattering of X-rays, since it is 
independent of the grouping of the electrons. And third, the 
existence of an index of refraction less than unity, implying as 
it does a wave motion with a velocity greater than that of light , 
presents an interesting problem. Of course refractive indices 
less than unity are found also in the optical region, as for 
example in the case of metals. But the calculation for the X ■ 
ray frequencies is more significant, becaiuse our knowleilge of 
the number and relative natural frequency of the electrons 
effective in the refracting medium is more comjdete. It will 
therefore be of value to consider in some detail the theory <if 
X-ray refraction. 


90. Calculation of the Refractive Index 


We shall base our calculation upon the fact that the 
index of refraction is equal to the ratio of the velocity of the 
wave in a vacuum to its velocity in the refracting medium, i.c., 
, that, 

c/m. (7."'.) 

It is well known that Maxwell’s equations of the eicctromag 
netic field, when applied to a medium of permeability [> and 
dielectric constant i’j lead to a velocity of wave propagation, 


c/Vpk. 




Here c, the ratio of the electromagnetic to the eleclrosiaiic 
unit of charge, is also the velocity of light in a vai imm, siiuc 
in a vacuum p and k are by definition unity. When this vahn- 
of i; is substituted in equation (7.02), we obtain for iln- ,rfr;u 
tive index, 

M = ‘s/ pk. 

For the media with which we shall deal, however, especially at 
the very high frequencies considered,^) is very nearly unit v, s.. 
we may write, 

17-' 4) 
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By the dielectric constant of a substance we mean the factor 
by which the capacity of a condenser is increased when the 
space between its conducting surfaces is filled with the sub- 
stance. Thus, if the capacity of a parallel plate condenser with 
nothing between the plates is AJ/yird, where A is the area of 
cither plate and d is the distance between them, its capacity 
when the space is filled with a dielectric is kAj/^ird, k being the 
tlielectric constant. When a potential V is applied across the 
condenser, the electric intensity between the plates is £ = Vjd^ 
and the charge per unit area is 


and 


A 47rd 4 t 

E = ^ira'Jk. 


(7-05) 

(7.06) 


Now let us suppose that the electric intensity E produces an 
electric polarization in the dielectric such that it possesses an 
electric moment P per unit volume. Thus a unit cube of the 
tlielectric would act electrically as if it possessed a charge of 
H- on one face and a charge of — P on the opposite face, and 
there will be fictitious charges of this magnitude on the surfaces 
of the dielectric next to the conducting plates. If we suppose 
that these fictitious charges are responsible for the dielectric 
properties of (he medium, the electric intensity between the 
]>lates of (he condenser is by Coulomb’s law, 

E = 47 r ((7 — P), 

since (he total charge at either surface is (» — P). Combining 
this with e(pia!ion (5. 1 i) we get 


a 


and on substituting the value of a given in equation (7.05) 

P^-{k- 1). 

47r 


(7-07) 



2o8 


X-RAYS AND ELECTRONS 


A polarization of the medium of this magnitude will fhereforc 
account for its properties as a dielectric. In terms ot the polari- 
zation the dielectric constant is thus given by 

^ = I + 

The polarization of the medium described by ctpiarioii 
(7.07) may result from the displacement of the electrons of 
which the medium is composed by the action of the electric 
field. Suppose there exists a group of n positive and n negative 
electrons in a unit volume which are so distributeil that the 
external effect of their charges is zero. If under the action of 
the electric field the negative electrons are displaccil a distance 
Xy the system becomes equivalent to charges + wc and ~ «<• a 
distance x apart. The resulting polarization of the meiliuni is 
hence 

P = nex. (7 . ot;) 

In the case under consideration, the displaccmenis .v of the 
electrons are the forced oscillations of electrons due to the 
electromagnetic wave which traverses the medium. We slu iweil 
in the last chapter (eq. 6.22), that if the natural fretiuency 
of oscillation of an electron is p„ = y/ur, and if the danijiing 
is negligible, the electron’s displacement Is 

/•/tf cos pi 

Here J cos pi = E, E being the electric intensity of the wave 
traversing the electron, and having the freiiucm y >■ /> .'.n. 

Thus, 

Ee 

* r)' 

It will be seen that the displacement of the electron may be in 
either the same direction or the opposite direction to the applieil 
field, according as the natural frequency of the elecirott is 
greater than or less than the frequency of the impressed field. 

If there are n, electrons per unit volume whose natural fre- 
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quency is kv, the polarization to which they give rise is P, — 
and if there are electrons of N different natural frequen- 
cies, the total polarization is 

N N 

P = ilP. = :^n.ex, 

1 1 




N 


(7.1a) 


47r“W 1 (v/ — ]f^) 

The dielectric constant for the frequency v is thus, by equation 

(7.o«) 


1 + 


/.a N 


wm 1 (v,'-* — »/■■*) 
and from equation (7.04) the refractive index is given by 


(7-13) 


= I -h 




T?Pl 


1 


V-) 


(7- 14) 


Tliis expression is the equivalent of Sellmeier*s dispersion for- 
mula, whicli has been found to account in a fairly satisfactory- 
manner for the optical clisj'iersion of many substances. 

We have assumed in our derivation of equation (7. 14) that 
the force on any electrf)n in the dielectric is equal to /iV, where 
K is externally applied field. It is clear that the force on an 
elcciric charge within a dielectric is not the same as it the di- 
cleciric were not present, because of the displacement of the 
electrons of which the dielectric is C()m|)()sed. 'Khe forces due 
lo I he dielectric have been considered carefully by i.orent'/.* 
Since in the case of fre(|uencies corresponding to X-rays the di- 
electric constant difTers from unity only by about the 

correction due to these forces is however negligible for our 


jiresent purpose. 

In view of the fact that fi is very nearly ei|ual to unity in the 
case of \~rays, eipiation (7, t4) may be written to a very close 
approximation, 




M ^ "T" ' / •! 'J \ ' 


(7- >5) 


MI. A, r .oruni/, '''I’hc 'Chcory of Mlcclrons,” p. 137 (iyi^>). 
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This expression, when summed for the different types of elec- 
trons in the refracting material, should describe to a very close 
approximation the index of refraction of the medium for X - 
rays. For many of the ordinary refracting media, such as glass, 
rock-salt, etc., there presumably exist no electrons whose 
natural frequencies are comparable with the frequency of 
ordinary X-rays, i.e., for all the refracting electrons, v," < < *<". 
In this case (7-15) may be written 

ft I — n^l'XvmjP', (7. If)) 

n 

where « = 2 »j is the total number of mobile electrons per unit 

volume. This is identical with our equation (7.01), which we 
saw was in close agreement with experiment. If it is supposed 
that the natural frequency of the K electrons in the atom is 
equal to the critical K frequency, and similarly for the electrons 
in the other energy levels, calculation shows that the values 
predicted by equation (7-15) tiot differ much from those 
calculated from (7 . 16) except in the immediate neighborhood 
of a critical frequency. 


91. Significance oj a Refractive Index Less than Unity 

It IS a well-known corollary of the special theory of relativity 
that no signal can be transmitted with a velocity greater than 
t at of light in a vacuum. We have seen, however, that the 
index of refraction of most substances (probably every sub- 
stance) for X-rays is less than unity, which according to oui- 

fundamental equation (7.02) means a velocity in the medium 

greater than This result follows directly from equation 
according to which the dielectric constant is less than 
unity for frequencies greater than the natural frequencies of the 
electrons in the medium. It is the fact that in this case the dis- 
placements of the electrons composing the me.dium are oiuiosite 
in direction to the displacing force (eq. 7 . 1 1) which make.! k < i 
and nence v > c, 

^ That the displacements of the electrons should be opposite 
n direction to the force producing the displacement iv at first 
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thought surprising. A mechanical analogy would be the appli- 
cation to a pendulum of a periodic force of frequency greater 
than the natural frequency of the pendulum. If this is done, 
applying the force for example with the fingers, one readily 
verifies the prediction that the displacement is opposite to the 
applied force when v > vu. One notices, however, that the 
first impulse imparted to the pendulum displaces it in the 
direction of the applied force; it is only for later impulses that 
the displacement is in the opposite direction. 

Similarly if we wsolve the diflFerential equation (6.2r) for an 
applied force /leempt beginning at the time / = o instead of 
/ = CO as assumed in equation (6 . aci), we find that the initial 
displacement of the electron is in the direction of the electric 
force. 

This result means that for the first wave in the train, k is 
always greater than i, and hence v < c; but for the subsequent 
waves yt < 1 if j/ > Piu It follows that the wave front neces- 
sarily is propagated through the medium with a velocity less 
than that of light in free space. If the following waves travel 
faster, they must vanish when they reach the front of the wave 
train, 'rhus while the individual waves may have a velocity 
greater than r, the grou]') of waves, being limited by the front 
of the train, always goes with velocity < r. Our result is there- 
fore consistent with the statement that a signal cannot be 
transmitted with a velocity greater than c, 

A familiar exam]de of the distinction between wave velocity 
ami group velocity is that of the waves produced at the bow' 
of a boat moving through the water. In this case one can see 
(he individual waves, which move faster than the train, form at 
the rear of the train, move gradually to the head of the train, 
and then disaiq^ear. 

92. I)cv}ati(}}is from Imv 

Since the index of refraction differs from unity, when X-rays 
enter a crystal the wave front is altered in direction and the 
wav(^ 4 ^Migth is changed. If within the crystal X' is the wave- 
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length and d' is the glancing angle of incidence on the utoinic 
layers, we have, as in equation (1.03), that 

«X' = aDsin 0 '. ( 7 -' 7 ) 


But by definition. 


whence 


n = cos fl/cos 9'i 


sin 0 ' = - sin 5(1 - ^ . „n, 


to the first power of i — Noting also that X/X' -- /n, eiiua- 
tion (7.17) becomes ^ 

«X = aDsin 0(1 - \ n. (7.i<S) 

\ sin- 0/ 


The wave-lengths calculated from this expression differ from 
those given by Bragg’s law (1.03) by about i part in io,(jon. 

If the crystal is composed only of electrons whose natural 
frequencies are considerably less than that of the ineiilent 
X-rays, as is the case for rock-salt and calcitc if X < we 
may use from equation (7.16), 

writing s instead of n as the number of electrons jier unit 
volume to avoid confusion. But to a close a]iproximaiion 
sin 6 = whence 


I - f i _ ise-T)'^ _ b 

sin^ e T^n^mc^ ~ yfi • ' 0 ) 

Thus for a given crystal the correction to Bragg’s law imliealed 
by equation (7.18) can be effected by merely multi])|ying the 
grating space by the factor (i - bjti-), that is 


n\ = 2D sin i - 


n- 


(7 • 


For rock-salt ^ = 9.6 X lo-o, and for calcite h = 1.46 X lo >. 

1 An expression equivalent to this was first given by C. (J. Darwin, fliil. Man. 27 
318 (1914). See also P. Ewald, Phys. Zeits. 21, 6 iy (lyio). 
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In order to determine the 1‘efractive index from such mea- 
surements, it is necessary to determine the apparent wave- 
length in two different orders. It then follows from equation 
(7.18) that 


I 





; sin® 0, 


(7.21) 


where ?yiXi = 27 ) sin Oi, etc., Ot being the observed glancing 
angle for order 7 h. 

We have already noticed (p. 35) how Stenstrom, using a 
vacuum spectrometer, first discovered the refraction of soft 
X-rays by observing differences in the apparent wave-length 
as measured in different orders, and how his resuPts were con- 
firmed in the region of ordinary X-rays by Duane and Patter- 
son and by .Siegbahn. 'Thus as an example, Duane and Patter- 
.son ' found for the Li line of tungsten, 


Xi - X2 = .00015,-/, fit = 1, 0 i = T4°5', 

X2 =1.473 'A 71 - 2 . = 1, 

from which, by (7.21), i — /i = H X io ®«. .Similarly for the 
fii and -yi lines the index of refraction resulting from their ob- 
.servations is conqiared in 'fable VII -1 with that calculated 
from c(iuation (7. 16). 

vii i 
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I - /i (expt.) 

//' /-tv, 

> 47o-^ 

H >: I (j ■ « 

//■ A/fi 

I . -iyy 

10 

//' A-n 

I 

.3 


Results of a similar charaeter, but of higher precision have 
been secured by I Ijalmar.® 

» VV. nuaiic anil K. A. Lai terfion, Plu s. Kcv. i 6 , (n/in). 

« Iljalniar, 'I'lic Spccirost’opy of X-rays, Sipghahii P* 
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93. Use of the Crystal Wedge 

A modification of this method, which has given jirecise 
measurements of X-ray refractive indices, has been introilueed 
by Davisd This method consists in grinding and polishing the 
crystal under examination at such an angle that the ray which 
is reflected in the first order enters the crystal surface at a very 
small grazing angle. The result is that when the X-rays strike 
the crystal at the acute angle the beam is considerably de- 
flected, through almost 3 minutes of arc in one experiment. 



The determinations of the refractive index made by von 
Nardroff® and Hatley® using this method are inchidcil in 
Table VII-2. The values in the third column of this table are 
calculated from equation (7. 15), which in the case of iron py- 
rites and the copper K lines differs measurably from equation 
(7.16). Von Nardroff finds the most satisfactory agreement 
with his experimental values when the calculation is made for 
2 electrons in the K group, assuming that their natural fre- 
quency is that of the K absorption limit. 

Strong evidence that the effective natural frequencies of 
the electrons are identical with the critical absorption fre(|uen- 
cies is afforded by Hjalmar and Siegbahn’s recent observation ' 
of anomalous dispersion of X-rays. They made a careful com- 
parison of the apparent lattice constants of calcite and gypsum 
for different wave-lengths. The measurements are shown 

' B. Diivis .md C. C. H.-itley, Phys. Rev. 23, 2yo (1914). B. Davis and K. v.ni 
Nardroff, Phys. Rev. 23, 291 (1924). 

2 R. von Nardroff, Phys. Rev. 24, 149 (1924). 

3 C. C. Hatley, Phys. Rev. 24, 486 (1924). 

^ E. Hjalmar and M. Siegbahn, Nature, 115, 85 (1925). 
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graphically in Fig. go, where values of Di/Dz = sin ^a/sin di 
are plotted against the wave-lengths. It will be seen that 
there are in the curve two marked discontinuities, which coin- 
cide at least very nearly with the wave-lengths of the absorption 
edges of calcium and sulphur. 



'fhe form of the curve is similar to that anticipated from 
cc]uation (7.15), showing, as the theory predicts, an abrupt 
variation as a natural frequency is passed. 

94. 'Total RvJIccti()}i of X- 7 'ays^ 

Since the index of refraction is less than unity, if the X-rays 
strike a j')olished surface at a sufficiently large angle of incidence 
they should be totally reflected. A descrijnion of this phenom- 
enon has been given in Chajner I (p. 1,40). A series of jdioto- 
grajdis showing this total reflection and the critical angle of 
various substances for Xo.HoHA, very kindly made by Dr. R. 1 .. 
Doan for this illustration, is shown in lug. 91. b'rom the sharp- 
ness of the critical angles shown in this figure, it is evident that 

^ A. 1 1 . Compton, l^iillLMin N:it. Res. Council No. 20, p. (n/ii); Phil. Mag. 45, 
1121 (i<;2,{). H. Davis aiul 1 1 . M. 'rerrill, Nat. Acail. Sci. 8,a57 (i(/22). M.Sicghahn, 
'l ysisk. 'lulskr. 21, 170 Kirkj^atrick, Nature, i 98 (1924). II. R. 

Staiiss, Nature, 114, H8 (i«724). N. Carrara, N. Cimento, i, 107 (1924). 
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a precise determination of refractive index can thus bo made. 
From this photograph. Be, the critical glancing angle, is 10' j'H" 
for X.708A reflected from speculum metal and since from eipia- 
tion (1.12), 

= iy.22) 

we have 

I - ji* = 4.77 X io~«, 

with an error which is probably less than i per cent. 


\.108 from g)a95 
A .VOS' from speculum 
A I, $37 from glass 
A /.STS/ from speculum 

P t 

Fig. 91. 

Combining equations (7.22) and (7. ,16), we fiml that 







(7. :i) 


That IS, since J is nearly proportional to the density, the crii ii-al 
angle is approximately proportional to the wave-leneth and to 
the square root of the density of the reflecting matcHal. 

he specular character of the reflection is illustrated by l he 
reflected ray in Fig. 93, whieh is loially 
eflected from a glass surface. In some total reflection measure' 
ments using a piece of plate glass, however, the reflected l.eain 
was found to be diffuse. Apparently both the sharpness and 
the intensity of the reflected image depends upon having a well 
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polished surface. When such a surface is used, 80 or go per cent 
of the rays incident within the critical angle are reflected. 

95 * l^cjvaction by Means of a Prism 

The earliest attempts to measure the index of refraction of 
X-rays were by passing the rays through prisms. Not only 
Roentgen, but many later experimenters ^ have failed by this 



Pig. 92. 


mctliod to detect any deviation of the rays traversing the 


crystal. Recently, however, Larsson, Siegbahn and Waller ^ 
have succeeded not only in deviat- 


ing an X-ray beam, but also in ob- 
taining a dispersion spectrum of X- 
rays. 'Fhe details of their arrange- 
ment are shown tliagrammatically 
in log. g'2, and one of the result- 
ing ])hot{)gra]dis is shown in I^'ig. 
g 'I'heir success was due to the 
fact rhar their X-rays struck the 
face of the prism at a tine glanc- 
ing angle, just greater than the 
critical angle for the rays which 
arc refracted, whereas most of 



the former experiments had been 
clone with the crystal set for mini- 
mum deviation. 


r'ic. Prism spi’clnini of X-rays. 
(Sii-yJ I.,arss()n and Wallvi*r.) 


• \V. C. Roctiturfii, Ann. d. IMiys. 64, 1 H, Walter, Naturw. Huiuisdian, 

o, Cnniptes Rendus. 122, m/) (iH'/O; 123, 4,} J. C. 

t’liaiitnan, Proe. Cainl), Sck', 16, 574 (tgfi). C. (i. Harkla, Phil. Mag. 31, 257 
(i.p6). I). L. VVehsUT and II. Clark, Phys. Rev. 8, 52H (lyiM. 

« A. l.ars.son, M. .Siegbahn and I. Waller, Naiiirious. 52, 1212 (1924). 
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96 . Table of Refractive Indices for X-rays 

A summary of the determinations of the index of refraction 
for X-rays which have been made by various methods is given 
in the following table: 


TABLE Vll-a 


Indices of Refraction for X-rays 


X 

Substance 

I— iu(th)* 
X io« 

I— M(expt) 

X io» 

Observer 

Methiul 

.52A 

Glass 

•9 

•9 

Compton 

Total reflection 

.631 

Glass 


1.22 =t .15 

L S.&W.t 

Prism 

.631 

Iron pyrites 

2.64 

2.87 zb .20 

von Nnnlroff 

Crystal wedge 

.708 

Glass 

1-73 

1.64 zb .10 

L. S. & W. 

Prism 

.708 

Calcite 

1.84 

2.03 zb .09 

Hatley 

Crystal wedge 

.708 1 

Iron pyrites 

3*31 

3.35 zb .20 

. mNardroff 

Crystsd wcilgc 

.708 

Speculum metal 

4.90 

4 ‘ 77 = 1 = ‘04 

Doan 

Total reflection 

1.279 

Glass 

5-2 

4.2 

Compton 

Total reflection 

1.279 

Silver 

19.8 

21.5 

Compton 

Total reflection 

1.389 

Glass 

6.65 

6.65 ± .05 

L. S,&W. 

Prism 

1'389 

Iron pyrites 

13 ‘53 

i3‘2 ± .4 

von Nardroff 

Crystal wcilge 

I 538 

Glass 

8.14 

8.12 zb .05 

L. S. & W. 

Prism 

1-538 

Iron pyrites 

17.60 

17.6 ±.5 

von Nardroff 

Crystal wedge 

1.750 

Glass 

10.5 

10. 0 zb .4 

L. S.&W. 

Prism 

*•933 

Glass 

12.8 

12.4 zb .4 

L. S.&W. 

Prism 


* The calculation is by eq. (7.16) in every case except for silver iintl iron pyriLoii, for whirli 
eq. 7. IS IS used. * 

The density of the glass is 2.SS. 
t L, S. & W. «Larsson, Siegbahn and Waller. 


97* Significance of the V alues of the Refvactive l 7 idcx 

It is interesting that in no case does the experimental value 
of the index of refraction differ from the theorectical value by 
more than may well be experimental error. This quantitative 
confirmation of the dispersion formula carries with it important 
consequences. In the first place, whatever fiuilts the classical 
wave theory of radiation may have as applied to other problems 
which we have considered, it appears to give reliable results 
when applied to the problem of refraction. In view of its partial 
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failure in .the closely related problems of scattering and absorp- 
tion of X-rays, this result is significant, and must serve as a 
valuable guide in the development of a complete theory of 
radiation. 

In the second place, we find evidence that there is a definite 
natural frequency associated with the electrons in the inner 
electronic rings, and that this frequency is that of the critical 
absorption limit. It was not at all obvious that this natural fre- 
quency should not be that of, for example, the Ka line. The 
result is, however, in accord with the fact that the absorption has 
a sharp discontinuity at this wave-length. There is, however, 
this difference: Measurements such as the recent ones of Richt- 
myer * show that the absorption limit is exceedingly sharp. 
But experiments by Davis and Slack,^ using Siegbahn’s prism 
method, show that the refractive index changes by no means 
.so abruptly at this wave-length. For incident frequencies so 
near the critical absorption frequency that equation (7.T5) 
would indicate Ai > i, experiment shows (CuK ^ line traversing 
a copper prism) ;u < i as usual. Thus the indications are that 
the branches of the dispersion curve arc rounded off and do not 
approach infinity. 

lonally, thc.se mca.su rem cuts afford us with our most direct 
and accurate method of counting the iniml)cr of mobile elec- 
trons in atoms. In calculating the theoretical value of the index 
of refraction we have a.ssumed that the number of electrons ])er 
:itom is ecpial to the atomic number. From the ])recision with 
which the iiulex as thus calculated agrees with the ex]K‘rinients, 
it follows that this a.ssumption is probably correct to within less 
than 1 iKT cent. 

'I’he other two most direct mcthotls of counting the number 
of electrons in the outer part of the atom are the study of the 
scattering of alpha particles by atomic nuclei and the measure- 
ment of the intensity of .scattered X-ray.s. it is not obvious 
from first principles that the alpha particle method will measure 
a charge identical with that of the mobile electrons; this will 

' l'\ K. Richtniycr, Phys. Rev. 26, 724 (if;25). 

“ R, Davis anil C. M. Slack, Phys. Rev. 25, 881 (ii;'25). 
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depend upon how far into the atom the alpha particle pene- 
trates. The intensity of the scattered X-rays, on_ the other 
hand, though determined by the electrons exterior to the 
nucleus, is a function not only of their number but also of their 
arrangement. The index of refraction is theoretically iiulepen ■ 
dent of the grouping of the electrons, and depends upon their 
resonance only to the same extent as docs the .scattering. It 
is accordingly gratifying that the estimate from refraction 
measurements also indicates that the number of electrons per 
atom which are affected by high frequency radiations is eipial 
to the atomic number. 

Not only can we thus count the total number of electrons, 
we are also afforded a means of determining the number of elec - 
trons associated with the various electron shells, h'or the mag - 
nitude of the resonance effects observed, when the incident 
frequency is near the natural frequency of some electrons in 1 he 
mirror, depends upon the number of electrons per atom with 
this natural frequency. On this basis, as we have .seen, von 
Nardroff has obtained good evidence that there are 2 electrons 
in the K shell of iron. It seems reasonable to hope the further 
studies of this character will give us direct information also 
regarding the number of electrons in the various L ami M levels. 


X-RAYS AND QQANTCJM THEORY 
CHAPTER VIII 

The Pi-io'roELEc'rKic Effect with X-Rays 


y8. 'Die Oy^igin of the Quantum Theory 

The quantum theory had its origin in an effort to account 
for the radiation by black bodies. At the beginning of the 
present century it was recognized that great difficulties stood in 
the way of any satisfactory explanation of the radiation from 
hot bodies according to the usual electromagnetic theory. Lord 
Kelvin spoke of this problem as being one of the dense clouds 
on the horizon of the Physics of that day. It was at about this 
time that Planck proposed the bold view that electromagnetic 
ratliation is not emitted or absorbed continuously, but rather 
in units. Me succeeded in showing that, if this unit was taken 
to have an energy jn'oportional to the frequency of the radia- 
tion, an exiu'cssion could be obtained which represented very 
accurately the ex]K*riinental value of the intensity of hot body 
radiation. On the other hand, more extended investigations of 
the matter from the standpoint of the classical electrodynamics 
by Lord Rayleigh, Poincare and J. II. Jeans served to show 
only more clearly that the older theory was inadecpiatc to 
account for the phenomenon. 

P/unck's Quantum Hyfwlhcsis 

In the hands of Planck the (piantum hyiK)tliesis has taken 
various forms. At first he assumed that radiant energy was 
both absorbed and emitted in integral multiples of hvy where v is 
the freciuency of the radiation and // is a universal constant now 
known as Planck’s constant. Me later showed that the same 
radiation formula could be derived if it was supposed that radia- 
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tion was absorbed continuously, if only the radiated energy oc- 
curred in quanta magnitude hv. Other writers have postulated 
mechanisms of one form or another which permit absorption in 
a continuous manner by means of oscillators until the energy 
of the oscillator is Av, when radiation may begin. In this way a 
formal reconciliation between the requirements of heat ratliation 
and classical electrodynamics seems to be possible. Recognizing, 
however, that some form of discontinuity must be present, 
there has been a strong feeling, stimulated by Einstein, that a 
simpler and more satisfactory form of the quantum postulate 
is that energy must always occur in bundles or (piantii of 
magnitude hv} 

As a consequence of this view, Einstein suggesteil that the 
atoms in a solid, oscillating as they do with definite natural 
frequencies about their equilibrium positions, shouhl have 
thermal energy which is an integral multiple of h times their 
natural frequency. He showed from this assumption that the 
specific heat of solids at low temperatures shouhl apjiroach 
zero— a conclusion contrary to that of the classical kinetic 
theory, which predicts unchanged specific heat as the tempera- 
ture falls. This conclusion was in good acconl with experi- 
ments by Nernst and others, which showed that as the absolute 
zero of temperature is approached the specific heat of all solids 
rapidly approaches zero. 

The complexity of the problems of hot body radiation and ol' 
specific heat is such that it was difficult to prove through them 
the necessity for introducing the quantum concept, b'or this 
reason, though no adequate solutions of these iiroblems were 
forthcoming on the basis of the older dynamics, many physicists 
remained unconvinced as to the necessity of the quantum 
hypothesis. 

lOO. Einstein's Suggestion of Radiation Quanta 

The physical existence of quanta of energy may be said to 

have been established by studies of the photoelectric effect, in 

» A more general formulation of the quantum postulate is given in Chapter 
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accord with his view that energy must always exhibit itself in 
quanta, Einstein suggested the possibility that radiation may 
consist of discrete bundles of energy of amount /iv, and that 
photoelectrons are produced when such radiation quanta, or 
“ light darts ” are absorbed by matter. From this hypothesis 
he predicted ^ that the kinetic energy with which photo- 
electrons are ejected from a metal by light, when corrected for 
the energy required to remove the electron from the metal, 
should be given by the expression, 

= hv — to„, (8.ot) 

where t»„ is the energy necessary to remove the electron, and h 
is again Planck’s constant. It was seven years before experi- 
ments by Richardson and Compton ^ and by Hughes ^ showed 
that the energy of the emitted electrons was indeed propor- 
tional to the frequency less a constant, and that the factor of 
proportionality was close to the value of h calculated from 
Planck’s radiation formula. Following this work came in rapid 
succession Bohr’s remarkably successful quantum theory * 
of the spectrum of hydrogen, the discovery by Duane and 
Hunt and others (p. 27) that the continuous X-ray spectrum 
has a sharp upper limit given accurately by 

= eV, (8.02) 

where I' is the potential applied to the X-ray tube, and Milli- 
kan’s precise determination of A from photoelectric experiments 
with the alkali metals.'* 'I’hat the constant h has a definite 
physical significance could no longer he denied. 

'I'he question confronting us is no longer the justification of 
the (|uantum postulate, but rather what is the relation of the 
(|uantum to the usual concepts of tlynamics anti electrotly- 
namics. 'Phis question we are as yet unable to answer com- 

’ A. Ann. il. Pliy.s. 17, 145 (1905). 

“(). W. Kichanl.son iiiul K. 'P. C()m|)t()ri, Phil. Mag. 24^ 575 (1912). 

A. r.. I Iiighcs^ l*liil. 'Praii.s. A. 2x2, 205 (igia). 

’’ N. Hohr, (t’f. p. I 3a). 

W. Duane aiul h'. D. I lunt, Phy.s, Rev. 6, 166 (rf;i5) (cf. p. 27). 

R. A. Millikan, Pliys. Rev. 7, iH ami ^^55 
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pletely; but progress towards its solution may be maile by 
studying the application of the quantum point of view to 
specific problems. Before reconsidering from this staiuljioint 
the problems which have been treated in earlier ehapter.s on 
the basis of the classical theory, let us look into the proiKTties 
of the photoelectrons ejected by X-rays, wliosc very existence 
is an anomaly when we consider X-rays as electromagnet ie 
waves. 

101. Beta Rays Excited by X-rays 

It was observed by Perrin ^ and by Curie and Sagnae," early 
in the history of X-rays, that when these rays fall on solid 
screens a type of secondary radiation is emitteil which is nearly 
completely absorbed in i mm. of air. Dorn showed that this 
radiation consisted of negatively charged corpuscles which 
could be deflected by a magnetic field; and assuming the same 
ratio of ejm as that of the cathode rays, he found that the 
velocities of these secondary particles were of the order of i'„th 
the velocity of light. We shall call these high speed electrons 
“ beta rays ” or “ beta particles.” 

102. Methods oj Experimental Investigation 

The presence of beta rays can be detecteil by allowing X - 
rays to fall on a plate insulated in a good vacuum. 'I’he plate 
is then found to acquire a positive charge, due to the emission of 
the secondary electrons. The effect is thus strictly analogous to 
the photoelectric effect observed with light. 

A second method of investigation is to make use of the 
ionization produced by the beta rays. 'I'hus, it is found that 
if X-rays strike a solid substance placctl in a gas, the ion- 
ization in the neighborhood of the soliil is much more in- 
tense than that elsewhere in the gas. 'I'he region of intense 
ionization, being determined by the range of the "beta rays, may 

' Perrin, Ann. cle Chim. et Pliy.s. (7), vol. a, p. (1 Ki,?). 

“Curie and Sagnac, Jour, dc Pliy.s. (4), vol. 1, p. 1 ; 

’Dorn, “I.orent7. Jubilee Volume," p. 595 (lytjo). 
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be varied by changing the pressure of the gas. Thus, since the 
ionization due to the absorption of the X-rays in the gas is 
proportional to the pressure P, the total ionization /, if the 
second electrons are completely absorbed, is given by 

/ = CP + 

where the constant of proportionality C can be determined by 
experiment, and /„ represents the ionization due to the photo- 
electrons from the solid. Thus 

7 , -/-C 7 \ (8.03) 

Theoretically this method is open to the objection that it does 
not distinguish between photoelectrons and secondary X- 
radiation of very soft type. Under ordinary conditions, how- 
ever, the ionization due to the electrons is so much greater than 
that due to the very soft secondary X-rays that no confusion is 
apt to arise. This method is a convenient one, and has been 
much used. 

In many respects the most satisfactory method of studying 
these secondary beta rays is the beautiful one devised by 
C. T. R. Wilson,' in which the tracks of the individual particles 
arc rendered visible by condensing water droplets on the ions 
formed along their paths. Jiy this means it is possible to count 
accurately the number of secondary electrons emitted, study 
their distribution, and make measurements of their range in 
air. If two simultaneous photographs are taken at right angles 
with each other, by the method described by Sliimizu,- the 
exact shape and total length of the paths may also be deter- 
mined. 

A very useful method of counting the numl)er of beta rays 
has been develo])ed by (iciger** and others.' 'Phis device con- 
sists of a needle point which is surrouiulcd by a conducting 

' C. 'I'. R. Wilson, Proc'. Roy. Soc. 87, 277 (n;i 2), 

“ 'r. Sliimi/u, Prk’, Roy. Soc. 90, 425 (i(;2i). 

•'* 1 1 . (ici^LT, Vcrl). il. 1 ). i*liys. (I'cs. 15, 5 54 

A. lA Kovarik ami I- W. McKcchan, Phys. /cilschr. 15, 4;^ R^'V- 

6, 426, up 5; 8, 574 (n;i6). A. R Kovarik, Pliys. Rev. 13, 272 (lyiy). W. Hothc 
ami 1 1 . (I’cigcr, /cits i'. Pliys. 32, ()jcj (1^25) / 7 «/. 
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envelope at about + i8oo volts or — 2400 volts (in air). When 
a beta particle traverses the enclosed air, producing ions, a 
sudden surge of current passes through the chamber, which is 
large enough to detect directly with a string electrometer, ot- 
to amplify by means of three electrode nibes. 

For investigating the velocities of the beta rays excited by 
X-raySj the method of photographing their magnetic spectrum 
has given the best results. For this purpose, the arrangement: 
employed first by Robinson and Rawlinson ' is very satisfac- 
tory. This arrangement is illustrated in h'ig. 94. 



.Fig. 94. 


Aflat, air-tight, brass box having a window .V for (he ailmission 
of the primary X-rays, is evacuated and placal between (he 
poles of a large electromagnet. Secondary electrons from llu- 
radiator R go out in all directions, and those juissing through 
the slit Fhave their paths bent around by the magnetic field to 
some point P on a photographic plate. The geometrical 
arrangement is such that all electrons emitted with the same 
speed from a certain point on R, ami passing through the slit A’ 
will fall on the same line at P. From the jiosilion of (his line 
the radius of curvature can be determined, and the velocity a 
of the electrons responsible for the line may be calculated from 
the formula, 

RA/^ 

m 

1 Robinson ami Rawlinson, I'hil, Mag. 28, 277 (i.;i.,). 


(H.04) 
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where R is the radius of curvature, H is the effective strength 
of the magnetic field, and e and m have their usual signifi- 
cance. 

103. Photoelcctrons and Recoil Electrons 

When a study of the beta particles is made by the cloud 
expansion method, it is found that X-rays of a given frequency 
eject particles of two types, easily distinguishable from each 
other by the fact that the range of one type is much greater 
than that of the other.' Examples of these two types of beta 
rays are shown in Figs. 95, yd, and 97. In Fig. 95 there appear 
4 long tracks of the first type, and also, originating in the 
]-)ath of the primary beam, 3 tracks of the second type which 
arc so short that they appear as spheres. In obtaining Fig. (j 6 , 
X-rays of somewhat shorter wave-length were used, so that 
both types of tracks are longer, some of those of the shorter 
type now being of measurable length. When X-rays of yet 
shorter wave-length are used, as in F'ig. 97, the tracks of the 
second type rapidly increase in length, and greatly outnumber 
the longer ones. 

Measurements of the range in air show - that the tracks of 
the longer type are iiroduced by electrons ejected with an 
energy only slightly less than the c|uantiim l/r, as is to be 
expected according to Einstein’s jihotoelectric etjuation (S.oi). 
It is thus highly pr()h:d)le that their mode of origin is iilentical 
with that of the jihotoelectrons ejected from alktdi mctids by 
light. 'I'hese long range particles arc accordingly called photo- 
('Irrlrons, whether ejcctcil by light, X-rays or 7-rays. 

'J’he lengths of the shorter tracks produceil by X-rays 
correspond to electrons having energies usually less than 10 ]K‘r 
cent of a whole (juantum hv, so that they must originate in a 
different manner from the jdiotoclectrons. It is found" that 
the number of these short beta rays is a]iproximately ctpial to 

' C. r. R. Wilson, i^roc. Roy. Soc. 104, i W. I^ol lie, '/cits. f. Physik, 16, 

20, •i.JV 

- C, 'r. R. Wilson, loc. cil. 

A. 1 1 . ConnUon aiul A. W. Simon, Pliy.s. Rev. 25, ^<j(} (i<;25). 
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Fig. 97. 
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the number of quanta of X-ray energy scalteini by tlie air 
in the expansion chamber, which inean.s tliat they must l»t* 
somehow associated with the scattering of X rays. In the next 
chapter we shall show that we can accurately liescribe their 
properties on the assumption that when a tiuanltnn of X rays 
is scattered it is deflected by a .single electron. 'I'lie change in 
momentum of the X-ray quantum due to its change in direction 
is. balanced by a recoil of the electron which deflects the (itian- 
turn, and which is itself ejected from the atom, forming a beta 
ray. We may therefore call beta particles of the shorter type, 
recoil electrons. 

In this chapter we shall confine ourselves ft) a iliscussion of 
the properties of the beta rays of the photoelectron type. 


104. Speed of the Photoelectrons 


We have mentioned above (pp. 223 and 22ti) the experi • 
ments which have shown that Einstein’s eipiation (S..11 ) gives 
accurately the maximum speed of the photoelectrons [•jecied 
from metals by light. In the X-ray region the studies of i lines' 
Sadler, 2 Beatty,® Whiddington,' and Moseley '■ taken together 
showed ® that the maximum energy of electrons ejected by X 
rays of frequency v is very nearly e(|ual to hv. This is evidimt I v- 
in accord with the photoelectric et|uation, since the fasii-st elec 
trons will come from near the surface of the atom wluTe -.t,, is 
negligible compared with hv for X-rays. 

From measurements of the ioni/ation of gases by X ravs, 
Baikla and Shearer^ were leil to the conclusion that all X ray 
photoelectrons, from whatever jiart of the atom they are 
ejected, have on leaving the atom a speeil corresponding to a 
whole quantum of the incident radiation. Uiehardson « called 


‘ P. D. innes, Proc. Roy. ,Soe. 79, 442 {11)07). 

2 C. A. Siullcr, Phit. Mag. 19, ify (lyio). 

’ R. 'f. Beany, Phil. Mag. 20, ,r’.o (1 |)io). 

^R. Whiihlington, I*roc. Uoy. .Soc. 86, )(>o ami 170 (imu). 

' H. (o J. Moscic-y, Phil. Mag. 27, 70;) (ii)i.|). 

“O. \\. Richardson, “’J’hc Rlcciron 'fheory ofMallcr," (ii)i.i) 

a n w n-'i T'‘* 30, 7.) ? (i,)i ;). 

O. W. Richiirdson, Proc. Roy. Soc. 94, 


C'lidjt, 
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attention to the surprising nature of this conclusion, since if 
each photoelectron represents the absorption of energy hv, we 
should expect the kinetic energy of the photoelectron to be less 
than this by the very considerable amount of energy required 
to remove the electron from its parent atom. Some experi- 
ments by Simons ^ on the range of the X-ray photoelectrons in 
thin screens suggested that different groups of velocities were 
present, corresponding to different energy losses by the elec- 
trons ejected from different parts of the atom. The existence 
of beta rays of these energy groups was finally established in a 
series of beautiful experiments by de Broglie^ in the X-ray 
region and by Kllis ■* in the region of 7-rays, both using the 
magnetic .spectrometer. 



IflG. 98. 
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'I'wo of tie Broglie’s jdiotographs, .showing the beta ray 
spectra from a .silver screen traversed by X-rays from a tung- 
sten target, are reproduced in bigs. 9H and 99. I he two figures 
dilfer in that the tnagnetic field was stronger for h'ig. 99. b'.ach 
of the lines appearing in the.se photograidis can he ascribed to 
elcctrotis frotn some definite energy level of silver excited by 
.some ilefinite spectrum line. 'I'hus the prominent tlouble line 

' I .. Simons, Phil. Mini;. 4, i 

« M. tic liroglif, C. K. 172, l>p. 274, 527, 746 ami 8oh (i(t2i); Jour, tic IMiys. ct 
Railiiiin 2, 2f><; (np2i). 

C. 1 ). I'.lli.s, Proc. Koy. Soc. 99, 261 (i‘/2i). 
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4 is due to electrons ejected from the K level of silver hy the 
ifa doublet of tungsten. De Broglie ealculutes the velocities to 
be expected in this case from Einstein’s photoelectric etiuaiion 
written in the form 

—TT. — j ) = /tv — /ii'r, 

\V I - 18“ / 


where /So is the velocity of the particle, v the fretpicncy of the 
incident X-rays and vi> the critical frecpiency of t lie energy level 
from which the photoelectron is ejected. He finds that the 
relativity expression for the kinetic energy (sec cip (21), 
Appendix II) must be used for these high s])ecd electrons in 
stead of the approximate expression Jwe- whiidi is satislac- 
tory for the low speed electrons ejccteil hy light. Combining 
equations (8 .04) and (8.05) and solving for A’// in terms of tin- 
known values of v and vp, de Broglie finils that for the line pro 
duced by electrons from the silver K level exciteil by tin- timg 
sten Kai rays, i.e., for the Kajf’— A'Ag line, A’// is f.jo, 
where as the experimentally determineti value of A 7 / is 
In a similar manner, line 1 of Kig. yS is identified witli the 
ATaAg — I,Ag line, produced by electrons from the silver L 
level excited by the fluorescent Ka rays from sil\ er. 


105. Determination of Energy Levels 

Having thus established the validity of e(|uation iS 
measurements of the electron speeds /Jc can be applied t.i 
determine the critical frecpiencies v„ of tin- energy levels if i- is 
knowri, or to determine the unknown fretpicney )■ of' t be incident 
radiation if v„ is known. Robinson ' has thus'found the eiu-rgy 
or critical fiequency of the outer shells of many atoms. I le 
uses the K line of copper to excite the pbotoelectri.ns from thin 
films of the substance under investigation, and obtains a large, 
ramparatively uniform magnetic field by means of a pair i.f 
Helmholtz cods. The accuracy of his results probably ex^'ceds 

rr T' p’ '’I'il' Mi'a. .so, .>.,1 (i.,.s). 

Cf. also R. Whidciington, Phil. Mag. 43 , uu, (njix). 
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in many cases that of the values calculated from the observed 
wave-lengths by help of the combination principle. 

106. Wane-lengths oj 'i-rays 

In the hands of Ellis, ^ Thibaud ^ and others ® the magnetic 
beta ray spectrometer has given important knowledge of wave- 
lengths of 7-rays, which can be measured only with difficulty 
if at all by the crystal spectrometer. The energy level from 
which the electrons are ejected can be determined by comparing 
the spectra of the photoelectrons from two different elements 
such as lead and tungsten. It is found that the difference of the 
beta ray energies in the two cases is equal to the difference in 
the energies of the corresponding K shells. Thus the frequency 
of the 7-rays is calculable from equation (8 .05) if is taken as 
the critical K frequency of the element from which the electrons 
arc ejected. In Table VlII-i are given some of the 7-ray wave- 
lengths which have thus been determined. 

Hy comparing the velocities of the photoelectrons ejected 
by 7-ray8 from different elements, Thibaud (loc. cit.) has shown 
that the photoelectric equation (8.05) holds with precision even 
for electrons of the highest speed. This constitutes also an 
important test of the relativity expression for the kinetic energy 
of a rapidly moving particle. 

107. Com potnid Vhotocleclric Effect 

Wilson ■' and Auger have recently shown by the cloud cx- 
])ansion method that very often not only one but a group of as 
many as four photoelectrons may be ejected simultaneously 
from a single atom. A photograjih showing this remarkable 
])henomenon is reproduced in Mg. 100. It would seem that the 
initial action of the X-ray quantum is to eject an electron from 

' C\ I), I'.llis, Roy.'Soc. loo, i Proc. Cjiinl). Pliil. Sov. 22^ \(n) (1924). 

J, 'riiihiiiiil, C. K. 178, 1706 (i(I' 24); I7<), pjL iTx;, :unl \^]2i (n|i4). 

•* I'.llis and Skinner, J’roc. Roy. Soc. 105, 165 arul 1H5 (|(t 24); L. Meitner, Zeits. 
f. IMiys. II, (1922); Hlaek, l^roe. Roy. Soc. 106, 6;;2 (1921). 

‘ C'. 'r. R. WiLson, Proc. Roy. Soc. 104, 192 (192 ^). 

P. Auger, C. R. 180, 65 (1925); J. ile l^liys. ct Hatliuni, 6, 205 (1925). 
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perhaps the K level of a krypton atom. The vacuney in the k 
level may be filled by an electron falling from an L level, ami 
the resulting Ka. ray may eject from the smne atom another 


TAHLE VIII-i 
7-Ray Link Si*KcriRA 



^ L. Meifncr, /elfs. f. Phys. 17, 54 (1 1/2 j)- 

-O, Hahn and I-. Meitner, Zeits. f. Phys, 26, ifti (it;i4). 

C. D. Kills Mild W. A. Wooster, Proc. Cand). Phil. .Stu*. 22, { f 

H,. Meitner, /cits. f. Phys. ii, (1922). 

® J. 'rhihautl, 'riiesis, Paris (i(/25). 

«L. Meitner, /eits. f. Phys, 34, H15 (1.^25). 

electron from an L level. 'I'wo L rays may now be proihuv.l by 
electrons falling into the two vacancies in'the L shell, ami these 
may in turn eject two electrons from the M or outer levi-ls of 
the same atom. Ihus the single initial ijuantitm |ir(uluees 4 
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photoelectrons of varying velocities. From a study of their 
ranges, Auger has shown experimentally that the energy of all 
these beta rays taken together is no greater than that of the 
original quantum. 

Ihis compound photoelectric effect is perhaps the explana- 
tion of the small change observed in the ionization current of a 
Bragg spectrometer on the two sides of the absorption limit of 
iodine when the ionization chamber is filled with methyl iodide. 
It had been supposed that when the characteristic K rays of 
iodine arc excited, they would carry with them into the walls of 
the chamber much of the energy of the primary beam. The 


I 


PlC, Ff)(). 

fact that* cx]K‘riniciil shows only a very small reduction in the 
ioni/ation as the wave-length hecomes shorter than the iotlinc 
K limit must mean t hat' a large ]Kirr of the resulting K radiation 
never esca|K‘s from the atom from which the jdiotoelectron is 
ejected. A similar phenomenon occurs in the case of the beta 
rays from railioactive suhslances, where it is found that 7-ray 
starting from the nucleus ol the atom very often spends itself 
in ejecting a photoelectron from the same atom.' 

loS. Spatial ])islrilailio}i of the PJiotorltrlrojis 

l''xperiments hy the cloud exj^ansion method have shown- 
that the most jirohahle direction in which the photoelectron is 

' M. (Il* Hruirlio iitiil J. 'riiihiuul, C. K. 180^ 17*; (1U25), 

"A. 1 1 . C'omplon, Hullcliji Naiional Rps. Conn. No. iu, p. -i/j (1922). C. It. Wil- 
.soii, Roy. Sop. 104, I (ii;2,p. lA W. Riil)I), Rhys. Rev. 23, IJ7 (n;24), R. 

Auger, C. R. 178, 15J5 (iyi4). 
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ejected from an atom is nearly the direction of the electric 
vector of the incident wave, but with an appreciable forwaird 
component to its motion. There is, however, a very consider- 
able variation in the direction of emission. If, for example, we 
plot the number of photoelectrons ejected at different angles 
with the primary beam we find, according to Auger,' the tlis- 
tribution shown in Fig. loi. Each of these three curves, taken 
at a diflFerent potential, represents the distribution of about ioo 
photoelectron tracks. It will be seen that as the potential on 
the X-ray tube or as the frequency of the X-rays is increased, 



the average forward component of an clcclron’s motion in. 
creases. Fig. 95 shows in a striking manner the fact that most 
of the photoelectrons initially have a forward component to 
their motion. 

When polarized X-rays are used, there is a strong preponder- 
ance of the photoelectrons in or near the )>lanc including the 
electric vector of the incident rays. 'I'bus l-'ig. 102 shows the 
distribution found by Buhb of the direction of the photo- 
electrons ejected from moist air when traversed by X-rays that 

have been polarized by scattering at right angles from a block i.f 

paraffin. Due to multiple scattering in the paraffin we have 

' J. de Phys. et Rad. 6, 205 (1925). a ],• yy. 
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seen (p. 68) that the scattered rays are not completely 
polarized, and this is probably sufficient to account for the fact 
that some photoelectrons appear to start at right angles to the 
plane of the electric vector. This effect is doubtless similar 
in character to the “ selective photoelectric effect,” in which 
the number of electrons ejected by light from the liquid surface 
of sodium-potassium alloy is greater when the electric vector 
is in a plane perpendicular to the surface than 
when parallel to the surface.’^ 

It was at one time supposed also that when 
light traverses thin films of metal the photo- 
electrons arc given a motion with a forward 
component similar to that shown in Fig. lor 
for the X-ray photoelectrons. 'J'hus Stuhlnian,“ 

Klceman •' and others have found that if a thin 
metallic film is deposited on quartz more photo- 
electrons are ejected if the light passes from 
theipiartz into the metal than if it passes from 
the metal into the quartz. It has been shown 
however by Partzsch and Hallwachs * that 
this effect is due largely and perhajis wholly 
to the fact that a greater jiart of the energy 
of the light is absorbed by the metal film 
when the light enters from the quartz side 
than when it enters from the free surface. 'I'hc result is that the 
totiil number of electrons proilucetl is greater when the light 
enters from the (piartz into the metal, 'riiere is thus no con- 
vincing evidence that when ordinary light is absorbed by an 
atom the resulting photoelcctron has any greater tendency to 
move forward than backward. 

An effect analogous to this has long been known with the 
beta rays produced when matter is traversed by gamma rays. 

* K. Pohl ami P. PringslR-iin» Verh. il. DciUsch. l^hys. (ics. 13, 474 (191 1). II. 1 '*. 
Ives, Astroj'liy.s. J. 60, loi) (i9'24). 

* C). Siiililnian, Phil. Mag, 20, (1910); 22,854 (1911). 

» K, 1 ). Klecman, Nature, May 19, 1910. 

'‘A. Part/sch ami W. Hallwachs, Ann. dcr Phys. 41, 247 (191 j). 
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Most of these beta rays are undoubtedly, however, electrons of 
the recoil type, and will be discussed in the next chapter under 
that head. 

In the case of X-rays the longituilinal asymmetry was ob- 
served by ionization methods ' before it was found in the cloiul 
expansion photographs. Owen finds - that the degree of asym- 
metry does not differ for thin screens of different substances, 
and that the physical state has iw ajipreciable elfect. 

HOW ARE THE l>HOTOKI,Ee'rRONS I’RODlifKO ? 

109. Inadequacy of Kkctmnagnctu' // ‘ai'cs 

Before discussing the production of photoelecirons fismi the 
standpoint of radiation quanta, let us see what success mccis 
the attempt to account for them on the basis of elci tromagnctic 
waves. The fact that they are emitted approximately in the 
direction of the electric vector wouhl suggest that the photo, 
electrons are ejected by the direct action of the electric licKl of 
the incident rays, if this were the ease, however, we should 
expect the speed of the ejected electrons to lie great<'r for greater 
intensity of radiation, whereas experiment sliows that for the 
same wave-length intense siinlight ejects an ch'ciron no fa:, ter 
than does the feeble light from a star, l‘ui*iherniore, the eiiei'gy 
available from the electromagnetic wave is whollv iuadc(|uaie. 
Thus in a recent experiment performed by Joll'e and Dobron 
sawov^ X-rays were ])roduced by the inqvu 1 on a lari’ci of 
10'* to io‘- electrons ]K-r second. .Since an X ray pulse is of ibe 
order of io-‘ waves in length (p. 51;) or |m "■ :.eiotuls in 
duiation, the X-ray jiulses must have followisl each other at 
widely separated intervals. It was found, however, that photo 
electrons were occasionally ejected from a bismuth particle 
which subtended a .solid angle not greater than u. It is 
clearly impossible that all the energy of :in X rav pulse which 

1C D. Co.,ksic, Natui-L- 77. Joy (ujnK); l>|,il. Mai-. 29, .'i, R. f. 

Froc. Ciimh. Phil. Soc. 15, 492 

- K A. Owen, Proc. Phys. Soc. 30, 1.];} (ityiH). 

** A. Joffc luid N. Dohronsfiwov, Zeits. f, Phy.s. 34, 
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has spread out in a spherical wave should spend itself on this 
bismuth particle. Thus on the wave theory the ejection of the 
photoelectron, which has almost as much energy as the original 
cathode electron, could not have been accomplished by a single 
pulse. J t cannot therefore be the direct action of the electric 
vector of a wave, taken in the usual sen^se, which has thrown 
out the electron. 

We may assume on the other hand that the energy is grad- 
ually absorbed in the bismuth particle of Joffe’s experiment 
until an amount hi» has accumulated, which is then spent in 
ejecting the photoelectron. Though it is difficult to imagine a 
mechanism whereby such energy storage could be accomplished, 
we can hardly call the jU'oeess impossible. New difficulties 
however arise. Why do the ])hotoelcctrons tend to start in the 
direction of the electric held of the incident wave? If we sup- 
]iose that it is the action of the wave which exerts the final force 
rcciuircd to liberate the electron, we are unable to explain why 
there exists a tendency for the electron to start with a large 
com])onent, in a /V>i;uv/;v/ direction. 'I'he accumulation hypoth- 
esis is thus also open to serious difficulties. 

It is api^arent that in order to account for the transfer of 
energy first from the cathode electron to the X-ray, and then 
from the X-ray to the jdiotoelectron, we must either give up 
our old view that the X-ray consists of a spherical wave or 
al)aiuIon the doctrine of the conservation of etiergy. 'Po Bohr, 
Kramers aiul Slater it at one time seemed the more ])r()l)able 
view to suppose tluit energy was not conserved in the ]')roduc- 
tion of photoelci't rons. They supposed ' that on the average 
the energy absorbed from the beam of radiation would l)ee(|ual 
to the average energy ap]H‘aring as ]diotoelectrons, but that 
any indivitlual |)hotoeleci ron wouhl start as tliough it had 
suddenly received this energy without removing this energy 
from the remainder of the system. 'I'hat is the energy would 
be conserved statistically, but not during the ejection of an 
individual electron. We see that with this assumjnion the 
motion of the photoclectrons may be the same as if they were 
‘ N. Holir, 1 1. A. kranicrs ami j. C. Staler, Cliil. Mag, 47, 7 S 5 (lyij). 
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ejected by radiation quanta, while the idea of radiutitm in the 
form of spherical waves may still be retained, 1 1 is aceorilingly 
difficult to devise an experiment with photoelectrons which will 
distinguish between this view and that of radiation t|iianta.* 
We shall see, however, that such a crucial exjxu'iincnt can bo 
performed with scattered X-rays and recoil electrons, and that 
the decision is in favor of the radiation quantum hypothesis. 


I lo. Photoelectrons and Radiation Quanta 


Let us consider what happens when a railiation tiuantum 
gives up its energy and its momentum to a system consisting 
of an electron and the remainder of the atom of which the 
electron is initially a part. We shall suppose that both the 
energy and momentum of the system arc conserveil, aiul for 
sake of simplicity shall imagine that the electron ami the atom 
are initially at rest and that it requires no energy to free the 
electron from the atom. These conditions supply the following 
energy equation 

hv = -p i/l//’", 


1 Since this was written Bothe has performed an experiment Im'icd iipnii the plioii.. 
electric effect which favors the hyiwtheais of radiation ipianla. I'liy-t. Zeifi., 
Fluorescent Ka radiation from a thin eopi>cr foil is exeiied liy tin- im idrni \ f.iy.. 
The emitted rays tire so feeble that only about 5 i|iianla of eni-ryy .nr r.idi.iird |>, r 
second. Two Geiger point counting chaiiibers are nioiinie.l one on either .ide ol the 
copper foil, in each of which an average of 1 iiholoeleelrott is |.rodmrd .iti.l te.Mt.le.l 
for about 10 quanta radiated by the foil. Theexjterititeni tbits resctitbles tlt.it desi tibr.l 
on page IX. 23. 

If we assume that the fluorc.scent radiatioti is ctnitled iti quanta of ettetyv bin pm 
ceeds in spherical waves in all directions, there should thus be about ..tie . ban. r In ■. . 
that the recording of a photoelectron in one chamber .should Is- sitmtli.ineoif. with the 
recording of a photoelectron in the other. On the idea (bat ea. l, quantotn of ..oli.t 
tion proceeds in adefinite direction, however, there is no rea.son to anti, ipate mi. It . ..it. 
ciclences. 

I he experiments showed no coincidences other than those whi. h were expli. able 
by such sources .as high-speed beta particles which traverse U.il, i hatitbers. Tins is 
m accord with the directed quantum theory of radiation. 

Ihis experiment is not, however, by itself a ilecisive t.;sl of the tb.-..i v of Hobr, 
Kramers and Slater. Imr they might consistently pre.lict contimi...is " virtual r.ulia ■ 
vT • ^“1!" copper fotl so that the photoclectrons should appear at ramb.m inter- 
vals in the counting chambers, just as the exj.eriments indicate. 
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where fic is the final speed of the electron^ Mis the mass and F 
the final speed of the atom. Since the momentum of a radia- 
tion quantum is hp/c (cf. Appendix I, eq. 5), we have also 
three momentum equations, thus: 


A' ^ = y, + p/a 

(8.07) 

Y 0 = pm\ + 

(8.08) 

Z 0 = p}ii + Pm<2, 

(8.09) 

where p is the final momentum of the electron, and P 
the atom, i.e., 

is that of 

7 ft Be 

(8.10) 

iimi 


p - Mr. 

(«•") 

\lso for the direction cosines we have 


/r -f“ w 1 - // 1 - = I , 

(8.12) 

md 


"f" H" -^^2“ ^ I • 

(H.'d) 


We have here 10 {|uantities lo he cleterminecl, B, J'\ /), 

I, ;/i, /;?, ami H eijuations. 'lo obtain a solution we 

eeci two more e(|ua(i(>ns, wliieli ran only be siipj^liecl by makiiig 
ome furl her assijm|>(i(>n regarding the manner in which the 
iianlum acts on the atom. Probably the sim)>Iest such 
ssumpliofi that c*an be introduced is that iiseii by Hubb ^ to 
ct'ount for (he distribution ol the |)Iiotoelect rons shown in 
ig. 102. We shall state it in the form that the inqajlse im- 
artetl to the (itofN is in the direction of the electric vector.- It 


‘ !'■. \V. Buhl), IMiys. Krv. 23, 1 {7 

A niMKiiliMMlion «»t (lie r.uli.ilioM pivssurr aci-orilliig lo the classiciil clcctro- 

ilicory ^'ivrs iniporijinl siu.ff»csM<)ns as lo iIk* maniRT in which tla* forwanl 
t[)iilsc may lu* im|iarlcil lo I he (*Icciron. '1‘akc ihc simple c.'isc ol a wave propagated 
)n^j; the X axis whose eleciric vei'ior is Ky .1 e(»s /j/ iraversinj^ an eleciron whieli 
otigh tree ntoves against a Irieiional lorce ikm dyjdt, t he eipiaiion ol motion is 


//■'v , ih 

I ‘ - 2k m ■ .7C ros />/. 

.//•* Jt ' 


(0 
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we consider an incident ray which is polarized with its electric 
vector along the Y axis, this supplIcwS the additioiuil eciuations, 

4 = 0 and ^2 = 0. (H.I4) 


After the transient motion has 
where 


died out, the displacement at any rime is fhen 
^ =s — cos (/)/ + 


and 


J' « 

8 = tiin'^^2k/p = 2k/pf 

■ if ^ <<^ 


(2) 


The effect of the magnetic field is to exert a force of magnitiule II ^ r/v; t/Zalong the 

f 

A'-axis, where Hz is in e.m.u. and is also equal to A cos pL 'riuis at any irrstant the 
magnetic vector exerts a force in the direction of propagation of the wave, of magni- 
tude 

e 

Fai = A cos jT)/ sin (/»/ + fi), 


using the value of dy/dt^wQn by equation (2). But 

sin (p/ 4* 3) = sin p( cos 5 4 cos pt sin 
= sin 7 >/ 4 5 cos pt^ 


since 5 << I. Thus 


Fx — AA‘^ (sin pt cos /)/ h h cos" pt). 


The average value of this force over a comjiletc cycle is 

T. ^ uP^ P \ I 

Px - A A -- J P^ “h <5 j ens- /./,// j 

It 


(.i) 


(l) 


It will be seen from this that if there were no frieiion, « woul.l hr /nn .iii.l ilir loi.c ,liir 
to the magnetic field would he half of the lime forward and half .if ihr liinr ha. kward. 
It is only when the field does work on the electron, as againsi llir fiii ln.iial hir..-, ihai 
an average forward force on the electron exists. 

1 he rate at which work is done against the friclional force is 




dy 

' (it " 


2 km 


dy dy 
(it (it 


= 2 km sin^ (pt 4 5), 
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With as many equations as unknowns the problem can now be 
completely solved. 

Combining equations (8. 13) and (8. 14) we obtain m2 — l, 
which means that the atom proceeds along the y-axis. From 
(8.09) and (8.14) it follows that n\ = o, whence the photo- 
electron is ejected in the XY plane. From equation (8.08), 
since ma = i, 

p=-P/mi, (8.15) 

that is, p is greater than, but of the same order of magnitude, as 
P. To find how the kinetic energy is distributed between the 
atom and the electron, let us write this energy in terms of the 
momentum, From (8.10) it follows that 

= 1 + 

I — (S- m-c^ 

or if wc write 

b = pjmc, (8.16) 


atit] ihc iiVLM’iigc ratio of work or ifowcr is 


P - 



sin- (/>/ -f 


- (5) 

I'’.x|>rL‘.s.sing in terms of .*/, this liecomcs 

/> .iV'kImf)', ( 6 ) 

'I'liis is till* average energy alfsorhed per unit time by the electron. 

'Mu* impulse, (»r change in momentum, per unit time is idejilieal with the average 
force, which is given hy etpiation (4). Writing .'/'and 5 in terms of ./,/.* and /<, this 
hecoiiies 

/•’ ■ - J~e'k/mp‘h'. (7) 

'I'hus 

(H) 

is ratio of the monieiitum to the energy imparleil to the electron, in accord with eijua- 
tion 'Zi; of Appendix I. 

Regarding the positive nueleus, because of its large mass its motion is relatively 
sluggish, and the magnetic force is by e(|ualion (7) much less thati that on tlie electron. 
'I hus the impul.se received by the positive nueleus will be negligible. It thus a]>pears a 
reasonable assumption that the nufinentum imiairled to the ])ositive part of the atom 
by a radiation (pjantum is likewise negligible as compared with that imparted to the 
electron. 
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then 


^ , = I + 

(8.17) 

and the kinetic energy of the electron is 


T, - I + // - 

- i) (8.18) 

= — \b^ + . . .). 

(8 , 1 9) 

Similarly the kinetic energy of the atom is 



T, = 

or if we define a quantity 

B^Pfmc, fS.io) 

then 

TVL 

Ta = (■«.:!) 

But from equation (8.15) it follows that H h. Comparing 
(8.19) and (8.21) we see therefore that 7 ’„ is less (Iian 7 ', by a 
ratio of the order of mjM. Since this is a ratio of 1 In- order of 
io-‘j we can without appreciable error neglect the sia‘oiul lerm 
on the right hand side of equation (8,0b). We thus have 

mc-i . * - I ) = (H 

which is the form that Einstein’s cipiation (S.oO takes for this 
case, though we recognize that this expression negleits the 
small amount of energy spent in setting the atom in motion. 

The direction of ejection of the idiotoelectron is given by 
equation (8.07) as 



since 4 = o. Writing p = btnc as before, this becomes 

, I fiv 
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where we define 


hv ^ h 
mc^ mc\ 


(8.24) 


But from equation (8.22) it follows that 



and comparing this with (8. 17) we find that 

b (8.25) 

Expression (8.23) thus becomes^ 

A = i/a/x + 2/«. (8.26) 


If we call 0 the angle between the direction of propagation of 
the incident X-ray and the direction in which the photoelectron 
is ejected, we thus have 

cos = A == 1 /\/l + 2/c\J 
or 

tan 0 = ^2/ a 

In calculating the angle from this expression it is convenient 
to note I'hat may be written as 

lY — y/\ (8 . 28 ) 

where 

y ^ = 0.0'24,]A. (S.29) 

7UC 


(«.27) 


\Vc see t li;if (V is small eompared with unity exeept for very haixl 
X-rays aiul 7-rays. 'I’lius equation (H.27) predicts for ordi- 
nary X-rays an ex|nilsion at nearly yo degrees. 1 he following 
table shows the angles to he antieipated for different wave- 
lengl hs. 

‘■I’his cxpivs.sioM hns hern tltM-ivcil froni similar consitlcration.s by K. VV. HubI), 
Wasliini^ftni Ibiiv. Suidics, ii, ibt (H/24); niiil. Mag. 48, S24 (n/25). W. Hothe, 
/cit.s. r. Pbys. 26. 74 P. Auger C. K. i78> (*^'24)* Consiac-rarions of this 

t luirat fcr appear to have been a[iplieil to the problem firsf l)y O. W. Kichanlson, Phil, 
Mag. 2S, 144 (>';t.{). W. F. C;. Swunn, Fliil. Mag. 25, 534 
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TABLE VIII-2 

Theoretical Maximum Emission Angle for Photoeleci'rons 


Radiation 

Wave-length 

Angstroms) 

OL 

0 

Hard 7.rays 

.0243 

I 

55" 

Hard X-rays 

•H 3 

.1 

76” 27' 

Soft X-rays 

a . 43 

.01 

» 5 " 5 »' 


24-3 

.001 

88" 4,1' 

Extreme ultraviolet 

243 - 

.0001 

89" ;i 5 ' 7 ' 

Ultraviolet 

2430. 

.00001 

8./ 51.4' 


III. Experimental Test 

In the case of ultraviolet light the fact that under certain 
conditions, as in the selective photoelectric effect, the photo- 
electrons are emitted most strongly along the electric vector is 
in support of this calculation. The very small component of 
forward motion indicated by Table Vlll-a for ultraviolet light 
would not be enough to give any measurable excess of forward 
over backward photoelectrons, and is thus also in accord with 
the rather uncertain data described above. 

The only really significant test of this theory is in its apjdi- 
cations to X-ray photoelectrons. In Fig. loi I have drawn the 
lines Qi, 62, and ftt, for the three curves, as calculatcil by Auger 
from equation (8.27). It will be seen that they fall very satis, 
factorily in the direction of maximum emission of the photo- 
electrons. This may be taken as a proof that the t|uantum 
imparts not only its energy but also its momentum to the 
photoelectron. 

1 12. Buhl's Theory of Spatial Distribution 

Several attempts have been made to account for the (act 
that the photoelectrons are emitted over a wide range of angles 
instead of in a definite direction as would be suggested by the 
calculation just given. Ihus Kubb ‘ has consideretl the effect 

U". W. Bubb, Phil. Mag. 49, H24 (19-25). 
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of superposing on the electron’s final motion as calculated 
above its momentum in its atomic orbit just before ejection 
from the atom, subject to the condition that the electron’s final 
energy shall be that given by equation (8.05). His theory can 
be interpreted geometrically with the help of Fig. 103. We let 
OX represent the direction of propagation of the X-ray, and 
draw OY in the direction of its electric vector. About the 
origin O we draw a sphere whose radiis p represents the final 



niomcntiiiu of tbc electron according to Kinstein’s ])hotoelectric 
e(iiiation, i.e., p is given by the expression (cf. eq. 8.18), 

hv — w = -f />“/wV — 1), (8.30) 

where iv is the energy recpiired to remove the electron from the 
atom. Along the A'-axis we draw the vector 0.1 = hv/c, which 
represents the momentum of the cpiantum which we supjiose is 
all transferred to the electron, presumably by the action of the 
(piantum’s magnetic vector.' We now describe about X a 
sphere of radius X!i = p«, corresponding to the momentum of 

^ Cf. note, \\ 2 - 1 . 
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the electron in its orbit at the moment of interaction with tile 
quantum. The direction of this vector is random, ami wo 
assume that the probability of interaction with the quantum 
is equally probable for all directions of the vector ,'IB. 'I'lie 
quantum is supposed to impart to the electron also a sitleways 
impulse BC, corresponding to the action of the electric vector 
of the wave. The possible directions of emission of the photo- 
electrons then are represented by the projection on the outer 
sphere of the surface of the inner sphere, shown as the sluuled 
portion of the outer sphere. 

If the electrons are moving in circular Hohr orbits (as 
assumed in drawing Fig. 103), it can be shown that the momen- 
tum AB is 

jt»o = mey/ 2a„ - a„V(i - «„), (« . 3 1 ) 

= mc'V^aa, approx., 

where Vo being the critical ionization or absorp- 

tion frequency for the electron in the orbit considered, b’rom 
equation (8.30), noting that w = hv„, we find that 

p = meV 2(a - aj + (« - ( H . 3 i) 

which, when is small compared with a, becomes 

p = mey/ la, approx. 

Thus for loosely bound electrons. 


po/ p — "v/ aj « = a / (/„/ V. 


(H. 




In the case of electrons ejected from the K shell of argon by 
X-rays of wave-length .18A, corresponding to curve 3 of iMg. 
(8-08), we have !'„/«' = XA« = .18/3.9 (see Table VI 7), 
whencep /p = .22. Also we have OA = /iv/c =-■ a.mr, so that 
OA/p — Va/a = .258. Thus according to Mubb’s iheorv, 
since OA > p„, all the photoelectrons should be ejected at 
angles less than 90 degrees, and be distributed over a range of 
angles e of about 2 X .22, or 25 degrees. 'I'he angular distribu - 
tion thus calculated is represented in b’ig. 104 by the broken line. 
The experimental points are those of Auger’s expcrimenltd 



THEORY OF AUGER AND PERRIN 


249 


curve 3 of Fig. loi. It will be seen that the agreement with 
experiment is not very satisfactory. Moreover, the differences 
are even more prominent if we consider 
also the photoelectrons from the L 
orbits. 

Another inherent difference be- 
tween the results of Bubb’s theory 
and the experiments is that whereas 
the theory indicates that the photos 
electron directions should be more 
sjiread out as the ratio va/v increases 
(eq. 8.33), such an effect does not 
appear in Auger’s experiments shown 
in h'ig. loi. We have seen also (p. 18) 
that Owen’s experiments show the 
same distribution for different ele- Fu:. 104. 

ments used as sources of photoelec- 
trons, though the values of vo differ from element to element. 
If these ex]ierimcnts are reliable it is not possible to account 
for the spreading of the photoelectrons as due directly to their 
momenta before expulsion from the atom. 

.113. Theory of .htger and PciTin 

.'\uger ami Perrin have made the alternative hypothesis that 
the direction of ejection of the electron is that of the electron’s 
velocity at (he moment the (|uantum traverses the electron.' 
They assume however that the jirobability that the ejection wil] 
occur is pro]>ortional to cos’" /'a, where is the tlirection of the 
electric vector of the X-ray and v is the direction of the elec- 
tron’s velocity. 'Phus in h'ig. 105, if the A'-axis is in the direc- 
tion of ju'opagation and the Y-axis is in the direction of the 
electric vector, and if OP is the direction of the electron’s mo- 
tion in its orbit, OP is al.so the direction in which the photo- 
eleclron will be ejected, and the probability of its ejection is 
proportional to 

cos-fc/a) = sin" (? COS' 'I'^/OcAl'. (8.34) 

' I'. Auger iiiul I''. I’errin, C. U. i8o, 1742 (1725). I'. Auger, C, It. 180, (iy25). 




X-RAYS AND ELECTRONS 


250 

The probability of emission between d and 0 + <^0 is thus 


P/0 = 


ej . 


sin® QdB i cos® W'P 


J ^tc ^2ir 

I sin^ dd 6 I ( 

0 *Jo 


= f siiT^ OdO. (H.^] 5 ) 


cos® W'l' 

Similarly^ between ^ and ^ + d^ the probability of emission is 
cos® r sin® ddO 

*Jq 




J ^2»r 

I cos^ ^d^ I sin-’ 
0 %J Q 


cos- 



These expressions agree with the experiments in predielmg 
a distribution which is the same for different elements used as 
sources of photoelectrons, but quantitatively they are not in 
much better accord with the observed distribution than are 
Bubb’s equations. Thus in Fig. 106 are shown ./, Hul)l)’s ex 
perimental distribution curve for polarized X-rays, similar lo 
Fig. 102 but corrected for the incompleteness of the iiolari/.a- 
tion; 5 , the distribution calculated from (8.36), ami C’, the ilis- 
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tribution calculated (approximately) from (8,33). It will be seen 
that Auger and Perrin’s theory predicts greater spreading and 
Bubb’s theory less spreading than is shown by the experiments. 

Regarding the distribution for different angles 6 , equation 
(8 .35) predicts no average forward component to the electron’s 
motion. It would not be contrary to the spirit of the theory, 
however, to suppose that the photoelectron instead of proceed- 
ing in the direction of its original motion has an additional for- 
ward component to its momentum equal to hv/cy the momen- 
tum of the incident quantum. As this modified, the distribution 
predicted by equation (8.35) is shown as the solid line of Fig. 
104. In this case the theory has fair success. 

A third hypothesis for accounting for the spreading of the 
photoelectrons has been suggested by Bothe.^ His assumptions 
arc similar to those of Bubb, except that he supposes that an 
electron can be affected by the radiation quantum only when 
moving at right angles to the electric vector. The locus of the 
direction of emission is then a cone about the direction d = 
tan Va/ a as an axis, the apex angle of the cone being deter- 
mined by the orbital momentum of the electron before ejection. 
According to Bothe’s theory, as in Bubb’s, the angular spread- 
ing of the jihotoelectrons should change with the source of 
photoclecfrons and with the frequency of the X-rays. 

1 14. S}g)iijif(ince of Ibe Experiments 

1 . 'I'lic fact that the electrons arc ejected with an average for- 
ward comi)onent equal within experimental error to the mo- 
nientuni of the incident quantum means that no appreciable 
part of the momentum is spent on the remainder of the atom. 
'This can oidy be the case \i the time of actioti of the tpuuitnm oti 
the eteetroii is short comjiared with the time of revolution of the 
electron in its orbit. 

2. If we retain the prineiple of momentum conservation, the 
tlirection of the photoelectron’s motion must be that of the 
resultant of its original orbital momentum and of the impulse 

‘ W. Bcjtln:, '/cits. f. Pliys. 26, 74 (iy24)' 
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imparted to it by the quantum. These experiments therefore 
afford direct information concerning the direction of the force 
exerted by a radiation quantum on an electron. By comparison 
with the classical concept of electromagnetic waves, we should 
look for something in the quantum analogous to an electric 
field which will exert a force perpendicular to the direction ol 
propagation, and something analogous to the magnetic field 
which will give to the electron thus set in motion an impulse in 
the direction of propagation. The latter impulse we find 
though since it is predicted also by the principle of con.servation 
of momentum itself we can hardly draw from its existence any 
certain conclusion regarding a magnetic field in the quantum. 
The fact that there is at least a strong tendency for ejection of 
electrons in the direction of the electric vector seems at first 
sight to support the assumption of a force acting in the direction 
of the wave’s electric field. But if it is true that the .s])reading 
of the photoelectrons is as great for atoms in which the electrons 
move slowly as for those in which they move at high specti, wc 
cannot account for this equal spreading by assuming that the 
quantum imparts an impulse in the direction of the wave’s 
electric vector. We must suppose rather, as Auger has done, 
that the direction of the impulse due to the cjuantum is deter- 
mined jointly by the direction of the electric vector and some 
polarity (such as the direction of motion or acceleration or of 
magnetic moment) of the electron or the atom. 

Such a complexity in the direction of the force on an electron 
in an electric field could not have been predicted by an exten- 
sion of the classical electromagnetic theory. It would seem to 
complicate further our already difficult problem of interpreting 
the familiar concepts of electric and magnetic fields in terms of 
quanta. The difficulty follows directly from the experimental 
evidence that the spreading of the direction of the ]ihoto- 
electrons is independent of the wave-length and of the atom 
from which the electron is ejected. It is very desirable that 
these experiments be repeated under most varied conditions, 
for what is more fundamental in physics than a knowleilge of 
the force exerted on an electron by a field of radiation? 
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1 1 5. Number of Photoelectrons 

A series of experiments by W. H. Bragg, ^ Barkla,^ and their 
collaborators suggested strongly that the true absorption (as 
opposed to scattering) of X-rays is due solely to the excitation 
of secondary beta rays. This conclusion was supported by 
C. T. R. Wilson’s photographs ^ of the path of an X-ray beam 
through air, which showed no ionization along the path of the 
X-rays except that due to the action of the high speed electrons 
which were liberated. On this view. X-ray energy can be dissi- 
pated in only two ways, either by scattering or by the excitation 
of beta rays. 

We have seen that there are two types of beta rays, 
those whose liberation excites the characteristic fluorescent 
radiation, and those which recoil after scattering a quantum of 
energy. According to the results of de Broglie and Ellis, each 
electron of the first type represents the absorption of one quan- 
tum of energy hp from the primary beam. The second type also 
jn'obably represents a whole quantum of energy, the greater 
part of which appears as scattered radiation and the remainder 
as kinetic energy of the recoiling electron. The evidence is thus 
consistent with the view that each beta ray represents the 
removal of one (piantum of energy from the primary beam, and 
that no other energy is lost cxcein through true scattering. 

It follows as a result of this conclusion that the energy 
truly ” absorbed per centimeter path of the X-ray beam 
should be 

N/lP = KiTy 

where N is the number of jdiotoelectrons liberated, is the 
energy of the X-rays incident u]X)n the substance and r repre- 
sents the true absor])tion coefficient (cf. infra, Aj^peiitlix VI). 
Thus the number of jihotoelectrons liberated per centimeter 
])ath of the X-ray beam should be 

N = AitI/ip. 

’ \V. 1 1 . 20, '^H5 (n;io) a/. 

'■ C\ (i. Harkin, I’liil. Mag. 20, 170 (1910) 

C. K. Wilson, Pmc. Roy. Soc. 87, 2SH (Mjia). 
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Partial support of this relation (20) is given by the fact that 
the number of electrons ejected from an atom is independent of 
its state of chemical combination^ as is also the energy ab- 
sorbed by the atom. Moore has shown ^ also that the number 
of photoelectrons emitted by different light atoms traverseil by 
X-rays is proportional to the fourth power of the atomic weight. 
This corresponds exactly with Owen’s law (cf. infra, p. lyi) 
that the true absorption per atom under similar circumstances 
is proportional to the fourth power of the atomic number. It 
follows therefore that the number of photoelectrons is pro- 
portional to the X-ray energy truly absorbed, as stated l»y 
equation (8.37). Although no direct experimental determina- 
tion of the factor of proportionality has been made, there seems 
no reason to doubt that this factor is the energy quantum hv. 


PASSAGE OF PHOTOELECTRONS THR0U(;H MATrKR 

1 16. Range 

The question of the range of a photoelectron is identical 
with that of any high speed electron traversing matter. 'Che 
problem has been treated very simply by J. J. 'Phomson,'- on 
the assumption that the energy lost by the beta )nirticle is that 
spent in setting in motion the electrons near which it passes. 
If we suppose that t is the effective time during which the he(a 
particle acts on the electron, and that h is the mean force aiMing 
on the electron during that time, then the impulse imparted to 
the electron is 

Ft = niv^ 

and the energy imparted is 

_ ni-v^ F~ T~ 

im im 

' H. Moore, Proc. Roy. .Soc. 91, ,^^7 (i (;i ;). 

= J. J. Thomson, “Coiuliiction of Electricity through C.'iisc.s,” 2<1 I-;,!., p. {7H. 
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But the time of interaction t is inversely proportional to the 
velocity V of the beta particle, i.e., t = AjV^ whence 

In each unit path there will be several collisions, for each of 
which the energy imparted is proportional to ilmV'^, whence 
the energy lost per unit path is also proportional to i/mV'^. 
That is, 

dT _ C 
dx mV'^ 

where T is the kinetic energy of the beta particle and C is a 
new constant of proportionality. We may write approximately 
(for low velocities) T — and we have 

TdT = - o.Cdx, 

which when integrated may be put in the form 

(8.39) 

or 

= /V — ax y (8 . 40) 

where n and b are constants depending upon the number of 
electrons per unit volume in the material traversed. If the 
hnal velocity is zero, we thus have for the range of the beta 
particle 

a : = / V / rt . (^-40 

Jupiations (8.40) and (8.41) have been tested experi- 
mentally for beta rays of moderate speed by Whiddington,^ 
Wilson," and others,'* who find them accurate within experi- 
mental error. Of course x must be measured along the path 
of the particle. 'I'he actual thickness of matter traversed is 
considerably less than the length of the path. Terrill ** finds 
the value of the constant a for various metals to be as follows: 

• U. Wliiiltlington, I^’oc. Roy, Soc. 86, (n^ri). 

C. 'I'. R. Wilson, Rroc. Roy. Soc. 104, 1 (k/ij). 

■' B. I*'. J. Shonluml, Rroc. Roy. Soc. 104, -2^5 (iy'2;0. H. M. Terrill, Phys. Rev. 21, 
■17^' 22, 107 (iy2j). 
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TABLE VriI -3 

Values of THOMSON-WniDniNtrroN CoNs i AN r a 


Substance 

Beryllium 

Aluminium 

Copper 

Silver. 

Gold... 

Density p 


Ohs. Clcrrill) 

Call*. (Bohr, approx.) 



— 

.«;4 X kP-' 

i , I X 

i..|. 

* 7 

4-^ 

* 1 ' ,1 



1 1 .a 

]• 1 

• 5‘ ‘5/^ 



These constants are approximately proportional to the tlensities 
of the metals, as should obviously be tlie ease aeeortling to 
Thomson’s theory. 

Wilson has found that in moist air at 760 mm. aiul 1 S" C . an 
electron that has fallen through 21,000 volts lias a range of 
I cm. From this it follows that for air, a — X lu 

In Thomson’s theory no account is taken ol the motion or 
the binding forces on the electrons which are siM in motion. 
This has been considered in detail, however, by Hohr,' who 
obtains an expression for the constant a which dc|nMuls ii])on 
the characteristic (critical ionization) h'e(|ucncics ol tlu* cicc 
trons in the atom. Bohr’s formula may be written in the form: 


a 


\()Trchl 





where n is the number of atoms ]ier unit volume, /' is the vi*loc 
ity of the beta particle, vi is the critical ionization Irciiucncy of 
the /th electron in the atom, k ~ 1.1, and / is the atomic 

number, 'rhis may be written. 


a 


\()Trir^N n . 


1 .(/> X 




•■■■ V/ 

A ’ 


<■' ■!.!> 


where is the number of molecules jua* gram molecules and / 
= log Since it is a logarithm, / varies only 

* N. Bohr, Phil. Mag. 25, ia(i(;i3); 30, (nn 5 ). 

^ Cf. M. A. Kramers, Phil. Mag. 46, K/)H 
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slightly with V and vu Thus, assuming h = lo^^, if F cor- 
responds to a potential of 10 kilovolts / = 6.6, while for F 
corresponding to 5 kilovolts / = 5.6. Hence a should be almost 
though not quite constant. In Table VIII-3 are shown the 
values of a thus calculated (taking / = 6.6) compared with 
• Terrill’s experimental values. The agreement is rather satis- 
factory. 

For beta rays whose velocity is so great that the kinetic 
energy is no longer given by the range should, according 

to the ideas underlying the theory, increase more rapidly than 
stated by equation (8.41). The range should instead approach 
infinity as F approaches c. 


117. Ionization due to Beta Rays 

’J'he cloud expansion photographs show that the ionization 
is more intense near the end of the track where the beta ray is 
moving slowly than along the initial portions of the track. 1 his 
is in accord with equation (8 .38), according to which the energy 
spent per unit path of the beta ray is inversely proportional to 
I /F-. Since F cannot exceed r, the ionization per unit length 
of ]iath does not approach zero even for the fastest beta rays, 
b'or this reason even the highest speed beta rays produce a 
visible track in the cloud expansion chamber.^ 

'I'beories by Thomson,'-^ liolir,'* and Rosseland ' of the ioniza- 
tion by beta rays are based on a calculation of the probability 
I bat a collision with an electron will give it energy greater than 
enough to remove it from the atom, 'riiomson’s expression for 
the number of ions produced directly by the beta ray per unit 
path is 


1 = 


wrvr 


(^•44) 


' Ililif v’cioiliy ofliic i)iirticlc is wiiliin :i lew niclcrs pci* second of tiic velocity 
oflif^fii, rndiaiioti relictions hecoine inipori.'i nt, and the iieta particle niay prculuce no 
ioM.s (c f. W. h\ (;. Swann, Phil. Mag. 47, t-'nergy of such particles is 

large, however, compared with even the fastest beta rays emitted by radioac ti\ e sub- 
stances. 

“ ). ). 'I'bomson, Phil. Mag. 23, .pp; (up i). 

» N.’Hohr, Phil. Mag. 30, 5H1 (npO- 

'‘S. Ko.sseland, Phil. Mag. 4S, ^>5 (•‘J-.O- 


St 
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where as before n is the number of atoms per unit volume, Z 
the atomic number, and W the energy required to free the 
electron. This expression agrees with those of Bohr and Rosse- 
land. 

Wilson finds ^ that if ^ = 10^^^ cm./ sec., a beta jnirticle 
traversing moist air at 760 mm. and 20° C. ejects about yo 
electrons per centimeter of its path. From this he calculates 
that W of equation (8.44) must correspond to about 7 volts. 
This value is less than half of the ionizing potential of oxygen 
and nitrogen as given by recent work, and is nearly equal to the 
“radiating’’ potential. Thus we cannot feel satisfied with the 
status of the theories designed to account for the ionization by 
high speed beta particles. 

1 18. Form oj Beta Ray Tracks 

From a study of the electron! tracks photographed with his 
expansion apparatus, C. T. R. Wilson found, “ The rays show 
two distinct kinds of deflection as a result of their encounters 
with the atoms of the gas — Rutherford’s ‘ single ’ and ‘com- 
pound ’ scattering. The gradual or cumulative deviation due 
to successive deflections of a very small amount is evidently, 
however, in this case much the more important factor in causing 
scattering, all the rays showing a large amount of curvature, 
while quite a small proportion vshow abrupt bends. When 
abrupt deflections occur they are frequently through large 
angles, 90° or more.”^ 

In a later study he distinguishes between abriq^t deflec- 
tions which result in a branched track, and are thus j^mhably 
due to a collision with another electron, and nuclear collisions 
which result in no branches. From the mimher of nuclear 
deflections through an angle greater than yo degrees he cal- 
culates according to Rutherford’s theory of scattering * that the 

^ C. T. R. Wilson, Proc. Roy. Soc. 104, i(;2 (nyi,?)- 
2 C. T. R. Wilson, Proc. Roy. Soc. 87, (i<;i 2), 

^ C. T. R. Wilson, Proc. Roy. Soc. 104, 205 (192 ]). 

^ E. Rutherford, Phil. Mag. 21, 668 (lyi 1), 
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charge of the nucleus with which the collision occurs is 6.^e, 
which is very near the charge ye of the nitrogen nucleus. 

Many people have noticed that the photographs of the beta 
ray tracks seem to show a nearly uniform curvature ^ over dis- 
tances greater than is to be expected if the deflections are for- 
tuitous. The tracks sometimes appear to have the form of 
converging helices,^ such as might be due to a motion in a 
strong magnetic field. None of the explanations of this elFect, 
however, have seemed to be satisfactory,*^ and considerable 
doubt as to the reality of the phenomenon has been raised by 
Bothe.'^ 

‘ C. 1 '. R. Wilson, Proc. Roy. Soc. 104, 206 (iy2j). 

^ A. H. Compton, Phil. Mag. 41, 279 (1921). 

Kxplanations have hccn suggested by T. Shimizu and A. H. Compton, Phil. Mag. 
41, 279 (1921); J. L. (ilasson, Nature, 108, 421 (ig2i); C. T. R. Wilson, Proc. Roy, 
Soc. 104, 2oH (i 92 ; 0 * 'i’hcse have been criticized by P. L. Kapitz.a, Proc. Camb. Phil. 
Soc. 21, 129 (1922), and A. H. Compton, Bulletin Nat. Res. Council No. 20, p. 30(1922), 
W. Bothe, Zeits. f. Physik, 12, 117 (1923). 
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CHAPTER IX 


Quantum Theory of X-Ray Scattering 

1 19. Scattered X-rays as Directed Quanta Instead of IFaves 
In the discussion of the scattering of X-rays given in Chaji- 
ter IIIj we found that many of the properties of the scattereii 
rays could be accounted for on the basis of the classical theory 
as developed by Thomson and extended by Debye. 'J'lie 
accuracy of Barkla’s determination, from scattering experi- 
ments, of the number of electrons in an atom, and the success 
in extending the theory to cover the diffraction of X-rays by 
crystals, led physicists to class scattering phenomena with those 
of interference and refraction as completely explicable according 
to our classical ideas of electrons and electromagnetic waves. 
Within the last few years, however, new scattering phenomena 
have been observed which are so directly contrary to the usual 
electrodynamics that we have been compelled to reverse our 
attitude almost completely. Far from explaining the scattering 
of X-rays on the assumption that radiation spreads in all direc- 
tions as spherical waves, we seem driven by the recent experi- 
ments to consider X-rays as definitely directed ipianta of 
radiant energy. 

The evidence leading to this dramatic reversal of our ideas 
of the nature of X-rays— and hence of all radiation will he 
presented in the first part of this chapter. In the latter part 
we shall consider the application of the cjuantum theory to such 
problems as the intensity of X-ray scattering, for which unicpie 
solutions have not as yet been found. 

I. THE CHANGE OF WAVE-LENGTH OF SCATTERED X-RAVS 

120. Early Experiments 

The earliest experiments on secondary X-rays and 7-rays 
showed a difference in the penetrating power of the primary 
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and the secondary rays.^ In the case of X-rays, Barkla and his 
collaborators showed that the secondary rays from the heavy 
elements consisted largely of fluorescent radiations character- 
istic of the radiating element, and that it was the presence of 
these softer rays which was chiefly responsible for the greater 
absorption of the secondary rays,^ When later experiments 
showed a measurable difl’erence in penetration even for light 
elements such as carbon, from which no fluorescent K or L 
radiation appears, it was only natural to ascribe this difference 
to a new type of fluorescent radiation, similar to the 7C and L 
types, but of shorter wave-length ® Careful absorption measure- 
ments failed however to reveal any critical absorption limit for 
these assumed radiations similar to those corresponding 
to the /v and L radiations. Moreover, direct spectroscopic ob- 

' I'or 7-rays, sec A. S. Eve, Phil. Mag. 8, 66y (1904); R. D. Kleeman, Phil. Mag. 15, 
h (itpH); J. P. V. Madsen, Phil. Mag, 17, 4^1 (1909); D. C. H. Klorance, Phil. Mag. 
20, 921 (1910); J. A. Ciray, Phil. Mag. 26, 611 (191;^); D. C. M. Klorance, Phil. Mag. 
27, 225 (1914); K. W. K. Kohlruusch, Phys. Zcit. 21, 19J (1920); A. M. Compton, 
Phil. Mag. 41, 749 (1921); et al. 

In the case of X-rays scattered by light elements, the early experiments of Barkla 
and his collaborators indicateil a slight softening of the secondary rays (C. (1. Ihirkla, 
Phil. Mag. 7, 550, 1904; K. T. Beatty, Phil. Mag. 14, 604, 1907), but the ilittcrence 
seems lo have been consiilercd within the experimental error; “the scattereil radia- 
tion (Idlers inappreciably in ])enctraling power from the primary radiation, that is to 
siiy, there is no appreciable degradation' accompanying the process of scattering*' 
(Barkla atui Miss Ayers, Phil. Mag. 21, '27r, [91 1). Exj)eriments showing the softening 
of secondary X-rays have been performed by C. A. .Sadler and P. Mesham, Phil. Mag. 

('9' i); J. l.aub, Ann. der Phys. 46, 7X5 (1915); J. A. (iray, hVanklin Inst, j, 
Nov. i(;2n, p. ^4 A. 1 1. Compton, Phys, Rev. 18, (96 (iy2i); Nature, 108, ('9“0; 

J. A. Crow t her, Phil. Mag. 42, 719 (1921). 

■’ C . (1'. Barkla and C. A. Sadler, Phil. Mag. 16, 550 ([90S). 

J. l.aub, Ann. der Phys. 46, 7X5 (1915); J. A. Ch-owlher, Phil. Mag. 42,719 (1921). 

Barkla s J translornuition is an interpretatioii ol the softening of setanulary 
X rays which is essentially difleretu (roni that of fluorescence. It is .supposed rather 
that the rays are .scattered without change of wave-length, but are in .some way mod- 
ilied as they traverse matter after being scattered. 'I bis suggestion has been (level 
oped in the following papers; 

C. {;. Barkla and R. .Sale, Phil. Mag. 45, 748 (1929); C. (C Barkla and S. R. Khast- 
gir, Phil. Mag. 49, 251 and 50, 1 1 i j (1925); C. Ci. Barkla, Nature, 112, 729 (i92 {); 
heb. 19, 1926. 

I'or discussion of the “ J-transformation,” .see A. II. Compton, Nature, 113, ibo 
(1924); R. 'I'. Dunbar, Phil, Mag. 49, 210 (1925), and J. A. Ciray, Bull. Am. Phys, 
.Soe. I, No. 7, p. 15 (1926). 
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servations failed to reveal the existence of any spectrum lines 
under conditions for which the supposed J rays should appear J 
It thus became evident that the softening of the secondary 
X-rays from the lighter elements was due to a ditterent kind 
of process than the softening of the secondary rays from heavy 
elements where fluorescent X-rays are present. 

It was at this stage that the first spectroscopic investiga- 
tions of the secondary X-rays frorh light elements were made.- 



According to the usual electron theory of scattering it is obvious 
that the scattered rays will be of the same frequency as the 
forced oscillations of the electrons which emit them, and hence 
will be identical in frequency with the primary waves which 
set the electrons in motion. Instead of showing scattered rays 
of the same wave-length as the primary rays, however, these 
spectra revealed lines in the secondary rays corresj^onding to 
those In the primary beam but with each line displaced slightly 
toward the longer wave-lengths. 

A diagram of the apparatus employed, such as Jng. 107, 

» See p. 188. 

2 A. H. Compton, Bulletin Nat. Res. Council. No. 20, j). xG Pliys. Rev. 21, 

715 and 22, 409 (1923). 
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may help in understanding the significance of the result. X- 
rays proceed from the molybdenum target T of the X-ray tube 
to the carbon radiator Ry and are thence scattered at an angle 
0 with the primary beam through the slits i and 2 to the crystal 
of a Bragg spectrometer. Thus is measured the wave-length of 
the X-rays that have been scattered at an angle <t>. This angle 
may be altered by shifting the radiator 
and the X-ray tube, and the spectrum 
of the primary beam may be obtained 
by merely shifting the X-ray tube 
without altering the slits or the 
crystal. 

Spectra of the molybdenum Ka 
line after being scattered by carbon at 
ditterent angles are shown in Fig. 108. 

'Phe upper curve is the spectrum of 
the primary ray, and the curves below 
are the spectra, using the same slits, 
of the rays scattered at 45 degrees, 

(p degrees and 135 degrees respec- 
tively. It will be seen that though in 
each case there is one line of exactly 
the same wave-length as the primary, 
there also occurs a second line of 
greater wave-length. 'I'hese sj^ectra 
show not ojily that the wave-length of 
the secondary ray differs from that 
of the j^rimary, but also the tact that 
the difference increases rapidly at large 
angles of scattering. 

In h'ig. I 10 is shown a similar 
spectrum of .X-rays scattered at 
120" by lithium, in which no a]')precial)le line appears of the 
same wave-length as the ]')rimary beam.* We have seen (p. bi) 
that the energy of the whole secondary radiation from 
light elements is very nearly ecpial to that calculated from 
' Y. 1 1 . Woo, Phys, Kcv. 27, 1 19 (1916). 
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Thomson’s classical theory for the scattered rays. If there is 
any scattering from lithium it must therefore be the radiation 
which appears in the spectrum as the slifted line Af. Similarly 
we must ascribe both lines in the spectrum of the secondary 
rays from carbon to scattered X-raysA 

The fact that the scattered rays are of greater wave-length 
when scattered at large angles with the primary beam suggests 
at once a Doppler effect as from particles moving in the direc- 
tion of the primary radiation. This would be similar to the 
change in wave-length of the Fraunhofer lines in the sunlight 
reflected to us by Venus, because of the Doppler eftect from the 
motion of the planet. According to the classical idea of the 
scattering process, however, every electron in the matter trav- 
ersed by the primary X-rays is effective in scattering the rays. 
In order to account for such a Doppler effect on this view, there- 
fore, all of the electrons in the radiating matter would have to 
be moving in the direction of the primary beam with a velocity 
comparable with that of light — an assumption obviously con- 
trary to fact. It is clear that if any electrons move in tliis 
manner it can be only a very small fraction of the whole number 
in the scattering material, and that it must be this small frac- 
tion which is responsible for the scattering. 'Phe idea tiuis 
presents itself that an electron, if it scatters at all, sealters a 
complete quantum of the incident radiation; for thus (he 
number of electrons which move forward woultl just be e(iuiil 
to the number of scattered quanta. 

^The view has occasionally been defemleil thal- the shifted or niodilied line i*. iliie to 
a form of fluorescent nuliation (A. II. Compton, Phil. Mag. 41, 74<;, Phy:. Hr\, 

18, y6, 1921) or tertiary X radiation proihiced hy the impact of photcH-lrctrnie, ((;. 1,. 
Clark and W. Duane, Proc. Nat. Acad. Sci, 9,422, ir/24 ami later p;ipcT'.). I'liiw h\ 
j)othesis suggests no reason why the energy in the modified rays from lithiiiin ‘.liouM lu* 
that calculated on 'rhomson’s theory of the scattered rays. It also fails to accouni iur 
the fact that the secondary X-rays at 90“ are completely polari/cil (cf. p, .1 
property characteristic of scattcreil rays. 

In applying the name “scarteretl rays’* to those here studied, we mean the r.iys 
which corres]ioiul most closely to those descriheil by 'riiomson’s original tlu*ory of •.cat 
tering. 
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1 21. Theory of Quanta Scattered by Free Electrons * 

This suggestion that each quantum of X-rays is scattered 
by a single electron supplies a simple means of accounting for 
the observed change of wave-length. For if we consider the 
primary rays to proceed in quanta so definitely directed that 
they can be scattered by individual electrons, along with their 
energy hv they will carry ^ momentum hv/c. The scattered 
quantum, however, proceeding in a different direction from the 
primary, carries with it a different momentum. Thus by the 
principle of the conservation of momentum, the electron which 
scatters the ray must i*ecoil with a momentum equal to the 
vector difference between that of the primary and that of the 
scattered quantum (Fig. 109). But the energy of this recoiling 

* A. 11. Compton, Bulletin Nut. Res. Council No. ao, p. 19 (1922); Phys. Rev. 21, 
2ti7 anti 48^5 (if>2;^). P. Dehyc, Phys. Zeits. 24, i 6 i (192;^). 

A ililhculty presents itself when we consider the action of radiation quanta on free 
eleclrons. In the last chapter wc supposeil that when a quantum acts on an electron 
in an atom it gives to the system both its energy //i/antl its momentum /lu/c (etp 
H.06 'S.09), and found that the photoelectric effect was thus rather adecjuately 
described. But if a (piantum gives to a free electron its momentum, 

/ j V ^ ^ 

it cannot at the same time give to the electron its energy, for which we should have 

/ti> - w/r‘( * - — I ). (2) 

\Vi - (P / 

'That is, if a (piantum were to give its energy to ii free electron, the momentum of the 
system could not be con.served. Iftlien we adhere to the principles of the con.servatioii 
of energy ami momentum, it is impos.sible for a radiation (piantum to im]>art its energy 
to a free electron. In other words, there can be no photoelectric effect with free 
electrons, 'riiisisin ai'cord with Moore’s observation (p. 254) that the number ot 
photoelectrons proiluced per atom in an element of atomic number Z is proportional to 
Z', since for free electrons Z o. 

Since eipiations (1) and (2) cannot be simultaneously .satisfied, we might infer 
that a (piantum could not affect a free electron. 'Die |)ossibili ty remains, however, of 
supposing lliat tt/t/v a fuirt nj the (Hiautnuis energy h .spent on the electron., the remainder 
escaping as a radiation (piantum of less energy. It: is this po.ssibility which is deveU 
(»ped in this chapter, and is found consistent with the energy and momentum jirin- 
ciples. 

C’f. e(piati()n 25 of Appendix I. 
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electron is taken from that of the primary quantum, leaving a 
scattered quantum which has less energy and hence a lower 
frequency than has the primary quantum. 

From the principle of the conservation of energy we, have 

Av = hp' + - y), (y-oO 

VV I — / 



where v is the frequency of the incident ray, v' that of the ray 

scattered by the electron, and — i ) is the 

Wi - I 


kinetic energy of the recoiling electron.-’ 'J’lic principle of con- 
servation of momentum supplies the additional e(]iiations, 


(X-component) 


hv hv' . mBc 

— = — cos ^ "T — / cos 0 

c c Vi - /S- 




(Y-component) o 


hv . , mSc 

— sin <!> -\ — . sin II 

c Vi-d- 




For a definite angle of scattering cj) there are in these eipia- 
tions three unknown quantities, /, d and 0, the angle of recoil 
of the electron. By a straightforward solution of the three 

^ Cf. equation 2i of Appendix If. 
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equations we can calculate these quantities. It is more con- 
venient, however, to express the result in terms of the scattered 
wave-length X' = c/ v', and the kinetic energy of the recoiling 
electron. We obtain,' 

= X H (i — cos <fi), 


5 X 


X' - X = 


— (i — cos tl>) 
me 


= 7 vers <i>, 


(9-04) 


where 7 = h/mc = .0243A, and vers <^ = i — cos 

a vers <)!» 




klfi 


= hv^ 
= hv' 


I + « vers 0 
dee cos^ 0 


(1 + cos^ 0 


and 


or 

wlicrc 


cot (? = — (i + «) tan 
cot i</-> = ~ (1 + 

(v E= hv/rnc^ = 7/^* 


Also 


(9-05) 


(9.06) 


l^luations (9.04) ]>rc(lict that the scattered ray should be of 
greater wave-length than its jiarent primary ray, and that this 
increase in wave-length should be greater at large scattering 
angles. 'The wave-length change should however be the same 
for short wave-length as for great wave-length ]')rimary rays, 
and should be the same for all substances. According to equa- 
tions (9.05) there should exist a type of j^-ray with energy less 
than hv by a factor of approximately la cos“ 0 , h'or all except 
very hard X-rays, these /:^-rays must thus possess much less 
energy than the jdiotoelectrons described in the last chapter. 
'They should also always proceed at angles less than 90 degrees, 
and those at the smaller angles should have the greater energy. 

1 1 follows from et|uations (9.06) that for each electron ejected at 

• Cf. Aj>pciulix VI. 
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an angle d there should be a quantum of X-rays scattered in a 
definite direction 0. This is in sharp contrast with the classical 
electromagnetic theory, according to which the energy should 
be radiated in all directions. All of these predictions are sub- 
ject to experimental test. 



122. Measurements of the Change of I Cave-length .Iccompany'nig 
the Scattering of X-rays 

In Fig. io8 the line M is calculated in each ease from t he 
theoretical formula for the change in wave-length. 'J'hat it is 
not accidental that for carbon the agreement with the theory is 
so satisfactory is evident from the spectra shown in lug. i to, 



MEASUREMENTS OF CHANGE OF WAVE-LENGTH 269 

which shows similar spectra from many different scattering 
elements, recently obtained by Dr. Woo. 



J'^k;. III. 


Cf/ 

1 

I ■ 



H. 


Fi(i. 1 12, 






'I'licsc ionization spectra arc completely confirmed by photo- 
graphic spectra, log. 1 1 1 shows a beautiful photographic spec- 
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trum obtained by P. A. Ross, which compares the spectrum of 
the K series lines from molybdenum with the spectrum of these 
rays after being scattered at 90 degrees by aluminium. One sees 
distinctly the ai, a2, P and 7 lines as both shifted and unshiftecl 
lines. In Fig. 112 are shown a series of Ross’s photographic 
spectra’ of the molybdenum Ka ray scattered by carbon, 
aluminium, copper and silver.^ This figure shows in a striking 
manner the fact that the shift is independent of the scattering 
material. 

Though in the experiments just cited the magnitude of the 
change in wave-length agrees satisfactorily with the theoretical 
value/ the precision of the experiments was not greater than 

^ P. A. Ross, Proc. Nat. Acad. lo, 304 (1924). 

2 Not all of the measurements of the wave-length of scattered X-rays have given 
such satisfactory results. Especially disturbing for about a year was a series of experi- 
ments performed by various investigators at Harvard in which instead of the effect 
here described a different effect, called “ tertiary radiation,” was observeil. Sec; 
G. L. Clark and W. Duane, Proc. Nat. Acad, 9, 413 and 419 (1923); 10, 41 and 92 
{1924). G. L, Clark, W. Duane and W, W. Stiller, ibid. 10, 148 (1924). S. K. 
Allison and W. Duane, ibid. 10, 196 (1924). A. H. Armstrong, W. Duane ami W. VV. 
Stiller, ibid. 10, 374, (1924). S. K. Allison, G. L. Clark and W. Duane, il)id. 10, 
379 (1924). 

“The tertiary radiation” was never definitely observed by other investigators than 
those at Harvard (though suspected by some, e.g., J. A. Becker, Ibid, 10, 34- (> 9 i.|)- 
Experiments showing the type of spectrum describcil above have been performed by: 
A. H. Compton, Bulletin National Re.search Council, No. 20, p. 1 5 (1922); Phys. Rev. 
21,207,483 and 715 (1923); 22,409 (1923); Phil. Mag. 46, 897(1923). A. II. Comp- 
ton and Y. H. Woo, Proc. Nat. Acad. 10, 271 (1924). A. II. Compton and J. A. 
Bearden, Proc. Nat. Acad, ii, 1 17 (1925). P. A. Ross, Proc. Nat. Acad. 9, 246 ( 1 (^23); 
10, 304 (1924); Phys. Rev. 22, 524 (1923). P. A. Ro.s.s and D. I.. Wehsier, lh*oc, Nat. 
Acad, II, 56 (1925). B. Davis, Paper before the A. A. A. S. Dec. 28, 1923. J. A. 
Becker, Proc, Nat. Acad. 10, 342 (1924). A. Muller, cf. W. II. ami \^■. I.. 

X-Rays and Crystal Structure (1924) j>. 297. M. tie Broglie, Comptes Rrndus, 
178, 908 (1924). A. Davillier, Comptes Remius, 178, 207b (1924). M. df Broglit- 
and A. Davillier, ibid. 179, n (^9^4); J* de Physique, 6, 369 (1925). .S. K. Allison 
and W. Duane, Proc. Nat. Acad, ii, 25 (1925); Phys. Rev. 26, 30^) (192O. 1 1 . Kail- 
man and H. Mark, Naturwiss. 13, 297 (1925). Y. H. Woo, Proc. Nm. Acad, n, 1 23 
(1925). H. M. Sharp, Phys. Rev. 26, 691 (1925). 

In the latest experiments of Allison anti Duane (loc. cit.) at Harvard ihcy also fail 
to find the tertiary radiation and observe only the usual shift predicied hy ihc (jiiandim 
theory. 

It appears that the experiments which led to the suggestion of (he tertiary radiation 
were affected by an unfortunate combination of errors which produced spurious spec- 
tral lines. In many of the earlier Harvard experiments rays .scattcreil over a wi«lc 
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2 or 3 per cent. In order to make an exact test of the wave- 
length equation, it is necessary to scatter the X-rays at a 
definite and known angle 4), as well as to measure precisely the 
change in wave-length. Perhaps the best experiment of this 
character is that of Sharp, ^ in which the rays were scattered 
almost directly backward, at an angle of <;(> = 169°. Thus not 
only was 5X made a maximum, but also the value of vers 4 was 
near a maximum and could change only slowly with variations 
in 4>. The spectrum was examined by a special form of photo- 
graphic spectrometer, and was analyzed with the help of a 
microphotometer. It was found that the modified (shifted) 
line was broader than the unmodified line,^ and the measure- 
ment was made to the peak of the line, with the result, 

= 0.04825 ± .00017A. 

It follows that 

/z/wr^xpt, = 0.02432 ± .00009A. (9.07) 

If we take Duane’s value of A = 6.556 X I 0“27 erg sec. and 
c = 2.9986 X TO"' rw/sec., the theoretical magnitude of himc 
varies with the value assigned to m. Thus on the basis of 
Babcock’s determinations of elm = 1.761 X lo^ e.m.u. from 
measurements of the Zeeman effect, we have 

m = cl{ejm') = 9.04 X 

rati^f of angles </» ciUcrcil tin* X-ray spectrometer, so t’hat- the shifted rays were spread 
out into a broad, faint l)anil itisteail of a sharj) litic. In the experiments with aluminium 
an impurity .seems to have been jiresetit which gave a sharj) line at the ]>()siti<)n in which 
the tertiary peak was anticipateil. It is probable also that stray X-rays may have 
affected .some of the readings. After precautions were taken to remove thc.se sources 
of trouble, the I larvard apj>araius gave .some of the best measurements of the spectral 
shift that have been made (.Allison and Duane’s exjierinients, loc. cit.). 

1 believe it is agreed by all who have followeil these ex])eriments that there remains 
no evidence whatever for the existence of the suppo.sed tertiary radiation. On the 
other liaml, the evitlence indicates that the wave-length change is given accurately by 
the (piatitum formula, ami that the ratio of the intensities of the motliheil and unmoih 
ifieil lines ilepends oidy oji the wave-length, the .scattering material, and the angle of 
scat tering. 

M I. M. .Sharp, Phys. Hev, 26, Cuji (1^25), 

- 'rhis fact hail previously been noted by A. 1 1 . ComjUon, Phys. Rev. 22, 409 (iylj), 
S. lx. Alli.son and W. Duane, Phys. Rev. 26, ;]oo (t<;25); et al. 

II. D. HabtTJck, Astrophys. J. 58, 149 (19^3). 





X-RAYS AND ELECTRONS 


and 

hlmci = 0.0241 8A. 

But if we take the value oi ejm — T.773 X to^ e.m.u., which 
Birge finds ® as an average of the magnetic deflection determina- 
tions, we have m = 8.98 X io~28 and 

h/inc2 = 0.02435A. 

It is probable from recent theoretical work on the Zeeman effect 
that Babcock’s value of e/m is too low. In any ca.se, it i.s clear 
from these experiments that the c[uantuni formula (9.04) for 
the change of wave-length is as accurate as our knowletige of 
the constants h, m and c. 

123. The Unmodified Line 

The simple theory outlined above accounts only for the 
existence of the line whose wave-length is modified. I'his i.s 
doubtless because we have considered only the interaction be- 
tween quanta and electrons that are free. If an electron i.s so 
firmly bound within the atom that the impul.se imparted by the 
quantum is insufficient to eject it, the atom in it.s final condi- 
tion has the same energy as in the beginning, so that no energy 
is removed from the quantum. For the light atoms, in which all 
the electrons are loosely bound, the modified line should thus 
be relatively intense, whereas for the heavy atoms, in which 
most of the electrons are firmly held, the unmodified ray should 
have the greater energy. This i.s precisely what is shown by the 
figures reproduced above. 

From this explanation of the unmodified line it wouki al.so 
follow that for ordinary light, for which the impulse imparled 
by a quantum is far too small to eject even the most loo.sely 
bound electron, all the energy should lie in the unmodified line. 
On the other hand, for 7-rays the impulse would be .so great that 
almost every electron would be ejected, .so that nearly all the 
scattered rays should be modified. 'I'liis agrees exactly with 
Ross’s observation that the light rays scattered by paraffin are 

^ R. T. Birge, Phys. Rev, 14, 36 3 (lyiy). 
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unmodified,^ and the author’s observation that there is no 
detectable scattered 7-radiation having the original wave- 
length.2 

124. Recoil Electrons 

From the quantitative agreement between the theoretical 
and the observed wave-lengths of the scattered rays, we may 
look with, some confidence for the recoil electrons which are 
predicted by the quantum theory of scattering. At the time 
that this theory was proposed there was no direct evidence for 
the existence of such electrons, though indirect evidence sug- 
gested ^ that the secondary beta rays ejected from matter by 
hard 7-rays are mostly of this type. Within a few months of 
tlieir prediction, however, two investigators, C. T. R. Wilson ^ 
at Cambridge and W. Bothe ^ at Charlottenburg independently 
announced their discovery. 

Photographs of the trails of these recoil electrons have 
been shown in Figs. 95, 96 and 97. It is the tracks of 
the shorter type in Figs. 95 and 96 that Wilson identified 
with the recoil electrons, and all those in Fig. 97 are of 
this kind. It will be .seen that for the harder X-rays the tracks 
increase in number and in length and develop “ tails ” on the 
side of the incident X-rays. For this reason WiLson dubbed 
them “ fish ” tracks. It is a significant characteristic that all 
the “ fishes ” have their heads pointed in the direction of the 
incident X-ray beam, as is to be expected if they are due to 
recoil electrons, it will be seen also that the tracks which 
start directly forward are usually longer than those that move 
at an angle with the primary ray, corrc.sponding to the difference 
in energy at ilifi'erent angles as predicted by equation (9.05). 

' V. A. Koss, Sciciicf, 57, 614 

■' A. 1 1 . Coniplon, IMiil. Mag. 41, 760 

A. 1 1 . Coniplon, liullctin Nat. Res. Coun. No. cto, p. 27 (1922). 

C. 'I\ R. VVil.son, I*roc. Roy. Soc. 104, 1 (n/ij). 

VV. Hot he, /eits. f. IMiys. 16, 319 (i9'2.0. In this paper, not being aware of the 
jireilietiori of (lie recoil electron.s, Jiothe ascrihetl his newly discovered rays to II par- 
ticles. Soon afterwanl he showed that they had the characteristics of the predicted 
recoil electrons, /cits, f. Rhy.s. 20, 237 (1923). 
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Probably the most convincing reason for associating these 
short tracks with the scattered X-rays comes from a stmiy ot 
their number. In the last chapter we saw that each track of 
the long kind is produced by a photoelectron, and represents a 
quantum of truly absorbed energy. If the short tracks are due 
to recoil electrons, each one should represent the scattering ot a 
quantum. Thus if aj-r is the ratio of the energy scattered to 
that truly absorbed (see Chapter VI), we should have c/t =* 
NrINp, where Nb is the number of short tracks and Ni> the 
number of long tracks observed in the cloud expansion photo- 
graphs. 

An actual count of these numbers gave ’ the results shown in 
Table IX-i. Only those tracks were counted in the 3rd and 


TABLE IX-i 

Number of Tracks of Types R anu P 


Effective 

Wave-length 

Total 

Tracks 

R Tracks, 
Nb 

P Tracks, 
Np 

Nr 

a 

T 

.71A 

S8 

5 

49 

0. 10 

0.27 

•44 

24 

10 

1 1 

0.9 

i .2 

.29 

46 

33 

12 

■^•7 

3 « 

.20 

84 

74 

8 

9 

10 

•17 

73 

68 

4 

n 

n 

•^3 

79 

72 

I 

72 

3^ 


4th columns whose character could be distinguished with con- 
siderable certainty. For the shortest wave-length the recoil 
tracks were so long that it was impossible to distinguish in .sonic 
cases whether a given track was an R or a P track. Similarly 
for the longest waves it was hard to tell an R track from a 
“ sphere ” track produced by the secondary K radiation from 
oxygen, nitrogen and argon. The values of o- and t arc calcu- 
lated from the absorption coefficients in air, remembering that 
T is proportional to (p. 192). Biven for the extreme wave- 
lengths the agreement between Na/Np and a/r is jn-obably 
within experimental error, whereas for the intermediate wave- 
^ A. H. Compton and A, W. Simon, Phys. Rev. 25, -^06 (1925). 
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lengths where the counting is more accurate the two ratios 
agree very well indeed. 

Since we have seen that each P (photoelectron) track cor- 
responds to the true absorption of a quantum of energy, this 
agreement means that on the average there is about one quan- 
tum of energy scattered for each R track that is produced. It 
follows that the R tracks are produced as an accompaniment of 
the scattering of X-rays. 

This result is in itself contrary to the predictions of the 
classical electrodynamics, since on that basis all the energy 
spent on a free electron (except the insignificant effect of radia- 
tion pressure) reappears in the scattered rays. In these experi- 
ments on the contrary, 5 or 10 per cent as much energy appears 
in the motion of the R electrons as appears in the scattered 
X-rays. 

That these R tracks, associated with the scattered X-rays, 
correspond to the recoil electrons predicted by the quantum 
theory of scattering, becomes clear when we compare their 
energy as shown by their range with that predicted by the 
theory. We have seen in the last chapter (eq, 8.41) that 
the range is approximately proportional to or to the square 
of the kinetic energy of the beta particle. Wilson finds ^ that 
R = /^-/44 mm., where V represents the particle’s initial 
energy expressed in kilovolts. Using this relation, we can 
calculate from equation (9.05) the range to be expected for 
the electrons recoiling at different angles 0. For the maxi- 
nuini range, using X-rays of different wave-lengths, the follow- 
ing values were found - (column 2), as compared with those 
]n*edicted (column 3). In the case of the hardest X-rays it was 
possible to com])are the ranges of the tracks ejected at different 
angles, with the results shown in 'I'able IX -3. 

’ 'I’his is (he ciiiiivalent; of the (hidini qiiotetl on [>. 256. C. 'I\ R. Wilson, Proc, 
Roy. Soc. 104, I 

-A. II. Coinpion and A. W. Simon, loc. cit. In these exj)erimcnts X-niys of 
apja*oxima(e homogeneity were obtained by filtering. 'J he calculations of I able iX -2 
are based on the shortest wave-length present, while those of 'fable IX-^ are based on 
tile average wave-length. Similar experiments, using the K x line of tungsten, have 
been performed by 1 1 . Jkeuti, Comptes Rendus 180, 27 95 * 
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TABLE IX-a 


Maximum Lengths of R 'Pkacks 


Potential on 
X-ray Tube 

Observed 

CaknilatL'il 

Kij. i} t)5 

a I kv. 

0 mm. 

.06 min. 

34 

0 

‘3 

52 

^•5 


74 

6 

6 

88 

9 

12 

III 

24 

^^5 


TABLE IX-3 

Range of R Tracks at Different Angles for hi Kv. X rays 


Angle of Emission 

Average Range 

Observed 

Calculatcil 


9 mm. 

1 1 mm. 

30^-60*^ 

4 

4 

0 

0 

0 

0.9 

0-3 


These results are typical of those ohtaincil hy a mimher ol 
independent observers.! From their complete agrccmeiil wit It 
the predictions of the quantum theory, we are jusiilied in 
identifying the R tracks with the recoil electrons. In view of 
the fact that electrons of this type were unknown at the liiiie 
the quantum theory of scattering was presented, their exist cnee 
and the close agreement with the predictions as to their nuiuher, 
direction and velocity, supplies strong evidence in favor of the 
fundamental hypotheses of the theory. 

125. Directed Quanta vs. Spreading JVaves 

We thus find that the wave-length of the scattered rays is 
what it should be if a quantum of radiation bounced from an 

' C. T. R. Wilson, Proc. Roy. .S„c. 104, i W. Bofhe, Zeils. f. Plus. 20, •: 17 

(1913,). A. H. Compton iiml J. C. I luhl.ar.l, J‘l>ys. Rev. 23, 4 jy ([.j2.|.). 'l |. Ikcuii 
Comptes Rentius, 180. 27 (1925). D. Skolicltzyn, Zciis. f. I'liys'. 28. 27S (ly: ,). 
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electron, just as one billiard ball bounces from another. Not 
only this, but we actually observe the recoiling billiard ball, or 
electron, from which the quantum has bounced, and we find 
that it moves just as it should if a quantum had bumped into 
it. The obvious conclusion would be that X-rays, and so also 
light, consist of discrete units, proceeding in definite directions, 
each unit possessing the energy hv and the corresponding 
momentum ///X. 

126. JFaves vs. Conservation of Energy and Momentum 

If we wish to avoid this conclusion, and to retain the idea 
that energy proceeds in all directions from a radiating electron, 
wc are presented with an alternative which is perhaps even 
more radical, namely, that when dealing with the interactions 
lK‘tween radiation and electrons, the principles of the conserva- 
tion of energy and momentum must be abandoned. It is 
indeed difficult to see how the idea of directed quanta can be 
reconciled with those experiments in which interference is 
secured between rays that have moved in different directions, 
as for example in the interferometer. The conviction of the 
truth of the spherical wave hypothesis produced by such 
interference exjvrimcnts at one time led many physicists to 
choose rather the abandonment of the conservation principles. 

'The manner in which this alternative presents itself is very 
clearc’iit. If the energy radiated by an electron striking the 
target of an X*ray tube is distributetl in all directions, only a 
very small fraction of it will fall u)K)n any particular electron in 
the scattering material. Ihit this minute fraction of the original 
radialeil energy is sufficient to cause the ejection of a recoil 
electron with a considerable fraction of the energy of the initial 
cathode ])article. 'Hius on the spherical wave hypothesis, when 
a recoil electron is ejected, it appears with many times as much 
energy as it receives from the incident radiation. In the cor- 
res|K)nding case of the photoelectric effect, we have considered 
(ChajMer VIII) the suggestion that energy is gradually accumu- 
lated and stored in the atom from which the photoelectron is 
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ejected. In the present case this view is even more difficult to 
defend than in the case of the photoelectric effect, for here the 
loosely bound electrons, and apparently even free elcctnms as 
well, would have to be able to store up energy as readily as 
those tightly bound within the atom. 

The lack of conservation of momentum on the spherical 
wave view is even more clearly evident than is the siulclen 
appearance of energy. For just as in the case of the energy 
received by the scattering electron, so also the impulse received 
by the electron from the incident radiation is on the wave 
theory insignificant. We find, however, that a recoil electron 
moves with a velocity comparable with that of light, suddenly 
acquiring a momentum in the forward direction which is in- 
comparably greater than the impulse it receives from the 
incident ray on the usual wave theory. To retain the conserva- 
tion of momentum, we might suppose that the remaining part 
of the atom recoils with a momentum equal and opposite to 
that of the scattering electron. But the experiments imlicate 
that the momentum may be equally readily acquiretl whether 
the electron is loosely or tightly bound. It is thus clear that 
the momentum acquired depends only upon the scattering 
electron and the radiation, and has nothing to do wilh the 
remaining part of the atom. According to the spherical wave 
hypothesis, therefore, the electron does not receive an impulse 
as great as it is found to acquire. 

If this work on the scattering of X-rays and the acconquin y- 
ing recoil electrons is correct, we must therefore choose between 
the familiar hypothesis that electromagnetic radiation consists 
of spreading waves, on the one hand, and the princi]fies of the 
conservation of energy and momentum on the other. We can- 
not retain both. 

The success of the applications of the conservation prin- 
ciples that have been made in this chapter to the problem of t lu* 
scattering of radiation, inclines one to a choice of these prin- 
ciples even at the great cost of losing the spreading wave theory 
of radiation. Bohr, Kramers and Slater^ however, have shown 

^N. Bohr, H. A. Kramers and J. C. SlatcM*, Phil. Mag. 47, /firs. t. 

Phys. 24, 69 (1924), 
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that both these scattering phenomena and the photoelectric 
effect may be reconciled with the view that radiation proceeds 
in spherical waves if the conservation of energy and momentum 
are interpreted as statistical principles. 

127. Scattering of Quanta by Individual Electrons 

The essential feature of this suggestion of Bohr, Kramers 
and Slater as applied to the present problem is the hypothesis 
that spherical electromagnetic waves are scattered by virtual 
oscillators,*' one such oscillator corresponding to each electron 
in the scattering medium. These virtual oscillators scatter the 
radiation in spherical waves in a manner similar to that de- 
manded by the classical theory; but to account for the change 
of wave-length, they are supposed to scatter as if moving with 
such a velocity that the Doppler effect will give the same 
effect as that predicted by the quantum theory. The radiation 
jn'cssure, which on the classical theory would be uniformly 
distributed over all the scattering electrons, appears on this 
view as the nnomentum of a few recoil electrons. For no 
iiulivitliial electron is the momentum conserved; but the mo- 
mentum of all the recoil electrons is (over a long period of time) 
cciiial to the impulse imparted to the whole scattering block by 
tlic pressure of the radiation. Similarly, the difference between 
the energy s]K‘nl- on the virtual oscillators and that reappearing 
as scattered rays does not appear uniformly distributed among 
all the electrons, but rather as the kinetic energy of a small 
number of “ recoil electrons, d'hus the energy, like the mo- 
mentum, is conserved only statistically. 

On this view, therefore, the radiation is continually being 
scattered, but only occasionally is a recoil electron emitted. 
'This is in sharp contrast with the radiation quantum theory 
tlevelo]K‘d above, according to which a recoil electron appears 
every rime a (|uantum is scattered. A crucial test between the 
two ]>oints of view is possible if one can detect individual recoil 
electrons and individual quanta of scattered X-rays, h'or on 
the (juantum view a beta ray resulting from the scattered X-ray 
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should appear at the same instant as the recoil electron, whereas 
on the statistical view there should be no correlation between 
the time of production of the recoil electrons and the secondary 
beta rays due to the scattered radiation. 

^ This experiment was devised and brilliantly performed I)y 
Bothe and Geiger.’- X-rays were passed through hydrogen gas, 

and the resulting recoil electrons 
and scattered rays were de- 
tected by means of two tlitfer- 
ent point counters, arranged as 
shown in Fig. n;^. Nothing 
was placed over the entrance 
to the chamber for counting the 
recoil electrons, but a window 
of thin platinum prevented re- 
coil electrons from entering the 
chamber for counting the scat- 
tered quanta (“ hv counter ”). 
Of course not every (luantiim 
entering the second counter will 
be noticed, for its deteciion 
depends upon the production 
of a ^-ray. Jt was found that 
there were about lo recoil elec- 
trons for every scattered quantum that rccordeil itself. 

The impulses from the counting chambers were reconlcd on 
a moving photographic film, as shown in Fig. 1 14. I k-rc the 
upper record is that of the recoil electron counter, and the lower 
one that of the quantum counter. The successive vertical lines 
represent intervals of .001 second. In this picture are shown . /, 
an accurately simultaneous emission of electron and (luanlum,’ 
and B, a recoil electron for which no associated scattered (juan- 

R 2 ‘’r t’*'' i-v 

A-d.' xx, 303 (ipS ■ "• '’""'I’"’"- 



Fig. 1 13. 
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turn was recorded. In observations over a total period of over 
five hours, 66 such coincidences were observed- Bothe and 
Geiger calculate that on the statistical theory of Bohr, Kramers 
and Slater the chance is only i in 400,000 that so many co- 
incidences should have occurred. 

We have found from the cloud expansion experiments that 
on the average there are about as many recoil electrons as there 
arc scattered quanta. Combining this result with that of Bothe 
and Geiger’s experiment, we see that there is a quantum of 



Fig. 114. 


sciitt'crcd X~rays associated with each recoil electron.^ This is 
directly contrary to the suggestion made by Bohr, Kramers 
ami Slater. 


I 2S. lYirectCil Qiiniita of Scattered X-rays 

ImiMirlant information regarding the nature of the quantum 
associated witli tlie recoil electron may be obtained by study- 
ing the relation between the direction of ejection of the recoil 
electron and the direction in which the associated quantum 
]>roceeils. According to equation (9.06) wc should have the 
ilefinite relation 

tan i(/) = — 1/(1 + a) tan 0 , (9.0B) 

• 111 'I'aMc IX I wc -see dial' especially for the longer waves, Na/Mp is somewhat 
less (hail f//;-, i.e., ihe luimlier ofrecoil eleeCroiis is slightly less than the numher ofscat- 
teri'ii ipuiiita. This i.s proliaiily due in jiart to the fact that for the unmodified scat- 
tered ray.s no recoil electrons should appear. 
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On the quantum theory, therefore, if the scattered ray produces 
a beta ray, the direction (j) in which the ray appears should be 
related to the angle 6 of the recoiling electron by the same 
expression. But according to any form of the spreading wave 
theory, including that of Bohr, Kramers and Slater, the 
scattered rays may produce effects in any direction whatever, 
and there should be no correlation between the directions^ in 
which the recoil electrons proceed and the directions in which 
the secondary beta rays are ejected by the scattered X-rays. 



This test has been made by means of a Wilson ciouci exj^an- 
sion apparatus,^ in the manner shown diagrammatically in log. 
115. Each recoil electron produces a visible track, and occa- 
sionally a secondary track is produced by the scattered X-ray, 
as in Fig. 116. When but one recoil electron aj^pears on the 
same plate with the track due to the scattered rays, it is possible 
to tell at once whether the angles satisfy equation (9.0H). 

^'riiis experiment was suggested hy W. K. (J. Swann, and pcM-fornu-d Uy A. \V, 
Simon and the author, Proc. Nat. Acad. Sci. ii, joj (i(j2^); Phys. Kcv. 26, 
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By the device of placing thin lead diaphragms in the expan- 
sion chamber, the probability that a scattered quantum would 
produce a beta ray inside the expansion chamber was made as 
great as i in 50. On the last 850 plates, 38 show both recoil 
tracks and secondary beta ray tracks. In 1 8 of these cases the 
observed angle <l> is within 20 degrees of the angle calculated 
from the measured value of 6 , while the other 20 tracks are 
distributed at i*andom angles. This ratio 18 : 20 is about that 
to be expected for the ratio of the rays scattered by the part of 
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(he air from which ihc recoil tracks coiiltl be measured to the 
stray rays from various sources. 

Idgure I 17 shows graphically how the secondary beta rays 
are concentrated near the angle calcidated from the direction of 
ejection of the recoil electrons.' 'I'lie fact that so many ot the 

• Wlirii only one ivcoil cicciron niul one sefomlary electron appeareil on a ])hoto- 
[»raph, the procetlure was to reconl llrst the angle 0 af which the rrack of the recoil 
electron hegins. 'riicn the angh^ 0 hetween the incident ray and the line joining the 
(H'igin of the recoil track and tlie origin of the secondary track was noteil. 'I'he differ- 
ence hetween this angle and the angle </> calculateil from 0 hy etpiation (g.o8) was called 
A, aiul this value of ^ was assigned a weight of unity. When a number u of recoil 
tracks appeared on the same plate with a secondary track, the value of A Wiis thus 
determined for each recoil track separately, and assigned a weight of i/w. Following 
this procetlure there are values of A which are ilistrihuteil approximately at random 
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secondary tracks occur at angles for which A is less than ao“ 
means that equation 9.08 holds for each individual scattering 
event within experimental error. There is only about i cliance 
in 250 that this agreement is accidental. 

Since the only known effect of X-rays is the production of 
beta rays, and since the meaning of energy is the ability to 
produce an effect, this result means that there is scattereil X- 
ray energy associated with each recoil electron sufficient to pro- 
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duce a beta ray and proceeding in a direction deteriuincii at the 
moment of ejection of the recoil electron. In other words, the 
scattered X-rays proceed in directed quanta of radiant enen^Y. 

Since other experiments show that these scattered X-rays 
can be diffracted by crystals, and are thus subject to the usual 
laws of interference, there is no reason to suppose that other 


between o ami i8o° due to the n - i recoil electrons whicluarc not assoeiaird will) iln- 
secondary tr,ack. This is in addition to the random values of A rcsultini; from ihc 

presence of stray X-rays. Plates on which more than three recoil irack^ aopcarc.l 
were discarded. 
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forms of radiant energy have an essentially different structure. 
It thus becomes highly probable that all electro-magnetic radia- 
tion is constituted of discrete quanta proceeding in definite 
directions. 

This result, like that of Bothe and Geiger, is irreconcilable 
with Bohr, Kramers and Slater’s hypothesis of the statistical 
production of recoil and photoelectrons. On the other hand, 
we see that equations (9.04), (9.05) and (9.06) are completely 
verified. 

Unless the experiments we have been considering have been 
affected by imprpbably large experimental errors, I can see no 
escape from the conclusion that the fundamental assumptions 
on which the quantum theory of scattering is based are valid. 
'I’o be specific, (i) that the incident X-ray beam is divisible into 
discrete units possessing energy hv and momentum hvjcj and 
that these units, or quanta, may be scattered one at a time in 
definite directions by individual electrons, and (2) that when a 
quantum is scattered by an electron, energy and momentum 
are conserved in the process. 

Mow these conclusions are to be reconciled with the experi- 
ments wliich have led to the wave theory of radiation is another 
ami a difficult question. The very considerable success of the 
wave theory as applied in Chapters III, IV, and V to problems 
of file inlensity of X-ray scattering gives confidence that such a 
reconciliation must be possible. 'I'he main point of this chapter 
has been, however, to show how existing evidence demands 
that wc adjust our ideas to include the existence of directed 
(piaiila of electromagnetic radiation. 


II. (iUANlA SeATIKKIU) I!V BOUND ELKCTKONS 

r’g. I'.jcclinii oj Hountf lUeclnms by Scattered Quanta 

If we retain the conception used in the theory of scattering 
by free electrons, that each X-ray quantum is scattered by an 
indivitlual electron, two cases arc to be considered, that in 
which the electron is not ejected from its atom, and that in 
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which the scattering electron receives an impulse sufficient to 
eject it from the atom. 

In the first case, evidence from X-ray spectra indicates that 
there is no resting place for the electron within the atom after 
it has scattered the quantum unless it returns to its original 
energy level. The final energy of the atomic system is thus the 
same after the quantum is scattered as it was before (the 
kinetic energy imparted by the deflected quantum to a body us 
massive as an atom being negligible), implying that the fre- 
quency of the scattered ray is unaltered. Scattering by this 
process would thus give rise to an unmodified line, as has been 
suggested above (p. 14). In the second case, however, part of 
the energy of the incident quantum is spent in removing the 
scattering electron from the atom, part is used in giving tq the 
electron and the ionized atom their final motions, and the re- 
mainder appears as the scattered ray. It is clear that all the 
quanta scattered in this manner will be modified. We wish to 
determine what fraction of the rays will be modified, and to 
what extent the wave-length will be changed. 

130. Limits Imposed by Conservation of Energy 

Some information on these points is available from simple 
considerations of the conservation of energy.' 'I'lie energy 
equation is, 

hv = hv' hv^ (q.Oq) 

where, as compared with equation (9.01), //i'„ is the energy 
required to remove the scattering electron from the atom, and 
is the kinetic energy imparted to the remainder of the 
atom. The frequency v' will be a maximum when the kinetic 
energy of the electron is zero, in which case, since is 

negligible compared with hv, 

"b ^ mux bv bv^^ 

or 

^kniin k ,„i„ X = X"/(Xj X). ((J. 10) 

* Cf. A. H. Compton, Phys. Rev. 24, 168 (1924). 
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There is no finite lower limit to the frequency, since equation 
(9.09) may be satisfied with v' = o. Thus the wave-length of 
the scattered ray may have any value for which ^ 

V > X -I- XV(X, - X). (9. II) 

It is possible for the electron to be thrown from the atom, 
and hence for a modified ray to be produced, only v > va. On 
the other hand, it is consistent with this equation and the cor- 
responding momentum equations for the whole atom to take 
the impulse due to the quantum, in which case the energy lost 
by the quantum is negligible. Thus a modified ray is never 
definitely, predicted when the momentum of the atom as well as 
that of the scattering electron is considered. Though these 
limiting conditions are very broad, they are nevertheless 
suificient to rule out any modified ray in the case of the experi- 
ments by Ross in which ordinary light was scattered by paraffin 
and reflected from mirrors (see p. 272). 

13 r. Assumption of Instantaneous Action on Electron 

In order to obtain a more definite solution of the problem, 
wc must make some assumption regarding the manner in which 
the ,X-ray quantum acts on the electron. Probal)ly the sim- 
]ilesr dynamical picture ^ is given by the assumption that the 
(|uantum’s action is instantaneous and is apjilied to the elec- 
fon. If the impulse is sufficient to eject the electron from the 
atom, we then calculate the wave-length change from the differ- 
ence in kinetic energy of the scattering electron just hefijre and 
just after impact; whereas if the impulse is insufficient to eject 

‘ 'I'his is precisely the wave-length range predictcil hy Clark ainl Duane’s liyjiolli- 
esis of “ tertiary railiation” (.see Note i, j). ii). 'I'lie pre.senr theory, however, does 
not demand continuous spectral energy Jistrilnition over this range, as tlid theirs. 

“ Other typical a.ssuinptions that might he maile are {a) when the electron is ejected 
the ioiii/eil atom remains at rest, ami {h) that the atom ah.sorhs from the incident ipian- 
turn suflicient energy to free the electron, which then scatters the remainder of the 
cpiantum in a definite tlirection. 'I’he.se hyjiotheses have not been found to give as 
satisfactory agreement with ex|ieriment as the simpler hypothe.sis discu.s.sed here (cf. 
A. II. Compton, I^hy.s. Kev. 24, i6tS (iy‘24)). 
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the electron we must suppose an unmodified ray to he prculuceil. 
In the limiting case, in which the electron is ejected, but with 
zero final kinetic energy, it will be seen that equation (9. 10) 
must give the wave-length of the modified ray. On this assump- 
tion, therefore, the wave-length of the modified ray is calculaleil 
from energy and momentum equations like those (y.oi)- 
(9.03) used for free electrons, except that the initial momentum 
of the scattering electron is not zero but is the momentum of its 
orbital motion, noting, however, that only the wave-lengths 
included in equation (9.11) can occur. It is on this basis that 
Jauncey has developed his theory ^ of the broadening of the 
modified line and of the relative prominence of the modified 
and unmodified lines. 

Let us write p as the momentum of the electron in its orbit 
immediately before it scatters the quantum, and /, w, n its 
direction cosines. Just after the impact but before the electron 
has moved appreciably from its orbit, the corresponding quan- 
tities are p', /', m', n' . We shall write also b pjme and 
b' ^ p'jmc. The kinetic energies before and after impact arc 
then given by the equation (cf. eq. 4, Appendix VI). 

a -1- (V I -p ^2 _ j) _ ^/ _|. j _|_ ^2 — 1 ), 1 0 ) 

where a s hvlmc^ and a! = hv'lmc^ as before. We have now 
3 momentum equations (cf. eqs. 5 and fi, Appendix XI), 

a + bl = a'k^ b'l' (y., 5) 

o -\- bm = amv + b'yn' (y. i^) 

o -b = 0 -b Z-V, (9.15) 

where A, my, o are the direction cosines of the seattereil ray. 
Also, of course, 

A2 _|_ _b ,/a = I_ (9. It.) 

‘G. E. M. Jiiancey, Phys. Rev. 25, 314 ami 723 (uj.'?). In an i-arlli-r paper In- 
developed a less satisfactory theory on slightly clittercnt assumpii.ms (Phil. Man 40 
427, 1925). 
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132. Theory for Circular Orbits 

In order from these 5 equations to determine a.', b', /', m' 
and »'j we must know the initial value of the electron’s momen- 
tum, or b, I, m, n. Jauncey takes the motion to be that of the 
electron in its Bohr orbit in the atom. For circular orbits, 
neglecting screening effects, this is given by equation (8.31) as 

p = wjcV la, — Q!.V(i — «.)> 

where a. = hvjmc^ and v, is the critical ionization frequency 
for the electron in its orbit. Thus 


b ^ Via, - «.V(i - «.). (9- 17) 


Using this value, we find on solving the above equations, 


where 

and 


X' _ a _u — {Ivh + mm^ 
\ a' \ — vl 

U = l + a{\ - a,)(l - /i), 

0 = V la — af. 


(9.18) 

(9-19) 


The maximum and minimum values of this ratio can be 
shown to be. 


_ u — v-l\ =t vV i ti^ — iul\ — v~mr 

V I - v'^ 


(9.20) 


'I'liis means a change of wave-length of magnitude, 

5 \ = X' — X = — X(l — /i)[i — 1/(1 - «,)-J 

I — a. 





— lull — 


(9.21) 


When a is small and a, is very small this becomes approxi- 
mately 

SX = q:X(i — /i) ± 2X\/a,(l — 7i) 


= 7 vers (j) ± i\V a, vers </>. 


(9.22) 
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If we assume that the probability that an electron will scatter 
the quantum is independent of the electron’s veloi'ity, the 
intensity of the scattered rays should he nearly uniforni over 
this range of wave-lengths. 

In the case of the molybdenum A.'(« rays scattereil at 90 
degrees by electrons in the A' orbits ot carbon, X .’/loA, 
= 49 Aj a, = .00050, and vers 0=1, whence lU •“-4.1 4 . 
.0317A, according to equation (y.cia). 'I’his band tiiie to the 
modified rays is represented in b'ig. 1 iH by the rectangle extend- 
ing from jd to B. The line OP represents the wave length of 
the primary ray, and M repre.sents the mollified rtiy according 


P 



to equation (9.04). 'Phe breadth .//{ of ibi-. iiKulilicd band 
may be thought of as due to the Dopider ell'ci 1 aiTane. In.m the 
orbital motions of the scattering electrons. 

According to ciiuation (9 im), however, onlv ibo'.f uavc 
lengths can occur in the modified line for wlfu b /..x • .. 

that is in big. iiS, only the shaded poriion ot tin- ici tangle 
between A and /I can be present. I hose colbsion'i betwt’en elec 
trons and quanta which would have resuli.-d in b. iwe.-n ,/ 
and (7 cannot ejeit the recoiling electron, and so must gi\i" rise 
to unmodified rays. On this liieory tberelore if ()./ ■ ()(; no 
unmodified ray will be pre.sent, whereas if < )<.' ■ oH nil tin- 
rays .scattered by electrons in such orbits should be uninodilied. 
It is a significant fact that according to this criterion an un- 
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modified line due to the K electrons in carbon should occur in 
each curve of Fig. io8; but in the case of lithium, as shown in 
Fig. no, using X, = 235 A and ^ = 110°, OC = .002A while 
Oyf = + .017A, so that no unmodified ray should occur. The 
agreement of the experiments with these predictions gives some 
confidence in Jauncey’s theory. 

Regarding the relative intensities of the modified and the 
unmodified lines, Jauncey’s theory is not so specific. The 
simplest assumption would be to suppose that the ratio of the 
number of unmodified to modified quanta is equal to the ratio 
of the unshaded to the shaded portion of the rectangle AB. It 
is very likely, however, that there is a greater a priori proba- 
bility for an unmodified encounter than for one resulting in a 
modified ray. We have seen in Chapter III that there is good 
evidence that the electrons within an atom cooperate with each 
other through interference. It seems impossible that such co- 
operation should occur for the modified ray, whose interpreta- 
tion rests upon the assumption that each quantum is scattered 
by a single electron. If this is correct, we must ascribe any 
existing cooperation to the unmodified ray. That is, to account 
for the fact that for great wave-lengths scattered at small angles 
the intensity is greater than calculated for independent elec- 
trons, we should have to a.ssume that an encounter resulting in 
an unmodified ray, in which the whole atom may be effective, 
is intrinsically more probable than one that gives rise to a 
modificil ray. 'I'lius the ratio of the energy in the unmodified 
ray to that in the mollified ray should be greater (by a factor 
which is undetermined) than the ratio ol . fC to CB ot Fig. 1 iS. 
'Phis conclusion, though only qualitative, is in accord with the 
experiments. 


133. Case of I'.Uiplic Orbits 

In the experimental spectra of the scattered rays shown in 
lugs. 108 1 12, though the modified line is always diffuse, it is 
not as broad as represented by the shaded area in Fig. J18. 
Jauncey ascribes this to the fact that most of the electrons 
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which scatter the X-rays are, in accord with current atomic 
theory, revolving in elliptic orbits, and are most of the time 
moving comparatively slowly in the outer parts of their orbits. 
The method of solving the problem ^ is the same as for the 
circular orbits, except that the result has to be averaged over 
the dilferent possible velocities of the electron in its orbit. 



The results of such a calculation in the case of carbon are 
shown in Fig. 119, taken from Jauncey’s paper. It is assumed 
that in the carbon atom there are : 

2 electrons in circular K (ii) orbits for which X, = 47 A, 

2 electrons in circular Lm (2^) orbits for which X, = 1200A, 
and 

2 electrons in elliptical Li (21) orbits for which X, = :?5oA. 
^ G. E. M. Jjiuncey, Phys. Rev. 25, 723 (1926). 
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The lower left corner of the figure shows separately the contri- 
butions to be expected at 0 = 30° from each electron group, 
the lines A, B and C representing the minimum wave-length 
change X^/(Xj — X) for the K, Lm and Li electrons respectively. 
In the upper left figure the three curves are combined to show 
the calculated form of the modified band for ^ = 30°. At the 
right is a similar curve for = 90°. 

134. Partial Experimental Confirmation 

The general form of the calculated curves is rather similar 
to the observed ionization curves shown in Figs. 108 and no. 
They agree also with Sharp’s experiments (p. 12) in placing the 
peak of the modified line exactly at 5X = 7 vers <t>. The ob- 
servation of the discontinuous character of curves I and II is 
beyond our present experimental technique. On the whole, 
however, it seems that the width of the lines as thus calculated 
is greater than indicated by the experiments. This is shown in 
a striking manner by Ross’ photograph reproduced in Fig. in, 
in which the lines are sufficiently sharp to separate the modified 
Koti from the modified Ka-z lines, though these are separated by 
only .0043 A. Fig. in represents the rays scattered from 
aluminium, but similar photographs by Ross using rays scat- 
tered by carbon also show these lines resolved.^ In curve II of 
h'ig. 119, the horizontal plateau at the top of the curve has a 
width of about .006A, which would make the resolution of these 
lines impossible. Unless this apparent resolution is due to 
some idiosyncrasy of the photographic plate, we must conclude 
that Jauncey’s theory in its present form predicts too great a 
width for the modified lines. 

If we grant that in the production of the modified rays 
single quanta are scattered by single electrons and that energy 
and momentum are conserved in the process, this means either 
that the time of interaction between the quantum and the 
electron is not negligible, or that the electrons are not moving 

' Those photographs using a carl)on radiator are reproduced in a paper by the author 
in h'ranklin Inst. J., July, 1924, p. 64. 
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as fast inside the atom as the Bohr-Sommerfeld theory sup- 
poses. More experimental information is however needed re- 
garding the shape of the modified line before we can give this 
part of the theory a really adequate test. 

The most definite test of the present theory is afforded by 
measurements of the angle at which the unmodified line dis- 
appears for different wave-lengths and different scattering 
materials. This limit is determined by the most firmly bound, 
or K, electrons in the scattering material, and is given from 
equations (9 . 10) and (9 . 22) by, 

^^min = ^ r < 7 vers ^ — iK'V a vers 0. (9 . 11a) 

DeFoe^ has recently measured the ratioof the modified to the 
unmodified scattering by comparing the absorption coefficients 
of the primary and scattered rays. His results are throughout 
in rather satisfactory accord with Jauncey’s theory. On the 
other hand, Woo’s recent spectra, such as those in Fig. r [o, show 
unmodified lines in the rays scattered by beryllium and boron. 
This is contrary to the predictions of equation (9 . 12a). 

A third test of the theory lies in a calculation of the ratio 
of the number of recoil to photoelectrons observed in the cloud 
expansion photographs. Jauncey and DeFoe ^ have attemptcil 
to account on this basis for the differences between the values 
of Nit/Np and observed in the experiments of Simon and tlie 
author; but, as we have seen, systematic errors in the ex]K-ri- 
mental values of Nu/Np are so prominent for the wave-lengths 
at which these differences are observed that such a test is of 
little significance. As I am writing this, however, a paper by 
Nuttall and ^Villiams appears in which Jauncey’s theory is 
applied to a set of their own experimental values of N,//N„, 
obtained with X-rays reflected from a crystal. 'I'heir data, 
shown in Table IX-4, seem to be free from the systematic errors 
which affect the data of Simon and the author for those wave- 

’ O. K. DeFoe, Phys. Rev. 1 926. 

2 G. E. M. Jauncey and O. K. DeFoe, Phys. Rev. 26, 4 -)t (1925). 

“ J. M. Nuttall and E. J. Williams, Manchester Memoirs, 70, i (lyif.). 
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lengths. It will be seen that their observed Nb/Np values agree 
more exactly with the values in the last column calculated on 
the basis of Jauncey’s theory than they do with the values of 
ff/ T. Nuttall and Williams consider the agreement between the 
last two columns to be within the combined probable error of 
the experiments and the calculations. 

TABLE IX-4 

Number of Recoil and Photoelectron Tracks 


(jus 

X in 

R Tracks, 
j^R 

P Tracks, 
Nr 

(T 

T 

Nb 

Nr 

— Calc. 
Nr 

Ail' 

1-54 

.614 



, 02 

.00 


Oxygen 

II9 

6 ia 

.28 

.194 

.227 

Nitrogen 

.614 

116 

406 

•42 

.286 

•.140 

Air 

•57 

KV 

418 

■41 


■34 

Air 

•.15 

1 

97 

1-75 

1.58 

1 .6r 


It thus seems that when we take into consideration the 
effect of the electron’s motions in their orbits, and the energy 
required to remove them from their atoms, we are able to 
account for the main departures from the simple theory. 'That 
is wc account for the existence of the modified line and the fact 
that it increases in relative prominence with increasing wave- 
length and atomic number, we interpret the broadening of the 
modified line, and we explain the fact that for the softer rays 
the number of recoil electrons is somewhat less than the number 
of scattered (pianta. 

'The evitience seems to show, however, that in its details the 
theory as developed by Jauncey does not accurately describe 
the width of the modified line, nor predict correctly the occur- 
rence of the unmodified line. This partial failure may be due 
to an ajqireciable time of interaction between cjuanta and elec- 
trons, or it may be that the electrons do not move with as great 
velocity as the current form of atomic theory would lead us to 
expect. 
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III. INTENSITY OF THE SCATTERED X-RAYS 

135. Unsatisfactory Status of Existing Intensity Formulas 

We are not in a position to develop a quantum theory of the 
intensity of the scattering of X-rays on the basis of principles 
sufficiently well established to give us confidence in the correct- 
ness of the solution at which we arrive. The problem is not 
however hopeless, as is indicated by the fact that the very first 
of the many quantum theories that have been presented gives 
results which, though perhaps somewhat arbitrary, are correct 
within the precision of our present experiments. 


136. Limiting Formulas Suggested by Correspondence Principle 

All forms of the quantum theory of X-ray scattering are 
based on the assumption that for long wave-lengths, where 
the motion imparted to the scattering electron is small, the 
intensity of the scattered rays approaches that assigned by 
Thomson’s classical theory. That is, if <l> is the angle of scat- 
tering and I is in intensity of the primary rays, an electron 
scatters rays of intensity (eq. 3 .04), 


L = I 


e* 


im'Y'^c* 


(i — cos^ 4 >). 


(9-^:1) 


Similarly, the scattering coefficient per electron is (cq, 3 -of)). 


Stt ^ 
3 


(9-24) 


For the shorter wave-lengths, the scattering electron recoils 
away from both the primary ray and the scattered ray, and 
analogy with the classical Doppler effect would demand that 
the intensity be less than given by equation (9 . 23). J t should, 
however, approach equality with this expression for 0 = 0, 
since at this angle the velocity of recoil is zero. 

^ Following the ideas underlying Bohr’s correspondence 
principle, we should expect to find an intensity which lies be- 
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tween the value assigned by equation (9 . 23) and that which one 
would calculate according to the classical theory for an electron 
moving with the final recoil velocity at the angle 9 given by 
equation (9.06). By use of Pauli’s elegant method of “ normal 
coordinates,” Breit has shown 1 that this minimum limit for 
the intensity at the angle 4> is 

^min = (9-^5) 

where / and v are the scattered and incident frequencies respect- 
ively, and is given by (9.23). From equation (9.04) this 
becomes, 

^min = /./(! + « vers (9.26) 

The true value of I<t> should thus lie between that given by 
(9.23) and that assigned by equation (9.26). As we shall see, 
the experimental values for X-rays of short wave-length do 
seem to lie between these limits. 

The assignment of such limits is as far as we have been able 
to carry the theoretical calculation with any considerable de- 
gree of assurance. We do not know what rule should guide us 
in taking the average between equations (9.23) and (9.26). 
We are, however, able definitely to rule out some formulas that 
have been suggested. 


137. Proposed Intensity Formulas 

I. Febye. In Debye’s original presentation of the quantum 
theory of scattering - he suggested that the number of quanta 
scattered in any direction <t> might be that assigned by the 
classical theory, namely hjhv, but in view of the reduced fre- 
quency the energy in each quantum would be reduced in the 
ratio bv'/hv. This leads at once to the expression 


T = T = r 

* “ V “21-1-0: vers (t> 


(Debye), (9.27) 


^ G, Breit, Phys. Rev. 27, 242 (1926). 

2 P. Debye, Phys. Zeits. 24, 161 (1923), 
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where /o s is the intensity of the rays scattered at 

^ = o according to both limiting equations (9-2.3) and (9-26). 
Equation (9.27) obviously lies between (9.23) and (9.26), and 
is thus a kind of average between the two. 

Though the intensity of the scattered rays is thus reduced, 
since the number of scattered quanta remains unchanged the 
energy removed from the primary beam is also unaltered. Thus 
the scattering absorption coefficient, or fraction of the primary 
energy removed by the scattering process, is the same as on the 
classical theory. That is, 

a — (To. (Debye) (9.28) 

Whatever uncertainties may be present in the experiments, one 
thing which is definitely established is that the total absorption 
of hard X-rays and 7-rays is less than o-o (see Fig. 31). Since 
<r cannot be greater than the total absorption, it follows that it 
is experimentally less than o-o. This definite conflict with ex- 
periment excludes Debye’s form of the theory of the intensity 
of scattered X-rays. 

2. A. H. Compton — W 00. It is an interesting fact that the 
wave-length X' represented by equations (9.04) varies with the 
angle just as one would expect from a Doppler effect due to 
electron moving in the direction of the primary beam. We 
have from equation (9.04), 

v'/v = l/{l + a vers qi); (9.29) 

but according to the Doppler principle, if the scattering elec- 
trons are moving with a velocity in the direction of the 
primary beam, the frequency of the scattered ray is given by 

v’/y = -p vers 0). (9 . 30) 

If ^ has the value 

?=«/(!+ a), (9-:?l) 

equations (9 . 29) and (9 . 30) become identical. Thus the change 
in frequency predicted by the quantum theory can be calcu- 
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lated also from the classical theory if we suppgse that the 
scattering electrons are moving forward with thfe- vdocity 

Jt is natural to suppose, since when applied to such moving 
electrons the classical theory gives the correct wave-length, 
that it will give also the correct intensity. By a mixed classical 
and quantum treatment of the problem, the author showed ^ 
that if the scattering electron is moving in the direction of the 
primary beam with a velocity the ratio of the intensity at 
an angle <^> to that scattered in the forward direction is 



1 1 + cos^ 0 + 2a{i + O') vers^ <l) J Compton 

2 (i + Qj vers I Woo 


(9-32) 


'I'he solution of the problem was completed by Woo,^ who 
a])plied Lorentz transformations to the electromagnetic field 
due to a scattering electron at rest. He found that the inten- 
sity scattered in the forward direction by an electron with the 
velocity <xc/{i -|- a) is 

-«' + "«)• (W“) (9.33) 


* It' so happens that this velocity (ic is just that which an electron woulil acquire by 
the absorption ot the energy (juantuni /ip or by scattering such a quantum (A. H. Comp- 
ton aiul J. C. Ilubbanl, Phys. Rev. 23, 442, it>24). 'Fliis has led several writers to 
derive a semi classical theory of the wave-length change, based on the iilea that the 
electron scatters its energy in all directions after it has acquired the velocity 
(ir. Cf. C’. R. Hauer, C. R. 177, 1211 C. T. R. Wilson, Proc, Roy. Soc. 104, i 

(it;2 0 ; K. borsterling, Phys. Zeits. 25, 313 (1924); O. Malpern, /cits. f. Phys. 30, 153 
(1924). 

On this view, the recoil electrons should all move forward with the velocity lie. 
'Phe experiments of Simon and the author, described on p, iH, show, luiwever, maximum 
velocities twice as great as this, and velocities varying in magnituile and ilirection in 
complete accord with the ili reeled quantum theory. 'Phus (-ic represents merely an 
“ effective*' velocity, not a real velocity, of the recoil electrons. 

" A. 1 1 . Compton, Phys. Rev. 21, 493 (1923). 

11 . Woo, Phys. Rev. 25, 444 (1925). Partial solutions of this problem have 
been offered also by, K. h’orsterling, Phys. /eits. 25, 313 (1924); O. Halpern, /eits. 
f. Ph'y.s. 30, I 53 (1924). A .simjde atul complete solution is given by (i. Wentzel, Phys. 
'/eits. 26, 436 (1925), who also pre.scnts an excellent review of the whole sulqect. 
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It follows that 

T - T ~ I + ag 
* “ 2 (i + g vers 4 >Y 

{l -h COS^ 4- 2g(l -f g) vers^ 0}. (Woo) (9.34) 

We see at once that equation (9.33) does not agree with 
(9.23) and (9.26), according to which should equal Jo. 
Thus equation (9 . 34) cannot be correct unless even the broad 
form of the correspondence principle used in deriving the two 
limiting equations is inapplicable. 

The most significant experimental test is again obtained 
by evaluating the scattering absorption coefficient. The total 
number of scattered quanta is clearly 

{ *■ I 

sin 


But each of these quanta represents the removal of energy hv 
from the primary beam. The scattering absorption coefficient, 
or fraction of the incident energy which is scattered per elec- 
tron, is therefore 


<T 


njiv 

I 


r l V 

— sin 


(9-35) 


Substituting/^ from equation (9.34) and v/v' from (9.29) and 
integrating, we obtain 


8ir 

3 


= o-„. 


(Woo) 


(9.3f') 


We have already noticed the inconsistency of this result with 
the experimental fact that <t is for short wave-lengths very 
considerably less than o-o. On this basis Woo concluded that 
the present method of calculating the intensity is unreliable. 

3. Compton,^ We have seen that equations 

and (9.26) determine 1 ^^^ as equal to Iq, If we assume also 

^ A. H. Compton, Phys. Rev. 21, 491 (1923). 
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that the relative intensity at different angles is given by 
equation (9.32), then 


h 


- I I -|- cos^ 4> “h laii + oj) vers^ (j) 

**2 {1 + a vers 


(Compton) (9.37) 



In Fig. J20 this value of 7 ,^ is plotted as the broken line C for 
a = 1.42, while equations (9.23) and (9.26) are represented by 
curves o and 4 respectively. It will be seen that although the 
broken line lies between these two curves for the greater part of 
its length, at small angles </> it falls below curve 4. At these 
angles, therefore, equation (9.37) predicts values of the in^ 
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tensity less than the minimum limit (eq. 9 • h'li’ud on 
the correspondence principle. It therefore seems ^ difficult to 
reconcile the present formula for the intensity with the cor- 
respondence principle.^ On the other hand this formula is in 
surprisingly good accord with the experiments. 

When we calculate the scattering absorption coefficient 
according to equation (9.35), using the value of given by 
equation (9.37), we obtain 

(T = <ro/(i + 2a). (Compton) (9’ 3 ^) 

This formula indicates a reduction in the scattering absorption 
with increasing frequency, which is in good accord with the 
experiments. 

4. Jauncey. An interestingly novel solution of the problem 
has been presented by Jauncey He conceives of the scattering 
of X-ray quanta by electrons as analogous to the hounding of 
peas from a football. If a is the effective radius of an electron, 
the probability that it will be struck by a quantum of negligible 
size which traverses unit area surrounding the electron, is espial 
to the cross sectional area of the electron. But this is by 
definition the scattering coefficient per electron, i.e.. 


Thus 


Stt 

3 m-c'^ 





which is of the same order of magnitude as the radius a - 
of the usual electron theory, calculated on the assiiiu])- 

1 It would be possible for the average value of the inlensity to be less than (lie inten- 
sity from an electron with the final velocity if some of the intermediate velocities were 
greater than the final velocity. For example, an electron might he .set in motion by 
receiving the initial quantum, and then be reduced to its final velocity by scattering 
the quantum in the forward direction. While such a process seems improbable, it 
makes one hesitate to rule equation (9.37) definitely out on the basis of the corre- 
spondence principle. 

2 G. E. M. Jauncey, Phys. Rev. 22, 233 (1923). 
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tion that the electron is a spherical shell of electricity. Such an 
agreement as to order of magnitude is all that one could 
anticipate. If the electron, then, has the effective size assigned 
by this expression, the scattering coefficient will have the value 
ffo assigned by the classical theory. 

In order to calculate the distribution of the scattered rays, 
Jauncey assumes such a shape for the electron that if the quan- 
tum is of negligible mass (i.e., of great wave-length) the de- 
flected quanta will be distributed according to the relation 
(1 + cos-<t>). For frequencies so high that the mass of the 
quantum is comparable with that of the electron, the electron 
will recoil from the scattered quantum, resulting in a greater 
probability for the quantum to move in a forward direction. 
Neglecting any change in the effective shape of the electron 
resulting from the high velocity acquired from impact with 
such a quantum, he is able to calculate in this way the relative 
intensity of the rays at different angles <j) for incident rays of 
any frequency. In order that = „ should remain equal to 
/(), he finds it necessary to suppose that the effective radius of 
the electron is less for quanta of large frequency or large mo- 
mentum, by the factor 1/(1 -|- a). Since the scattering absorp- 
tion coefficient per electron is equal to the electron’s effective 
area, this is at once 

v>' (J‘iLin^'ey) (939) 

(I + a)- 


'I’hc corresponding intensity of scattering is 


= /o- 


1 I + cos- c/j + tv (4 + ()tx + vers- 0 

2 ( I "h vers 0) [ i -f" 2 ^^^) vers 


(9-40) 


luirnuilas (9.39) and (9.40) differ from (9.3H) and (9.37) 
respectively only in the second and higher powers of a. Due to 
the h'itzgeralci contraction, the effective shape of the electron 
should he altered at high speecis by a term depending on /y- and 
hence on ck-. No direct method of calculating this correction 
has been found; but Jauncey shows that if the shape is made a 
suitable function of o? equations (9.40) and (9.39) rnay be 



304 


X-RAYS AND ELECTRONS 


changed into the form of (9.37) and (9.38). In the form (9 . 40) , 
Jauncey’s theory, as represented in the dotted line J of Fig. 
120 also falls outside the limits assigned by the correspondence 
principle. It does not seem improbable, however, that by 
assuming a suitable alteration with velocity of the the electron’s 
“ shape ” Jauncey’s theory might give an expression falling 
within, these limits. 

5. Breit. Guided to a large extent by the form of his limit- 
ing equation (9 . 26), Breit has suggested the empirical expres- 
sion,i 


r _ T ^ ^ 

~ ^“2(1-1- avers 


(Breit) 


( 9-40 


This is obviously a kind of mean between (9 . 23) and (9 . 26) . 

The value of a, calculated by equation (9.35) from Breit’s 
formula for is given by the expression. 


3 I a;f2a(l -}- a) 1 / , , 


= ffo-3('' + a){i- — f(2a) 

+ 1 ( 20 ;)^ — i(2cii)® -t- . . .} -[20! < l] 


(9-42) 


To the first order of a this is identical with equation (9 .38), and 
the precision of the present experiments is probably insufficient 
to distinguish between the two. 

6. An Alternative Solution. Breit has shown “ that a calcula- 
tion, based on the Doppler principle, of the frequency of the ray 
scattered in the direction ^ by an electron recoiling in the 
direction Q with the velocity assigned by equation (9.05), 
gives 


V (i + a vers 4 >y^ 

Thus the true modified frequency v' is the geometric mean 
between the primary frequency v and the frequency v” cal- 
culated classically as from the recoiling electrons, i.c.. 
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We might reasonably argue that the intensity should likewise 
be the geometric mean between the classical value and the 
value calculated classically (eq. (9 . 26)) from the recoiling 
electrons. That is, 


I • I = I • 7 ■ 


or 




4 




Using the value of le/Imin = (i + « vers 4>Y as given by 
(9.26), and recalling that I, = Jo - + cos^ 0), we thus have 
at once. 


I = 



I + cos® 0 
+ a vers 0)® 


(9-43) 


This represents the simplest possible average of the two limit- 
ing values of the intensity assigned by the correspondence 
principle. 

The scattering absorption coefficient calculated from this 
expression according to equation is 


(T = CTo*- 


3 I + « 


I + 


2(1 + a ) 


log (l + 2a) 


(9-44) 


The results of these various methods of calculating the in- 
tensity of the scattered X-rays can be grouped in the following 
manner: 


TABLE IX -5 


Method 

Ratio 

(Neglecting a-, . . .) 

Ratio or /(To 

(Neglecting . . .) 

Classical 

I 

, 

I. Dchye 

(i -f- « vers 0) ■* 

1 

6 

(1 + tt vers 0) 

(l 4-a!)~i 

Compton 1 

4, Jaunccy , 

(i + Q! vers 0) (ap]>rox.) 

(l H- 2a) 

5. Hrcit 1 

Correspondence limit 

(i + a vers 0) 

(l 4 - 3 a)-i 
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138. Experimental Tests 

The most direct test of these various formulas for the in- 
tensity of the scattered X-rays is a comparison with experi- 
mental values of Unfortunately it is very difficult to obtain 
experimental values of this quantity which are sufficiently 
reliable to be of value for such a test. In the early measure- 
ments of Barkla and Ayers, ^ as well as in the more recent ones of 
Hewlett,^ comparatively long wave-length X-rays were used, so 
that departures from the predictions of the classical theory are 
necessarily small. In a series of experiments performed by the 
author ® X-rays of wave-length as short as .13A were used, for 
which the departure from the classical values of should have 
been very appreciable. These measurements are difficult to in- 
terpret, however, because of the change in wave-length at differ- 
ent angles. If only a small fraction of the AT-rays is absorbed in 
the ionization chamber, the ionization will be nearly propor- 
tional to the absorption coefficient and hence to X^, or according 
to equation (9.04) to (i -1- avers<^>)^. But this is just the 
reciprocal (to the first order of a) of the reduction in intensity 
according to theories 3, 4 and 5. It is thus necessary to apply a 
correction to the measurements of about the same magnitude as 
the differences in which we are interested. At the present 
writing no experiments on the intensity of scattered X-rays 
have been published in which the effect of the change of wave- 
length has been allowed for with sufficient certainty to make a 
valuable comparison with the quantum theories. 

When hard 7-rays are used the same difficulty remains, but 
is less prominent because in this region of the spectrum the 
ionization produced varies only slowly with the wave-length. 
Experiments by Florance,-* Kohlrausch •''> and others including 
the author ® have shown very prominently the rapid reduction 

^ C. G. Barkla and T. Ayers, Phil. Mag. 21, 275 (ly 1 1), 

2 C. VV. Hewlett, Phys. Rev. 20, 688 (1922). 

^ A. H. Compton, Phil. Mag. 46, 897 (1923). 

^ D. C. H. Florance, Phil. Mag. 20, 921 (1910). 

® K. W. F. Kohlrausch, Phys. Zeits. 21, 193 (1920)* 

® A. H. Compton, Phil. Mag. 41, 749 (1921). 
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in intensity of the scattered 7-rays with increasing angles <l> in 
accord with the quantum formulas given above. The quanti- 
tative agreement between the results of the different experi- 
menters is not very satisfactory. Perhaps, however, my own 
measurements are as reliable as any, since an ionization cham- 
ber was used that absorbed a large fraction of even the primary 
7-rays. The intensities thus measured at different angles are 
plotted as the dots in Fig. 120. 

In accord with the discussion given in Appendix V, we 
may assume the effective wave-length of these hard 7-rays from 
radium C to be 0.0 17 A. Thus a = 1.42. Using this value, 
curves o, 1,2, 3, and 4, represent the o, i, 2, 3 and 4th powers 
respectively of 1/(1 + a vers cj)), corresponding to the 5 groups 
of formulas listed in Table IX-5. The dotted line J represents 
Janncey’s formula (9.40), and the broken line C the author's 
formula (9.37). It will be seen that curves 3 and C represent 
the data in a satisfactory manner, that curves 2, 4 and 5 do not 
fit so well, and that curves o and i are wholly out of agreement 
with the observed intensities. 

The Scattering Absorption Coefficient affords a more reliable 
test of the various theories. Its experimental value is the differ- 
ence between the measured total absorption coefficient and the 
true " photoelectric absorption r. The total absorption co- 
efficient is determined by the relative intensities of two beams 
:)f the same wave-length, and is measurable with precision. Jn 
the case of a light element, for the short wave-lengths with 
which we are concerned, the photoelectric absorption is re- 
s]X)nsiblc for only a small part of the total absorption. For 
L'arbon, Hewlett has shown (cf. p. 61, 5) that when X = 
3.7 1 oA, a = (To, the value assigned by the classical theory. 
iM'om the measured value of /x for this wave-length, we thus 
)btain r and its value for other wave-lengths 

s given by Owen’s rule that r oc x*^ 'Phe scattering absorption 
:oefficient for any wave-length is then given by o’ = ju — r (see 
‘Xppcndix VI). 

Jn Fig. 121 are plotted such values of the scattering absorp- 
:ion coefficient in terms of the classical coefficient o-o as unity. 
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The dots are taken from data by Hewlett,^ the open circles 
from Allen,® while + and X refer to measurements of the total 
absorption of hard 7-rays by Ahmad ® and by Owen, Fleming 
and Fage.^ The solid lines i , 2 and 3 are the graphs ofi/(i + a)) 



^ C. W. Hewlett, Phys. Rev. 17, 284 (1921). 

2 S. J. M. Allen, Phys. Rev. 24, i (1924). 

®N. Ahmad, Proc. Roy. Soc. 105, 507 (1924); 109, 206 (1925). I'he datum for 
carbon is that given in Table VI~3, using X = .01 7A as found in Appendix III. 

^ E. A. Owen, N. Fleming and W. E. Page, Proc. Phys. Soc. 36, 355 (1924). 
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l/(i+2a!), and i/(i+3a)j representing the different theories 
as classified in table IX-5, page 305. Curve i is unquestionably 
too high, and curve 3 is too low, especially for the shorter wave- 
lengths at which the values of ajaa are determined most reliably. 
The solid curve 1 represents equation (9.38), and the broken 
curve just above it is plotted from equation (9.42). Throughout 
the X-ray region these curves are so close together that they 
are almost indistinguishable on the scale of this figure, and 
they both fit the experiments within the probable experimental 
error. In the 7-ray region these two curves are separated far- 
ther. This portion of the curves is plotted on a larger wave- 
length scale in the lower part of the figure, to show more clearly 
their comparison with Ahmad’s and Owen’s data. We see that 
equation (9 . 42) represents the data somewhat more precisely, 
though the experimental variations are of the same order of 
magnitude as the difference between the two curves. 

On the basis of the experimental evidence shown in Figs. 
9.15 and 9.16 we may accordingly select the two formulas 
(9.38) and (9.42) as representing most accurately the intensity 
of the scattered X-rays and the coefficient of absorption due to 
scattering. The experiments are not sufficiently accurate to 
distinguish between these two expressions, though they seem 
to favor the latter. From the theoretical side also the latter 
formula is preferable, because of the difficulty of reconciling 
equation (9.37) with the correspondence principle. 


139. True Scattering attd True Absorption Associated with 
Scattering 

The intensity of the scattered X-rays and the absorption of 
X-rays due to scattering which we have been discussing do not 
afford very significant tests of the quantum hypothesis of the 
nature of the scattering process. This was to be expected, 
since in the first place the quantum theory in its present form 
does not assign a definite value to the intensity of the scattered 
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rays,^ and in the second place, we have seen in Chapter III that 
the departures of the observed intensities from the values pre- 
dicted by the usual electron theory can be accounted for almost 
within experimental error by assuming electrons of special form 
without introducing any quantum concepts. The fact that the 
experimental intensities fall within the limits assigned by the 
quantum theory is thus not crucial evidence in favor of this 
theory .2 

The quantum theory is however unique in that it predicts a 
type of true absorption associated with the scattering process. 
Energy spent in setting the recoil electrons in motion does not 
reappear as X-rays, and hence is truly absorbed; whereas on 
the classical theory, the only energy spent in the scattering 
process is that which reappears in the scattered beam. When 
the quantum theory of scattering was proposed, no such true 
absorption had been found associated with scattering in the 
case of X-rays. Ishino had, however, demonstrated the exist- 

^It is to be hoped that an application of Heisenberg ami Born’s new (|iiantuni 
mechanics may afford a unique expression for the intensity of the scattereil X-rays. 
Since this hope was expressed, P. A. M. Dirac has successfully attackctl the problem of 
scattering of radiation by free electrons, using the new quantum dynamics (Proc. Roy. 
Soc., 1926). He obtains equations for the change of wave-length, etc., itlentical with 
expression (9.04). For the intensity he finds, apparently as a unique solution, pre- 
cisely the result suggested by Breit (equation 9.41) from con.siderations of the cor- 
respondence principle. As we note in the text above, this formula agrees very satis- 
factorily with the experimental results. 

Dirac calls attention to a possible crucial test between the type of theory on which 
his formula (9.41) is based and that leading to such equations as (9.37) ami (9.40), 
since the former theory predicts complete polarization of the scattcreil rays ate/) = 90", 
whereas the latter theories predict complete polarization at an angle given approxi- 
mately by cos = a/(i + a:). Dr. Bearden and Mr. Barrett, working in the author’s 
laboratory, have just completed measurements of the angle of maximum polarization. 
Using X-rays of effective wave-length less than .2A, which on the earlier forms of 
quantum theory should give a polarizing angle of about 83"", the experiments gave the 
maximum polarization at 90 + 1°, in complete accord with the theories of Dirac ami 
Breit. 

^On page 74, equation 3.12 we showed that diffraction considerations lead to 

~ F (sin J0/X). Since a vers 0 = 20; sin- = - (sin- 2<fi/X)j the limiting 

7 nc 

quantum expression (9.26) gives = F' (sin^ .‘(j!>/X). Kxj)eriments sufficiently 
precise to distinguish between these two functions would affonl a more decisive test 
between the interference and the quantum theories of the X-ray intensities. 


TRUE SCATTERING AND TRUE ABSORPTION 311 


ence of true absorption in the case of -y-rays,^ and there was a 
strong tendency to associate this true absorption with the 
scattering.^ The recent, discovery of recoil electrons associated 
with the scattered rays requires the existence of such true 
absorption for both X-rays and 7-rays. 

Fortunately the quantum theory predicts a rather definite 
value for this type of true absorption. If sin (Ijd 4 > is the 

energy per second scattered between 4 > and <t> + dcl>, we have 
seen above (eq. (9-35)) that the energy removed from the 
primary beam to pi-oduce these scattered rays is 


V 

— • 27 rr^I . sm (pdcj). 

V 

The difFerence between these two quantities, 

sin 4 >d 4 >, 

is therefore the energy spent in setting in motion the recoil 
electrons associated with these scattered rays. The coefficient 
of true absorption due to scattering is thus, 

0 -,. ~ 

— iTTj^-a I vers ^ sin <l)d(l>. (9-45) 

Vi 

.Similarly the coefficient of true scattering may be defined as 


(T^ = iwr- j 


L sin (t>dil). 


(9 • 4^>) 


If we use the value of given by equation (9.37), we 
obtain from (9.45), 

<r„ = <r„ (Compton) ( 9 - 47 ) 

(i 4- la)- 


‘ M. fshino, Phil. Mug. 33, 140 

Cf. c.g., A. II. Compton, Bulletin Nat. Kcs. Conn. No. 20, p. 45 (1922). I'hc 
connection between the true ah.sorption and the scattering of 7-rays had been empha- 
sized earlier by Prof. Rutherford. 
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and from (9.46), 

<r. = (Compton) (9.48) 


The corresponding expressions using the value of given by 
equation (9.42) are; 


tra = 

and 

(Tb = 



^(3 + 70^ + 40^^) 

o?{l -j- 20:)^ 


(Breit) (9.49) 



^ log (i -f la) 


2(1 -|- 3a — a®) 

a2(i + 2a)2 


(Breit) (9.50) 


The value of ca calculated from the various other quantum 
formulas for is the same to the first order of a as equation 
(9.47), which makes possible a significant test of the quantum 
theory of scattering. 

An experimental test of equation (9 . 47) in the X-ray region 
has been made by Fricke and Glasser,^ by a study of the ioniza- 
tion produced in small ionization chambers by the recoil elec- 
trons. They have determined the ratio of the photoelectric 
absorption r to the scattering true absorption o-a for two dift'er- 
ent wave-lengths, and for various materials. The second 
column of Table IX-6 gives their results for carbon. The 
agreement with the values in the last column, which tlicy 
calculate from equation (9.47) with the help of Hewlett’s and 
Allen’s absorption data, is rather satisfactory. 


TABLE IX-6 

Ratio of Photoelectric to Scattering True Absorption ijv Carbon 
(Fricke and Glasser) 


X, A. U., 
(Effective) 

-Obs. 

O'a 

T 

P 

Hewlett] 
Allen J 


y- 47 ) 

Calc. 

<Ta 

0 

00 

0 

.28 


.0065 

.0170 


0. II5 

.094 


.00172 

.0202 

.0H5 


1 H. Fricke and 0 . Glasser, Zeits. f. Pliys. 29, 374 (1924). 
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In the case of hard 7-raysj the photoelectric absorption, be- 
ing proportional to X®, is negligible compared with the scattering 
except for the heavy elements. The total scattering absorption 
a is measured directly, as described in Chapter VI; the co- 
efficient of true scattering a, is determined by measuring with 
an ionization chamber the fraction of the incident rays that 
reappear as scattered 7-rays, and the coefficient of true absorp- 
tion oa is given by 

ffa-<r— (T,. ( 9 - 53 ) 

According to any wave theory of scattering, = o-, and o-o = o. 

Measurements of c, cr, and ffa, using the hard 7-rays from RaC, 
have been made by Ishino,i and by Owen, Fleming and Fage.^ 
The refinements in experimental technique introduced by the 
latter investigators make their results deserve greater weight 
than the earlier experiments of Ishino. The data for carbon 
are shown in Table IX-7. The agreement between the values 
of (Taff, shown in the last column, is of especial significance, since 
the theoretical value of an/ a is almost independent of the form 


TABLE IX-7 

Ma.s.s Scattering Coefficients of Aluminium for Hard 7-Rays from RaC 


Authority 

Total Scattering 
Absorjition, o* 

True Scattering 

'I’rue Absorption, 
(Ta 

(Til 

CF 

Isliino* 

.066 

.045 

.021 


0. I‘. & V, 

•0559 

.0352 

.0207 

•d 7 o 

I’-qs. 9,38, y.48 
and 9 47 
(\ = .017) 

.0500 

.0325 

.01 85 

•370 

K>|s- 9 42, 9 -SO 
aiul 9.49 
(X = .017) 

.0545. 

.0364 

.0171 

.333 


* Isliino’s valiifs have been correcletl f(jr a slight error in calculation. 


^ M. Ishino, Phil. Mag. 33 , 14° (^ 9 ^?) • 

2 E. A. Owen, N. Fleming and W. E. Fage, Proc. Phys. Soc. 36, 355 (1924). 
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of the quantum theory adopted, but differs widely from the 
value o predicted by any form of wave theory. 

Our investigation of the intensity of X-ray scattering from 
the standpoint of the hypothesis of radiation quanta therefore 
gives results which, as far as they go, are completely confirmed 
by experiment. It is true that in the present form of the quan- 
tum theory the intensity of the scattered X-rays is defined only 
by rather wide limits. But the experimental intensities are 
found to fall within these limits, and the quantum theory pre- 
dicts just the kind of departures from the classical theory that 
are observed. Where the theory does make quantitative pre- 
dictions differing from the predictions of the wave theory, as in 
the case of the true absorption associated with scattering, the 
predictions are completely confirmed by experiment. Thus re- 
garding intensities as well as regarding wave-lengths the quantum 
theory of scattering finds itself established on a finn experimental 
basis. 

Further experiments on the intensities of scattered X-rays 
of short wave-length are however much to be desired, in order 
to enable us to select the appropriate form of the correspondence 
principle to apply to the scattering problem. 


CHAPTER X 


Quantum Theory of X-Ray Diffraction 


T40. The Quantum Conditions 


In Chapter I we introduced the assumption, made first by 
Bohr, that the angular momentum of a revolving electron is an 
integral multiple of A/a7r, where h is Planck’s constant. This 
is an example of a more general statement of the quantum 
conditions,^ that 



(10. 01) 


Here q is the displacement ” along the coordinate used to 
define the motion, p is the momentum along this coordinate, 
and n Is an integer. The limits of integration are so chosen that 
the condition of the system at qi is indistinguishable regarding 
its q coordinate from its condition at yo. Thus for a rotating 
system, q is the angle through which the system has turned, 
p is the angular momentum, and and qv may be taken as 
o and If the angular momentum is a constant, we have, 

r pdq = p f dq = Irp, 


or by cciiiation (10.01), 

p = ;//;/27r, (10.02) 

which was Bohr’s assumption. 

' 'Phis st;i(-cnicnt of the (|iiaiUuni conditions is devcloj)cd l>y Somnierfcld in his 
“ Atomic Structure and Spectral lanes ” (Knglish edition, p. K/p. 'Phc rule as thus 
stated gives the correct results only when the jirojier coordinates (usually the most 
obvious ones) are chosen to describe the motion. An alternative statement of the 
stamlard ([uantum conditions which avoids the ilifficulty of selecting the jiroper coor- 
dinates has been j)roposed by Schwarzschild aiul ileveloped by Rohr. 'I'he formula- 
tion of the t|uantum conditions is tliscussed thoroughly by J. H. VanVleck in his 
“ yuantuni Principles of lane Spectra,” bulletin of the National Research Council, 

H)l(u 
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Imagine an infinite succession of points arranged along the 
X axis, spaced at equal distances D and moving with constant 
momentum^. Then in expression (lo.oi), q = x, and, since 
after moving through a distance D the position of the system 
is indistinguishable from its original position, we may take the 
limits of integration as o and D. Thus, 

f^pdq = p f dx = pB = nh, 

Jqo Jo 

whence the momentum is defined by 


p = nh/B. 


(10.03) 


14 1. Bohr' s Frequency Condition 

Let us apply this result to an infinite train of plane waves 
of wave-length X, propagated with velocity c along the X axis. 
Equation (10.03) then becomes at once, jO = nh/'K, or since the 
energy of the wave train is ^ = pc, 

W = nhcjX = nhv. (10.04) 

Thus changes in the energy of the wave train must occur in 
integral multiples of hv. If we suppose that for a simple sine 
wave, with no harmonics, n is always i, we have at once for 
the energy of the wave train, 


fd' — hv, ( lo.oij) 

which exprpses Bohr’s frequency condition, and is the basis 
of Einstein s photoelectric equation. In terms of momenfum 
instead of energy, this is, as we have seen before, 

p = W I c — hl'K. (10.0b) 

In view of the evidence, presented in the last chapter, that 
when a quantum of radiation is emitted it proceeds in a definite 
direction, it is unnecessary to consider any type of wave other 
tha.n a long train of plane waves. For the only form of wave 
which transmits energy in a definite direction is a plane wave. 
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and in order that the wave shall have a definite frequency it 
must occur in long trains. Thus a directed quantum of definite 
energy or momentum corresponds on the classical theory to a 
long train of plane waves, such as we have considered. There 
is apparently no way in which such a long wave train can give 
up a whole quantum of energy to an atom in a time interval 
short compared with the period of the wave, as has seemed 
necessary (Chapter VIII) in order to account for the unsym- 
metrical emission of photoelectrons, unless the energy and mo- 
mentum of the wave are localized in certain points of the wave 
train. Such a conception, however, departs radically from the 
characteristics of the classical electromagnetic waves. 


142. Dijffmction by a Crystal^ 

Consider now a crystal as in infinite succession of similar 
atomic layers, perpendicular to the Y axis, and spaced at 



Fiu. 122. 

distances a apart, as illustrated in Fig. 122. If this crystal 
moves along the Y axis, its position after moving a distance a 
is indistinguishable from its original position. For uniform 
linear motion along the Y axis, p is the constant momentum, 

1 W. Duiine, Proc. Nut. Acad. Sci. g, i jy (1923). A. H. Compton, Ibid. 9, 359 
(iy2d)- 
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andj dq = a, as we have just seen. As in equation (10.03), 

p is then defined by the relation 

p = nhla. (10.07) 


Consider the motion of the crystal illustrated in hig. 122 
when it is traversed by an X-ray quantum whose momentum 
is ^/X. Let 6 be the glancing angle of incidence and 0' that of 
the diffracted beam. We. shall first take the case in which the 
only impulse imparted to the crystal is along the Y axis. 
Then conservation of momentum along the X axis gives, 1 


whence 



( 9 ' = zb 


The case 0' = + ^ represents a ray traversing the crystal with- 
out deviation, so that no momentum is imparted to the crystal. 
The case 0' = — 0 i.s that pictured in Fig. 122. According to 
equation (10.07) ^^e impulse given the crystal along the Y 
axis is db nh/a, and the expression for the conservation • of 
momentum along this axis becomes 


h . ^ h , ^ nh 

- sin ^ = sin B zb — > 

X \ a 

whence 

n\ = 2^ sin 0, 

which is Bragg’s law as stated in equation (i .03). 


(10.08) 


I43. Difraction by an Infinite Simple Cubic Crystal- 

If a is the distance between the layers of atoms as measured 
along the X^Y ox Z axes, we obtain, just as in deriving equation 

1 The wave-length of the quantum is unchanged, since the energy gained hy so mas- 
sive a body as a crystal, due to the impulse imparted I)y the (piantum, is negligil)Ie 
compared with the energy of the quantum. Thus, according to ct[ijati()n 9.04, the 
change of wave-length is inversely proportioned to the mass of the system which 
deflects the ray, 

® W. Duane, loc. cit., A. H. Compton, loc. cit., and P. Kj^stein and P. Khrenfest, 
Proc. Natl. Acad. 10, 133 (1924). 
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(10.03), the impulses imparted to the crystals along these 
axes will be respectively, 


Apx = njila, Lpy = nyhja, Ap^ = njija. (10.09) 


Let a, ) 3 , 7, be the direction cosines of the incident ray, and 
. a', / 3 ', 7', those of the diffracted ray. The increase in the 
X component of the momentum of the quantum of radiation 
h h 

when diffracted is -a’ a. This change in the momentum 

X X 


must be balanced by the change in the momentum of the 
crystal, i.e., 


h , h h 

-a - -a + -«» = O. 
\ \ a 


Thus for the three different axes we obtain 

a — a' = ^ - /S' = 7 - 7' = «,-• (10. 10) 

ct ^ ^ 

These expressions for the angles at which the ray of wave- 
length X may be diffracted by a crystal are exactly those 
obtained much less simply on the theory of interference. 

Kqiiations (ro.io) may be put in a more familiar form by 
noting that if 6 is half the angle between the incident and the 
diffracted ray, we have from trigonometry, 

sin 0 = iVfa — a')- + (/S — fi')- + (y — y')-, 

whence by equation (10. 10), 

2 sin 0 = Hjt + fi„~ + 
a 

Hut the integers t/*, are components of a vector in the 

direction of the momentum imparted to the crystal, and hence 
of a vector normal to the atomic layers which “reflect” the 
ray. We have seen above (eq. (4.03(2)) that the Miller indices 
(/;, A', /) of these atomic layers are the smallest integers proper- 



320 


X-RAYS AND ELECTRONS 


tional to the direction cosines of their normal. It follows that 

-r = = -4 = n, where n is some integer. Thus 

h k I 

a sin e = + Tk 


Now the distance between successive (/z, /) planes is given by 

equation (4.06) as 

B = 


We thus have for this more general case, 
»X = iB sin 0 , 
which is again Braggs’ law. 


144. Other Bifr action Problems 

When a crystal grating of finite dimensions is considered, 
both the wave theory and the quantum theory may proceed l)y 
treating the crystal as a Fourier integral of infinite gratings. 
The diffraction by each grating may be determined by the 
method used above for the infinite cubic grating. 1 n onler, how- 
ever, to calculate on the quantum basis the relative intensity 
of the rays diffracted by the different component gratings, some 
additional assumption is necessary, 'i'his additional assumiv 
tion is supplied by Bohr’s “ correspondence princijde,” acconl- 
ing to which the intensity predicted by the iiuantuin theory 
should be an average of the intensities predicteil by tlie classical 
theory for the initial and final states. In the jiresent case, to 
avoid Doppler effects, we choose the initial state as the diffrac- 
tion by the crystal at rest, and the final state is then the ilif- 
fraction by the crptal moving with the momentum ?//;//). 
This means a velocity so slow that the intensity is practically 
the same as that for a crystal at rest. According to the cor- 
respondence principle, therefore, the intensities of the iliffracted 
rays should be those calculated from the classical theory. 

When considering the intensity of crystal diffraction from 
the classical standpoint, we found it proportional to the 
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square of the structure factor (see eq. 5-16). But for any 
given order of diffraction Fn was found to be (eq. 5-42) 
proportional to the amplitude of the nth harmonic of the 
Fourier series (eq. 5-41) that represents the density of the 
crystal. It follows, on the quantum theory, that the proba- 
bility that a quantum shall be diffracted in the ;2th order (i.e., 
impart momentum nh/D to the crystal) is proportional to the 
square of the amplitude of the nth term of the series expressing 
the crystal density. On this basis Breit^ and Epstein and 
Ehrenfest ^ have shown that the predictions of the present form 
of quantum theory of crystal diffraction are identical with those 
of the wave theory.^ In fact, the latter authors show that with 
the help of this consequence of the correspondence principle all 
problems of Fraunhofer diffraction may be solved according to the 
present form of quantum theory. 

145. What is the Frequency^^ of a Quantum? 

In accounting for photoelectrons, recoil electrons, the dif- 
fraction of X-rays by crystals, etc., the only properties that 
we have assigned to the radiation quantum are energy, mo- 
mentum and a characteristic direction or axis along which it 
may act on an electron. Nothing has been said about its fre- 
quency, except that its energy and momentum are stated in 
terms of the frequency of the corresponding wave. It is, how- 
ever, open to question whether there is anything that can 
properly be called a wave when we consider radiation so feeble 
that quanta are emitted only at infrequent intervals. 

The use of the terminology of the wave theory is not at all 
necessary in discussing spectroscopic phenomena. When a hy- 
drogen atom radiates an Ha line, we say with Bohr in terms of 
waves that the atom has changed from the stationary state for 
which 77 = 3 to that for which ;^ == 2, and that the energy re- 

^ P. Brelt, Proc. Nat. Acad. 9, 238 (1923). 

* P. Epstein and P. Ehrenfest, Proc. Nat. Acad. 10, 133 (1924). 

® It was by this method also that Duane, following the results of Epstein and 
Ehrenfest, originally derived equation 5.48, which we have obtained from classical 
calculations. 
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leased is radiated in waves of frequency v = W/h. TKis Jre- 
quency we may determine by measuring the angle at which the 
ray is diffracted by a transmission grating of known grating 
space, calculating from the simple formula, 

V = nc/B sin d, 

which follows from the fact that the wave-length is X = c/v, 
and the result of interference principles that 

n\ = D sin 9. 

The event may . however be described equally well in the 
language of the quantum theory. When the hydrogen atom 
changes from state 3 to state 2, the difference in energy is 
radiated as a single quantum. This energy we may determine 
by measuring the angle at which the ray is diffracted by a 
transmission grating of known grating space, calculating from 
the simple formula, 

W = nhcjB sin 9, 

which follows from the fact that the momentum of the quantum 
is ^ = JVJc, and the result of the quantum postulate and the 
conservation of momentum that, 

p sin 9 = nh/B. 

This example illustrates the fact that for spectroscopic work 
the term “frequency ” is merely a convenient abbreviation for 
the ratio W/h, and that nothing essential is missed if we omit 
the term. Such a point of view avoids the very serious diffi- 
culty, inherent in the wave theory, of explaining how a wave 
of definite frequency v is radiated when there is no oscillator of 
this frequency within the atom. It is the radiated energy which 
is of importance; there is no evidence that frequency in the 
strict sense is a property of individual radiation quanta. 

There is nothing incompatible between this conclusion aiul 
the suggestion that intense radiation of quanta of small energy 
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may assume a wave form. It is reasonable to think of such 
radiation as consisting of successive sheets of quanta. A simple 
calculation shows that even a comparatively feeble electric 
wave of the type used in wireless communication would have 
a large number of energy quanta per cubic centimeter. We are 
thus led to suggest that intense radiation consists of waves 
composed of successive layers of corpuscular quanta, whereas 
feeble radiation consists of isolated quanta so far apart that no 
wave structure is apparent. 
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X-RAY Spectra 

146. X-ray Spectra as a Test of Bohr's Theory 

It was fortunate for the progress of Physics that when Bohr 
proposed his theory of atomic structure a method had been 
developed for the study for X-ray spectra. The remarkable 
agreement of Moseley’s original X-ray spectra with the predic- 
tions of Bohr’s theory was probably largely responsible for the 
almost universal favor with which that theory was received. 
We have seen in the introductory chapter of this book how 
Moseley’s spectra, when interpreted in the light of Bohr’s 
theory, showed that as one goes from one atom to the next in 
the order of atomic weights the charge on the nucleus increases 
by one electronic unit. Probably the most essential part of 
Bohr’s theory is, however, the introduction of the concept of 
stationary states, and the hypothesis that each spectrum line 
is due to the quantum of energy radiated when the atom 
changes from one stationary state to another of lower energy. 
Similarly when the atom absorbs energy it takes up just enough 
to raise it to a new stationary state with higher energy. 
Through whatever vicissitudes Bohr’s theory may pass, it 
seems that this conception of stationary states must persist. 
When studying X-ray spectra we are able in many cases to 
measure directly the energy of these stationary states, and 
hence to compare the energy of the emitted quanta with the 
energy differences between these states. The success of this 
test justifies confidence in Bohr’s view of the origin of the 
spectral lines. 


324 



THE GRATING 


3^5 


MEASUREMENTS OF X-RAY WAVE-LENGTH 


147. The Grating 

In order to serve as an adequate test of spectral theories, it 
is often important that the wave-length of a spectral line be 
measured with great precision. We have seen that the wave- 
length may be measured either by reflection from a crystal, or 
by reflection from a grating ruled on a polished surface of glass 
or metal. At the present writing, the measurements that have 
been made of X-ray wave-lengths with a ruled grating are not 
as precise as the crystal determinations. They serve only to 
show that the crystal measurements are reliable to within about 
a per cent. This is however important in that it establishes the 
correctness of the crystal lattice on which is based our calcula- 
tion of its grating space. 

The wave-length of the X-rays is usually calculated from 
the crystal measurements by use of Bragg’s equation, 

n\ = 2Z)sin 0, (ii-oi) 

where n is the order of reflection, D is the distance between suc- 
cessive layers of atoms, and 0 is the complement of the angle of 
incidence. As we noticed in Chapter VII, a more precise expres- 
sion for the wave-length is 

n\ = iT) sin 0/ 1 (11.02) 

\ sin=^ 0/ 


where 5 = i — /i, and ju is the index of refraction of the X-rays 
in the crystal. When the X-rays used are of considerably 
higher frequency than the K absorption frequency of the 
heaviest atom in the crystal we may write equation (11 .02) in 
the simple form (cf. eq. 7.20), 


n\ = iD' sin 0, 

where D' has the value 



and h is approximately a constant, with the value 

, ise~]y 

b = —) 

T^mc^ 

s being the number of electrons per unit volume. 


(11.03) 

(11.04) 

(11.05) 
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Using the present spectroscopic technique, it is possible to 
measure 6 and 8 with accuracy that by far the greater part of 
the error in determining the absolute wave-length of a beam of 
X-rays is due to the uncertainty of D. 

From very fundamental considerations of crystal structure 
it can be shown that the grating space of a rhombohedral 
crystal is given by 


D = 




nM 


(ii .o6) 


where n is the number of molecules in each elementary rhom- 
bohedron, M is the molecular weight, p the density, N the 
number of molecules per gram molecule, and <t>(0) is the volume 
of a rhombohedron the distance between whose opposite faces 
is unity and the angle between whose edges, ;8, is that between 
the axes of the crystal. It can be shown that 


<t>(0) = 


(i + cos py 
(i + 2 cos 0) sin jS 


(ii.o?) 


The values of the grating spaces of calcite and rock-salt, the 
two crystals most commonly used for absolute wave-length 
determinations, can be calculated from equation (ii.o6), 
using the following values of the constants: 


For calcite, 

M = 100.70 dr .02 * 
p = 2.7102 dr .0004 at 20° ^ 
N = (6.061 dr .006) X 10 2 3 ‘I 
/3 = 101° 55'.I dr .2' » 

<^ 03 ) = 1.09630 rh .00007 ® 


For rock-.salt, 

M = 58,455 dr .02 2 
p = 2.1632 dr .0004 Jit 20” C. 
N = (6.061 dr .006) X I 023 •» 

0(/tf) = I. 


We thus obtain, 

•^(CiiCoa) = (3.0288 dr .0010) X io~^ cm. at 20° C. 
■D(NaCi) = (2.8144 ± .0009) X io"» cm. at 20" C. 


' W. H. Bragg and W. L. Bragg, “ X-Rays and Crystal Structure " (1^15). 

» International Critical Tables, v. i, p. 43 (1926). The estimates of the accuracy 
are based chiefly upon the data collected by F. W. Clarke, “ A Recalculalion of Atomic 
Weights ” (1920). 

“ 0 . K. DeFoe and A. H. Compton, Phys. Rev. 25, 6i8 (1925). 

^ International Critical Tables, v. I, p. 18 (1926). 

® H. N. Beets, Phys. Rev. 25, 621 (1925). 
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The thermal expansion coefficient of these crystals, though 
not large, are sufficient to make corrections necessary for precise 
measurements. Perpendicular to the cleavage faces this co- 
efficient is for calcite ^ 0.0000104 and for rock-salt^ 0.0000404 
per degree centigrade. If we use the value 3.02880 as the 
value of the grating space of calcite, and 2.81440 as that of rock- 
salt at 20° C., their values at other temperatures are given in 
the following table. 


TABLE XI-I 

Grating Space of Calcite and Rock-salt at Different Temperatures 


T 

DCCaCOa) 

D(NaCl) 

IS“C. 

3.02864^^ 

2.81383/^ 

16 

868 

395 

17 

871 

406 

18 

874 . 

417 

19 

877 

429 

20 

(3.02880) 

(2.81440) 

21 

883 

45 « 

22 

886 

463 

23 

889 

474 

24 

89.1 

485 


3.02896 

2.81497 


Sicghahn has made a precise comparison of the grating 
s]')accs of these two crystals by comparing the angles at which 
they reflect certain spectrum lines/^ He finds for the value of 
/.)(CaCO; 0 //-)(NaCl) at j8° C., T.076417. This comes almost 
within the probable error of the ratio of the two calculated 
values, taken from Table Xl-i, T.0762 dr .0002. 

For measurements of X-rays of wave-lengths greater than 
3A5 crystals of larger grating space are usually used. Some of 
the more common ones are: 


T M. Siegbahn, “ Spektroskopie cler Roentgenstrahlen,” p. 86 (1^24). 
- Inzeau. Cf. Lanclolt, Bornstein, Roth, “ 'rabellen,” p. 336 (1912). 
M. Siegbahn, Phil. Mag. 37, 601 (1919). 
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TABLE Xl-a 


Crystal 

Grating Space 

. 

Authority 

Gypsum 

7-S78A 

10-57 

11.23 

35-595 

Hjalmar 

Stenstrom 

Pauling and Bjdrksen 
Thoraeus and Siegbahn 

Sugar 

^ Alumina 

Palmitic Acid, . , . 


148. Typical X-ray Spectra 

In an earlier chapter we have described briefly the construc- 
tion of the X-ray spectrometer, and have given examples of the 
ionization and the photographic spectra obtained. For pre- 



cision wave-length measurements either the ionization or the 
photographic method may be used, though the photographic 
method is better adapted for use with the greater wave-lengths. 
An excellent description of various forms of precision spectrom- 
eters and of X-ray tubes designed especially for spectroscopic 
work may be found in Siegbahn’s “ The Spectroscopy of X- 
Rays.” As typical spectra, we may show de Broglie’s beautiful 
photograph ^ of the complete spectrum of the K and L scries of 
tungsten (Fig. 123), and the author’s ionization spectrum of 
tungsten, showing two orders of the L series.^ 

^ M. de Broglie, J. de Phys., 1916. 

2 A. H, Compton, Phys. Rev. 7, 646 (1916). 
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Siegbahn gives the following interesting summary of deter- 
minations of the wave-length of the Ki line of copper, to illus- 
trate the increase in precision of measurements of X-ray 
spectra: 


TABLE XI-3 


Moseley (1913) 

1.J49A 

.012 

Siegbahn-Stenstrom (1916) 

1-539 

.002 

Siegbahn (1918) 

1-53736 

.0001 

Siegbahn (1922) 

I -53730 

.00004 

Siegbahn (1924) 

1.53726 

i 





From this table we see that the probable error in themeasure- 
ment of X-ray wave-lengths can be reduced to about l part in 



a hundred thousand. This is however only the “ relative ” 
error. A much larger probable error is present in the absolute 
value of the wave-length because of the uncertainty of the 
crystalline grating space. Siegbahn and his coworkers have 
assumed as a standard, 2,8i40oA for the grating space of rock- 
salt, from which, by spectrometric comparison, he has obtained 
3.oa904A (at 18°) for the grating space of calcite. Many other 
investigators, including Duane, use as the standard 3.02800A 
for the grating space of calcite. 

Tables of the wave-lengths of the various emission lines that 
have been measured are given in Appendix IV. 
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149. Classification of X-ray Spectra 

Perhaps the two most prominent properties of the X-ray- 
spectra are the fact that for any one element the lines group 
themselves into distinct series, such as' the K and L series 
shown so well in de Broglie’s photograph of Fig. 123, and the 
regular decrease in wave-length of each spectrum line as one 
proceeds to elements of higher atomic number, as expressed by 
Moseley’s law. Fig. 125, drawn using the data shown in Table 
V I-7, exhibits both of these properties. Here has been plotted 
against Z, where v is the frequency c/\ of the various 
critical absorption limits, R is the Rydberg constant, 3.2775 X 
iqi® sec.-i, and Z is the atomic number. The different absorp- 
tion limits mark the positions of the various series, while the 
fact that the lines joining the experimental wave-lengths are 
almost straight is in accord with Moseley’s law, 

= K{Z — k) (11.08) 

(see eq. i .04). 

According to Bohr’s theory, as described in Chapters I and 
X, a quantum of X-rays is emitted when an atom changes from 
one stationary state to another with less energy. Rather direct 
evidence that within the atom exist electrons with various 
definite amounts of energy is afforded by the fact that photo- 
electrons ejected by homogeneous X-rays occur in definite 
velocity groups, differing from each other according as the work 
differs in removing the electrons from different parts of the 
atom. We have seen that the energies of the various levels 
estimated from the velocities of the photoelectrons agree with 
the energies calculated from the critical absorption wave-lengths. 
It is thus natural to assume that the energy levels between 
which an electron moves when a quantum of X-rays is emitted 
also have the values corresponding to the critical absorjition 
wave-lengths. 

As a test of this suggestion, we may consider the Ka lines of 
tungsten. These lines we suppose are due to atoms whose elec- 
trons fall into the K energy level from the next higher, or L 
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energy levels. If is the wave-length of the critical K absorp- 
tion, Xiin of the critical absorption, etc., the corre- 
sponding energies of the levels are h X c/\k, etc. Thus 

the wave-length of the resulting Kai line is given by 

_ i_'| 

the minus sign occurring because the energies of the orbits are 
negative, or 



In terms of the wave-number, or reciprocal of the wave-length, 
this result becomes merely, 

^Kai — i'k ~ 

Using the wave-lengths determined by Duane and his collabora- 
tors,^ we find the following results. 


TABLE XI-4 

Calculated and Observed Wave-lengths of the Tungsten K Lines 


K absorption 

L absorption 

K calculated 

K observed 

.17806 A 

III. 1.2136A 

<zi. 2 o 867 A 

. 20860A 


IL 1.0726A 

^2.11350 

.21341 


I. 1 . 024 

iJ3.ai55 

.215 


It will be seen that within the probable accuracy of the experi- 
ments the experimental values of the wave-lengths agree with 
those calculated from the observed energy levels. 


150. Energy Level Diagrams 

In a similar way, it is found that the wave-numbers of the 
other lines of the K series, and those of the L and M series of 
tungsten as well, can be calculated from relation (i i . 10) as the 

1 W. Duane, Bulletin Nat. Res. Council No. i, November, 1920. 
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difference between the wave-numbers of two energy levels. 
This is illustrated graphically by the energy level diagram for 
the element uranium, shown in Fig. 126. The line drawn from 
Nia to Zin represents for example the passage of an electron 
from the iVin to the Lm energy level, and giving rise to the Lz 
line. 

It is found that nearly all of the observed X-ray spectrum 
lines can be described as due to transfers between iK energy 



Fig. 126. 


level, 3Z, levels, 5M levels, jN levels, 5O levels and iP level.* 
For the lighter elements the number of outer levels is reduced. 

15 1. The Selection Rule 

We do not, however, find spectrum lines whose wave-num- 
bers correspond to all possible transfers. Thus, for example, 
we find Kax and Ka-i lines, resulting from transfers from the 
Ziu and the levels respectively to the K level; but except 

^ The few faint lines which are not thus described are explicable as due either to 
electrons which start from levels in which electrons are not found in the normal atom, 
or to changes of the energy of the levels due to multiple ionization of the atom. 
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under unusual conditions no Kas line, corresponding to a trans- 
fer from the Li to the K level, is observed. It is found possible 
to state a rule in terms of three numbers according to which 
transfers occur. These three numbers are frequently called the 
principle quantum number n, the auxiliary quantum number k, 
and the inner quantum number j. For the K levels w = i, for 
the L levels » = a, etc. The auxiliary number k may have any 
integral value between i and «. The inner quantum number _/ 
may be equal either to k or to ^-i. Each level thus has its own 
characteristic value of «, k and/ The selection rule may then 
be stated as follows: n changes from a larger to a smaller 
number, k changes by ± i, and j changes by ± i or o when- 
ever an electron is transferred from one energy level to another. 
The lines drawn in Fig. 126 are based on this rule, those 
transfers marked by letters indicating observed lines. Occa- 
sionally, however, faint lines are observed, such as the tungsten 
K.az line, which are not permitted by this selection rule. 

152. Regular and Irregular doublets 

From the form of the energy level diagram it is evident that 
many of the spectrum will occur as doublets. Thus correspond- 
ing to the energy difference between the L„ and the levels 
we have the following doublets, all of which arc separated by 
the same difference in energy, and hence the same ilifferencc 
in wave-number: Kay-Kar, Ln-Lu Lft,. 

The observed values of the differences of these wave- 
numbers are found to be identical within experimental 
error. Doublets of this type are due to the difference in energy 
between two levels having the same principle quantum mimlK-r 
and the same auxiliary quantum number, but differing in the 
inner quantum number by i. They are sometimes describeil 
as “ regular ” doublets, in view of the fact that the wave-length 
difference between the two lines in such doublets is very neaVly 
the same for all elements. 

There is another type of doublet corresponding to the differ- 
ence in energy between two levels which differ only in their 
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auxiliary quantum number. The Ln and Li absorption limits 
represent such a doublet. Because of the fact that these 
doublets differ in wave-length as one goes from one element to 
another, they have been called “ irregular ” doublets. It was 
noticed by Hertz, however, that for these doublets the differ- 
ence between the square roots of the wave-numbers of the two 
lines is nearly the same for all elements. Their appellation 
“ irregular ” is thus rather a misnomer. 

153. Interpretation of the X-ray Spectra 

We noticed in the first chapter that many of the major 
:haracteristics of the X-ray spectra, as observed by Moseley, 
iollow at once from a simple form of Bohr’s theory of atomic 
structure. Thus not only did we derive Moseley’s law (p. 25), 
Dut we calculated also the absolute value of the wave-length 
:o a close approximation. Bohr’s interpretation of the regular 
ncrease in frequency of the spectrum lines observed by Moseley 
s that the electric charge of the nuclear increases by one elec- 
ronic unit as we pass from one element to that next higher in 
he scale of atomic numbers. As we have seen in earlier chap- 
ers, this postulate of Bohr’s theory is amply supported by 
ndependent evidence. 

'J'he assumption of electronic orbits, though it thus made 
lossiblc the calculation of energy levels agreeing approximately 
/ith those that are found, has, however, met various viscissi- 
udes. It will nevertheless be of value to review briefly some 
f the attempts that have been made to account for the details 
f the spectra in terms of the properties of the electronic 
rbits. 


54. Sommerjeld's Theory of the Origin of the doublets '■ 

Sommerfeld introduced the suggestion that the electronic 
lotions, instead of being circular, might have radial as well as 
ngular momentum. In accord with the general quantum rules 

^ A. SommerfeUl, Atombau u. Spektrallinien (1924). 
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discussed in the last chapter, and using Newtonian dynamics, 
he showed that the energy of the orbital motion depends only 
upon the sum of the number of quanta of angular momentum 
and of radial momentum. This sum he identifies with the 
principal quantum number. Since the law of force which 
governs the electron’s motion is the inverse square law, the 
orbit is an ellipse. The ratio of the minor to the major axis of 
the ellipse is calculated to be equal to the ratio of the angular 
to the total quantum number. This accounts for the existence 
of Ky Ly M and N orbits of the following forms: (Fig. 127) 



Fig. 127. 


On this basis, one identifies the “ inner ” quantum number of 
energy level with the angular or azimuthal quantum number of 
the corresponding orbit. 

When calculated according to Newtonian mechanics, Som- 
merfeld finds for the total energy of an electron revolving about 
a nucleus in an ellipse, neglecting the screening effect due to 
other electrons. 


W = 




(II. ii) 


where K is Rydberg’s constant. This is the same as that found 
in equation (1.09) for circular orbits, and depends only on the 
total quantum number. When the dynamics of the special 
relativity theory are employed, however, Sommerfeld finds for 
the energy 


W 


= q_ - 3 

^ nAi 


(11.12) 
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neglecting higher powers of a, where a is a small constant 
having the value 

a = — = 7.29 X 10-8. (1I.I3) 


The term in occurs because of the relativity increase in mass 
due to the high velocity of the electron. 

For circular orbits « = j, and the second term within the 
I 

brackets becomes Neglecting higher powers of a than 

the second, this makes W a parabolic function of Z^, instead of 
a linear function as in Moseley’s equation (11.08). It is this 
term which is used to account for the fact that the line in 
Fig. ia6 which connects the points representing the K absorp- 
tion frequencies is not straight but is slightly curved. This 
prediction of the relativity theory is subject to a quantitative 
test. In accord with equation (11.12) we may write for the 
energy of the K level of an atom the expression, 


W = Rh 


(Z - , I ,(Z 

n r 7 

riK- 4 




• = (II. 14) 

A/C 


where we have written Zs instead of s being the screening 
constant (cf. p. 340). In the case of calcium^ Fricke has found 
X/v = 3.0633A. Using the experimental values, K = 3-^775 X 
scc' Z = 20, Uk = I for the K series and a = 7.29 X 
10 wc can solve this expression for obtaining s = 2.76. 
P'or an element of so low an atomic number, the value of the 
screening constant thus calculated depends only slightly on 
the value assigned to We may now calculate a for an ele- 
ment of high atomic number, such as uranium, assuming that 
this element has the same value of the screening constant as 
does calcium. '.I'hus, using in the above expression s = 2.76, 
and Duane’s value X/v = .1075 A for uranium, we obtain 
fv: = 5.9 X id"\ which is to be compared with the theoretical 
value 7.3 X .10 

This agreement as to order of magnitude must be considered 
a strong confirmation of Sommerfeld’s theory of the relativity 
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change of mass of the electron in its orbit. That the agreement 
is not exact is not surprising, in view of the fact that we have 
neglected terms in a of higher power than 2, and also since the 
electrons in the outer shells of uranium probably affect to some 
extent the value of the screening constant. 

The second term of expression (i l . la) takes different values 
for different values of «//. Thus for each value of the principal 
quantum number n there are n slightly different values of the 
energy of the orbits corresponding to the n different values that 
j may have. Keeping the value of n constant it will be seen 
from equation (ii. la) that the energy difference between two 
orbits of angular quantum numbers and is, 


- -X (11.15) 

^ Vyi 

if the screening constant has the same value .v in both cases. 
This means a change of frequency 


Av = ^ = (i 1 . 16) 

h «■* \j, pj 


If we solve equation (ii . 16) for the screening constant s, it 
is found that the experimental value of Ap for the 
doublet, is obtained if s has a value of about 3.5. In fact 
Sommerfeld has shown that, if the expression corresponding 
to (11.16) but retaining the higher powers of n is used, the 
appropriate value of s lies between ;j.42 and 3.56 for all the 
elements for which the doublet has been jirccisely measured. 
The fact that the screening constant is thus the same for all 
elements seems at first sight a strong confirmation of the theory. 

If, however, one uses the value of s required to calculate v = -y- 

for the Liii orbit according to equation (1 1 . 14), we have for 
the value of s approximately 18, which leads to a value of Ap 
in equation (11.16) about -J- that found by experiment. It 
might be supposed that the value of s appropriate for equation 
(11.16) should be smaller than that required in equation 
(11.I4), since the former equation depends chiefly upon the 
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electron’s motion near the perihelion where its velocity is 
greatest and where the screening effect due to other electrons 
is least. But this would be difficult to reconcile with the 
assumption underlying equation (11.15), that the screening 
constant has the same value for an elliptic orbit withy = i as it 
has for a circular orbit withy = 2. We are thus unjustified in 
interpreting the constancy of s in equation (ii . 16) as a quan- 
titative support of Sommerfeld’s conception of quantized 
elliptic orbits. 

It is nevertheless apparent that the order of magnitude of 
the frequency difference predicted by this theory is in agree- 
ment with that of the observed regular doublets. If the screen- 
ing constant is neglected altogether, we have from (ii . 16), 


AX = 







fjt 



cnc? 1 1 I \ 

~R\jrj.r 


(11.17) 


neglecting higher powers of a. Thus to a first approximation 
the wave-length difference of the “ relativity ” doublet is in- 
dependent of the atomic number, which is the distinguishing 
feature of the “ regular ” doublet. At least the major charac- 
teristics of this doublet are thus adequately accounted for by 
SommcrfcUrs theory. 

It in (1 I . 17) we substitute 


and 

we have at once 


c>!“ = ^Tr“e'^ I li-C“ 

R = 2 Trhne^llr\ 


h 


AX == — X 2;; 

me \ yi 


i 



= 7 X 2W 




(11.18) 


where 


y ^ hime = .0243/f, 
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This is the same quantity y which entered so prominently in our 
discussion of the chaSge of wave-length of scattered X-rays. 
It is interesting to note that the wave-length separation of the 
limiting doublet of the B aimer series of hydrogen is 

AXff = ly = .0485^, (11.19) 


which is precisely the maximum wave-length shift that can 
occur due to scattering. 

Several alternative suggestions have recently been made re- 
garding the origin of the regular doublet. One of these interprets 
it as due to the difference in energy of the orbit at different 
orientations relative to the magnetic axis of the remainder of 
the atom. Another ascribes the doublet to a magnetic field 
arising from a rotation of the electron itself. Both hypotheses 
may be shown to lead to expressions for the magnitude of the 
doublet of the same type as that given by Sommerfeld’s rela- 
tivity elliptic orbit theory. 

The Irregular Doublet. To account for the regular doublets, 
we imagined that the sci'eening constant of two orbits was the 
same, but that only the angular quantum number was altered. 
Let us now suppose that the angular momentum remains 
constant, but that the screening constant s differs for the two 
orbits. If we neglect the small terms in a, the frequency 
associated with an orbit of energy IF is, according to c(|uation 
(II. 12), 

IF „(Z - 

V = — = A ^ 

h li- 


ar 



If for two orbits otherwise alike s has different values, we thus 
have 

= ^(^2 - Ji). (ir.2o) 


This corresponds exactly to the “ irregular ” doublets, as indeed 
Hertz noticed in his original investigation of these doublets. 
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For this reason the irregular doublets are frequently called 
“ screening ” doublets. 

The Lii-Li doublet is one of this type. Thus for three 
typical elements we have the following values, 


TABLE XI-5 


Element 

AX 

U - U 

AV^ 

Zs — hi, 

J2 ■— Si 

51 Sb 

•1983^ 

.66 

1.32 

74 W 

.0486 

.68 

1.36 

90 Th 

,0242 

.76 

1.52 


Though AX varies widely, aV v/R is almost constant. The in- 
crease in ^2 — Si for the heavy elements is due at least in part 
to our neglect of the terms in 

If the doublet Ln-Li is a screening doublet, we must 
assume that the ellipticity is the same for both orbits. The 
suggestion has been made that the difference S2 “ Si in the 
screening constant may be due to a difference in the orientation 
of the plane of the two orbits, which might well give rise to 
slightly different forces on the electrons. Experimentally it is 
found that there are only 2 n — i levels of principle quantum 
number n. It would thus appear that the circular orbit assumes 
only one value of the screening constant, whereas each elliptic 
orbit may have 2. Thus we account for, or rather describe, 
the fact that there are 1 K orbit, 3 L orbits, 5 M orbits, etc. 


155. l^ijficnlties with Sofnmcf'JehV s Theory 

In spite of these successes of Sommerfeld’s explanation of 
the origin of the regular and irregular doublets, there seem to 
be insuperable objections to accepting this interpretation. Of 
these difficulties we may mention the following: 

I. It is very difficult to explain why an elliptic orbit in an 
atom containing many electrons should differ from a circular or- 
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bit of the same principle quantum number only by the relativity 
correction. For the forces on an electron in the two orbits, due 
to the neighboring electrons, will differ, and this must give rise 
to different screening constants. It would thus seem impossible 
to vary the azimuthal quantum number without altering the 
screening constant, as Sommerfeld assumes to explain the 
regular doublets. 

2. The selection rules governing the transfers from one level 
to another do not agree with those found to hold for optical 
spectra, if we take Sommerfeld’s interpretation of the sig- 
nificance of the quantum numbers k and j. Thus in optical 
spectra (both band and line spectra) there is very good evidence 
that transfers occur only when the azimuthal quantum number 
changes by d: i. This corresponds precisely with the transfers 
shown in Fig. ia6 if ^ is identified with the azimuthal quantum 
number. In order to account for the regular doublets as rela- 
tivity doublets, however, it is necessary to suppose thaty in- 
stead of k represents the azimuthal quantum number. 

3. Recent experiments by Millikan and Bowen * have dem- 
onstrated the fact that the regular doublets of X-ray spectra 
have the same origin as certain types of optical doublets (such 
as the D lines of sodium), which are ordinarily attributed to 
differences in the inner rather than the azimuthal quantum 
number. Thus, for example, the ipi and the ip-i levels, from 
which the electrons start that give rise to the sodium T) lines, 
are supposed to have the same azimuthal quantum number, 
K ~ 1. This is in accord with the general evidence that the 
azimuthal quantum number is 

^ = I for sharp series terms 
k = '1 for principal series terms 
= 3 for diffuse series terms 
= 4 for Bergmann series terms. 

Thus, unless there is some fundamental error in the assign- 

1 R. A. Millikan and I. S. Bowen, Phys. Rev. 23, i; 244, pp. i, 209; 223 (1924); 
25, pp. agj, 591; 26, pp. 150, 310 (1925); 27, 144 (1916)- 
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ment of the quantum numbers to optical spectra, we must con- 
clude that there is no physical significance in the numerical 
agreement with experiment of Sommerfeld's relativity doublets. 

This does not mean that the relativity effect is absent. Its 
presence we have seen is confirmed by the curvature of the line 
connecting the K series limits in the Moseley diagram. But in 
the doublets the effect of such relativity differences must be 
masked by the effects of interactions between the different 
electrons in the atoms. We can only conclude that no adequate 
explanation of the origin of the X-ray doublets has as yet been 
presented. 

156. Electron Distributions Determined by X-ray Spectra 

We have seen that the number of electrons in an atom is 
equal to the atomic number. This means that the numbers of 
electrons in the noble gases, helium, neon, argon, krypton, 
xenon and radon are respectively, 2, 2 + 8, 2+8 + 8, 2 + 8 
+ 1 8 + 8, 2 + 8 + 1 8 + 1 8 + 8 and 2 + 8 + 18 + 32- + 18 
+ 8. From a consideration of the periodic table it has long 
been recognized that a group of 8 electrons at the surface of an 
atom must correspond to a very stable or inert atom. From 
our study of X-ray absorption, also, we have found support for 
the assignment of 2 electrons to the K shell and 8 electrons to 
the L shell. It is thus natural to suppose that these numbers 
represent the number of electrons in the different shells in the 
atom, h'or radon, as an example, this would mean there are 
2 /\ electrons, 8/. electrons, 18M electrons, 32 electrons, 
18 0 electrons and 8 P electrons. A discussion of the evidence 
for such a grouping has been presented by Bohr and Coster.^ 

Stoner - has called attention to the fact that the number of 
electrons in each of the completed electron shells as thus 
assigned Is just twice the sum of the inner quantum numbers j 


1 N. Rohr jinil D. Coster, Zeits. f. Physik, i2, ^42 (1912); N. Bohr, “'rhe Theory 
of Spectra and Atomic Constitution” (Cambridge, iy2l); also, Supplement to 
Nature, July 7, 

2 K. C. Stoner, Phil. Mag.’ 48, 719 
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for this shell. Thus for the completed M shell we have the 
quantum numbers, 

» 3 3 0 3 3 

^12 2 3 3 

which is the number i8 suggested for the electrons in the M 
shell. 

Evidence from a study of the multiplicity of the lines ob- 
served in the Zeeman effect with optical spectra indicates, how- 
ever, that in a weak magnetic field the number of possible states 
of the atom is equal to twice this inner quantum number. 
These y states are equally probable and always possible, but 
it is only in the presence of an external magnetic field that they 
differ in energy in such a manner that their separate existence 
becomes evident. The inner quantum number is usually taken 
to be the azimuthal quantum number of the atom as a whole 
(that of the individual electron orbit being k) and hence as a 
measure of the atom’s magnetic moment. The suggestion has 
been made by Sommerfeld ^ that the angular momentum about 
any axis such as that supplied by the direction of an external 
magnetic field should be an integral multiple of h/2Tr (space 
quantization). That is, if the atom’s total angular nmmentum 
is jhj^p, the possible orientations of the atom would be such 
that the angular momentum about the direction of the mag- 
netic field would be d= I -h/air, ± . . . ± jhl^ir, or 2j 

orientations altogether (the omission of the orientation o-Zz/itt 
has no obvious theoretical justification). 

Of course these optical spectra come from electrons in in- 
complete shells. But the inference is strongly suggested that an 
energy level becomes complete when there is an electron in 
every possible orbit consistent with this idea of space quantiza- 
tion. This suggestion results at once in assigning 2 i|;A- = 2 
electrons to the K level, zSyV. = 8 to the L level, etc. But it 
goes further, assigning also the numbers of electrons to each (jf 

^ A. Sommerfeld, “ Atomic Structure and Spectral Lines,” p. 242. 
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TABLE XI-6 

Number op Electrons in Various Orbits (Stoner) 



K 

L 

M 

N 

0 

P 


n 

1 

a 

3 

4 

5 

6 

Element 

k 

I 

I a 

I a 3 

I 3 4 

I a 3 

I 2 










j 

I 

I I a 

11223 

I I 2 2 3 3 4 

I I 2 2 3 

I I 2 

I H 

1 






a He 

a 






3 Li 

a 

I 





4 Be 

a 

a 





5 B 

n 

a I 





6 C 

a 

a a 





lo Ne 


a 

a a 4 





II Na 

a 

a a 4 

I 




oo 

> 

a 

a a 4 

224 




19 K 

0 

a a 4 

224 

1 



ao Ca 

0 

a a 4 

224 

2 



ai Sc 

n 

a a 4 

2241 

2 



29 Cu 

0 

a a 4 

22446 

1 



36 K r 

0 

a a 4 

22446 

224 



37 Bl. 

'2 

224 

22446 

224 

I 


Sr 

a 

2 2 4 

22446 

224 

2 


;iu V 

2 

2 2 4 

21446 

2241 

2 


47 

2 

224 

22446 

22446 

I 


>-ri 

2 

224 

22446 

22446 

224 


55 

a 

224 

22446 

22446 

224 

I 

Ha 

a 

224 

22446 

22446 

224 

2 

?7 Lsi 

2 

224 

22446 

224461 

224 

2 



- 

— 


Rare Earths 


- 

71 lai 

a 

224 

22446 

2 2 4 4 6 6 H 

2241 

2 

77 All 

a 

224 

22446 

2244668 

22446 

I 

H6 Rn 

a 

224 

22446 

2244668 

22446 

224 
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the various sub-levels as equal to as indicated in Table XI— 6. 
It is obvious that in the outermost orbits these electrons have 
been distributed in such a way as to correspond to the chemical 
properties of the atoms. 

Confirmatory evidence has been found for certain parts of 
this suggested distribution. Thus the observed fact ^ that the 
ratio of intensity of the Kai line to the Ka^, line is 2 : i is in 
accord with Stoner^s assignment of twice as many electrons to 
to the 222 orbits as to the 221 orbits. Similarly, for the other 
lines whose intensities afford a test of the electron distributions, 
Stoner shows that the agreement is satisfactory. 

According to the theory of the absorption of X-rays de- 
veloped in Chapter VI, it follows that the absorption due to any 
electron group should be proportional to Nx/^K^y where Nk is 
the number of electrons of this type per atom, and \k is the 
critical absorption wave-length for these electrons. Dauvillier ^ 
finds for the relative absorption due to the Lm : Ln : Li electron 
groups of gold the values 62:41 : 35. Considering the different 
critical wave-lengths of the different levels, these values lead to 
a ratio of electron numbers, 4.04 : 2 ; 1.56, which is probably 
as near to the ratio 4 : 2 : 2 as the accuracy of the experiments 
would warrant. 

In like manner the experiments of Robinson in studying the 
various photoelectron groups with the magnetic spectrograph, 
as discussed in Chapter VIII, give intensities of the different 
groups in reasonably good agreement with the electron numbers 
assigned in Table XI-6. 

On the whole it may be said that the evidence at present 
available offers some support to this electron distribution, and 
that no evidence has as yet appeared which would seem to 
require its modification. 

It would not be fair to leave the impression that this electron 
distribution has been assigned as a result of studies of X-ray 
spectra alone. Through the work of Lewis, Langmuir and 
others, considerations of the chemical properties of the atoms 

1 Cf. e.g., Siegbahn, “The Spectroscopy of X-Rays/’ p. yy (1925). 

2 A. Dauvillier, Comptes Rendus 178, 476 (1924). 
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have played an important part in determining the number of 
electrons in the various shells, whereas Bohr, Stoner, Sommer- 
feld and others have brought to bear physical evidence from a 
wide variety of sources, such as optical spectra and magnetic 
properties. 

Regarding the dimensions of the electron orbits it is difficult 
to make definite statements, because the dynamical problem of 
the interpenetrating orbits is exceedingly complicated. Har- 
tree ^ has made approximate calculations of the electron dis- 
tances from the center, however, from a consideration of the 
known energies of the various orbits. In general the distances 
of the electrons from the atomic centers as thus calculated are 
of the same order, but somewhat smaller than those estimated 
in Chapter V from the intensity of the reflection of X-rays from 
crystals. It would be premature to discuss whether this differ- 
ence is due to inaccurate calculations from the spectroscopic 
data, or to a failure in the laws of diffraction as applied to the 
intensity of X-ray reflection from crystals. 


^ Hartree, D. R., Camb. Phil. Soc. Proc. Vol. 12, pp. 464-474, iy24. 
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Quantum Theory of X-ray Production and Absorption ^ 

157. delation between the Emission and Absorption of X-rays 

The X-rays which are produced when cathode rays strike 
the target of an X-ray tube presumably occur when a cathode 
electron is deflected by an atomic nucleus. This cathode elec- ^ 
tron cannot remain in an inner orbit of a normal atom since the 
possible inner orbits are already occupied. It must either escape 
with a part of its initial energy or it must eject one of the elec- 
trons originally a part of the atom. If the emergent electron 
has a final velocity zero, all the energy of the incident electron 
reappears in the quantum of radiation that is emitted, whence 
according to Bohr’s frequency condition, 

hmv^ = (ta.oi) 

a formula which expresses the maximum frequency that is 
experimentally observed. If the emergent electron carries with 
it an appreciable part of the incident electron’s kinetic energy, 
the energy and hence the frequency of the resulting quantum ' 

will be reduced. Thus it is possible to account for a continuous 
spectrum with a definite upper limit to the frequency. 

According to Kirchhoff’s law, when matter and radiation 
are in equilibrium with each other, at any temperature, the 
matter must emit as much radiation of each frequency as it 
absorbs. That is, there must be some mechanism capable of 
emitting each frequency that is absorbed. It follows that there 
must be an emission band in every region of the spectrum in 
which an absorption band is found to occur. Kirchhoff’s law is 
not concerned with the type of mechanism whereby the emis- 
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sion and absorption take place; but if we think of the absorp- 
tion of X-rays as resulting in the ejection of a photoelectron, we 
see that the corresponding emission process is the binding of a 
rapidly moving electron by an ionized atom with the resulting 
emission of a quantum of radiation. The application of such 
considerations to the problem of the absorption of X-rays was 
first made by L. de Broglie.^ 

It is true that in our experiments, though absorption bands 
are found to appear in the X-ray region, no emission bands have 
been observed. This is however in no way contradictory to 
Kirchhoff’s law, since the target of the X-ray tube is not in 
thermal equilibrium with the radiation it is emitting. The 
temperature would have to be of the order of lo® degrees within 
the X-ray tube for equilibrium to occur between the emitted 
and the absorbed X-rays. At such a temperature an appre- 
ciable fraction of the atoms would have their inner orbits 
ionized, and radiation due to the binding of high speed electrons 
in the inner orbits would give rise to emission bands in the same 
region of the spectrum as the absorption bands. At ordinary 
temperatures, however, there is no appreciable number of 
atoms whose inner orbits are ionized, so the reverse process does 
not occur. 


15H. L. tie Broglie’s Theory of X-ray Absorj)tion 

In apjilying Kirchhoff’s law to the absorption of X-rays, 
clc Broglie assumes that Wien’s energy distribution law holds 
for black body radiation for such high frequencies as X-rays, 
and he makes use of Bohr’s frequency condition. Following a 
thermodynamical argument he thus finds that the true atomic 
absorption coefficient should be 

Ta = (12.02) 

Here k is Botzmann’s constant, T the absolute temperature, 

1 L. dc Broglie, Journ. de Phys, 3, 33 (1922). 
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At^ the probability that an atom ionized by the loss of an 
electron from the pt\i shell will return to its normal condition 
in unit time, fFp is the energy required to remove an electron 
from the ^th orbit, and «*, is an undetermined constant of the 
order of unity. 

In view of the soundness of his assumptions, the theoretical 
basis for the X® law of absorption for this region of the spectrum 
seems very strong. While some experiments have seemed to 
throw doubt on the exact validity of the third power relation, 
those in the neighborhood of the critical wave-lengths are per- 
formed under adverse conditions, and those at short wave- 
lengths are difficult to interpret because of the unknown value 
of the scattering. When one considers the various possible 
sources of error in determining the experimental values of to, it 
is doubtful whether the experiments have established any real 
departure from the cube law in the region of ordinary X-rays. 

De Broglie extends this result by making some rather arbi- 
trary assumptions, which seem to be verified by their conse- 
quences, obtaining finally. 


ra = —2X3 
mc^ 


iW-' 




K /\< \k 


+ 


XA/ X < xz. 


VIS 


+ ... 


(12.03) 


where Nk is the number of electrons in the K orbits, and \k Is 
the critical K absorption wave-length. Except for a factor 7//2, 
or approximately this is precisely the same expression as 
equation (6.30), which was derived from classical considera- 
tions, In view of the approximate Bohr-Moseley relation that 
i/X/c = where nK is the quantum number 

of the K orbits, this result is also approximately equivalent to 
Owen's empirical law (eq. 6,06). 

T, = (12.04) 

The value of the constant K for the absorption due to the 
K electrons is, on this theory, 


= .021. 


(12.05) 
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Within the errors of experiment and computation^ this is equal 
to the experimental value Kk = .019, as given in equation 
(6.07). 


159. Kramers^ Theory of Emission and Absorption ^ 

Kramers has also approached the problem of absorption 
through its relation to emission, but has developed the theory 
in a widely different and somewhat less arbitrary manner. The 
atomic absorption coefficient ra has been defined as the fraction 
of the energy of a beam of unit cross section which is absorbed 
by an atom. We may accordingly use ra to represent the area 
of cross section of a sphere associated with each atom, such 
that the radiation which traverses this sphere is absorbed while 
that which does not strike the sphere passes on unaffected. 
Trt is thus the effective absorptional cross section of the atom. 
On the other hand, if an electron approaches an ionized atom 
with a certain velocity, the probability that it will be bound by 
the atom with the resultant emission of a quantum may be 
described in terms of another effective cross section of the atom, 
jS, such that the free electron will be bound by the atom if, and 
only if, it strikes within this area. The condition for equilibrium 
used by Kramers is that the probability that an atom will 
absorb radiation with the resultant expulsion of a photoelectron 
from any energy level with a velocity v is equal to the proba- 
bility that a free electron with velocity v will be bound by an 
atom which lacks an electron in this level with the resultant 
emission of a quantum of radiation. 

By making use of Boltzmann’s relation for the relative prob- 
ability of states having different energies, Bohr’s conclusion that 
the a priori probability for an electron to be bound to an atom 
in an orbit of quantum number n is aH'^^ where h is Planck’s 
constant and a is the “ statistical weight ” ;/( n+i ) of the elec- 
tron’s orbit, and introducing Wien’s form of the law of heat 
radiation as appropriate for the high frequency end of the 


1 H. A. Kramers, Phil. Mug. 46, 836 (1923). 
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spectrum, Kramers shows that equilibrium will occur if the 
two elFective radii bear the following relation to each other: 


To = 




/ 3 . 


(12.06) 


The importance of this relation lies in the fact that if it is found 
possible by any means to calculate the emission probability, ff, 
we can immediately calculate the absorption coefficient Ta. 


160. The Intensity of the Radiation 


In order to estimate the intensity of the X-rays emitted, 
Kramers calculates according to the classical electrodynamics 
the radiation produced at an encounter between an electron and 



Fici. 128. 


an atomic nucleus. The broken line of Fig. ia8 shows the 
energy distribution for different frequencies resulting from this 
calculation. Radiation is predicted for all frequencies from zero 
to infinity. 

Experiments show, however, in accord with the quantum 
theory, that when electrons strike a neutral atom the spectrum 
stops sharply at the frequency vo = \mv^lh. In general accord 
with Bohr’s correspondence principle, Kramers therefore 
assumes that when the electrons strike a neutral atom the 
energy distribution for frequencies less than is approximately 
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the same as that calculated on the classical theory for an elec- 
tron approaching a nucleus, but that for higher frequencies no 
radiation is produced. Thus in Fig. 12,8 the predicted contin- 
uous radiation is represented by the solid line to the left of vo. 

When the electron strikes a bare atomic nucleus, the quan- 
tum theory predicts, however, that the electron may be bound 
by the atom in some one of its possible electron orbits. If the 
electrons approach the atomic nucleus with a definite speed, 
such captures must result in definite spectral lines of frequency 
higher than Vo, since the energy lost is greater than the original 
kinetic energy of the electrons. Thus there should appear the 
spectral lines l, 2, . . ., due to capture of the electrons in orbits 
of quantum number i, 2, .... Such lines of frequency greater 
than Vo are never observed in the radiation from an X-ray tube 
because the relative number of ionized atoms is at any instant 
small. But it is the production of such lines that is the reverse 
process of photoelectric absorption. 

In order to estimate the intensity of these lines, Kramers 
assumes that “ a certain frequency interval in the radiation 
emitted on the classical theory corresponds with a process by 
which the electron is bound in a certain stationary state.” He 
takes this frequency interval to be that corresponding to the 
range of quantum numbers from n — \ton i. There is thus 
a finite probability, corresponding to the shaded areas i, 2, ... 
of Fig. 128, that when an electron moving with a velocity v 
jtasscs by an atomic nucleus (or an appropriately ionized atom) 
it will be bound to the nucleus in an orbit of quantum number n. 
'Phis probability, represented by the effective capturing cross 
section of the nucleus /J, Kramers calculates to be approximately 


izStt* ZV"’ 


(12.07) 


where Z is the atomic number of the nucleus and v is the fre- 
quency of the emitted quantum of radiation. 

In order to calculate the intensity of the radiation emitted 
from an X-ray tube, Kramers takes account of the decrease in 
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velocity of the electrons traversing the metal by applying the 
Thomson-Whiddington law, using Bohr’s theoretical value of 
the constant. For the energy between frequencies v and v dv 
radiated per electron impact he thus finds, 

approximately, where / is a numerical factor of the order of 
magnitude of 6. This result is in good accord with Kulen- 
kampif’s empirical formula ^ 

I, = CZ{uo - v) + BZ^, (12.09) 


in which the first term is ordinarily much more important than 
the second. 

A quantitative test of the theory is afforded by the calcu- 
lation of the efficiency of production of X-rays. The fornuda 
obtained is. 


Eff. = 


2w 


2V2I cK^ 




= a.34 X 10 “‘Z 


(id. 10) 


Equation (12.10) differs from the efficiency calculated in 
equation (2.14) by an extension of the Stokes pulse theory 
only by a factor of 

“4/ ’ 

but has the important advantage that the efficiency is here 
found to be proportional to Z, in accord with experiment. 
Recalling that the atomic weight is equal to about twice the 
atomic number, Beatty’s experimental formula (2. 15) for the 
efficiency may be written, 

Eff. = 5 X io~^z{^\ 


which differs from the theoretical relation by a factor of about 
^ H. Kulenkumpff, Ann. d. Phys. 69, 548 (1922) 
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a. In view of the many approximations that are made in 
Kramers’ theory, as well as the very considerable probable error 
of the experimental coefficient, this agreement is on the whole 
satisfactory. 


l6i. The Absorption Coefficient 

The value of (3 given in equation (12.07) represents the 
effective area of a bare atomic nucleus for capturing electrons. 
Assuming that when applied to capturing an electron in an 
orbit of quantum number n this is the same as the effective 
area of an ionized atom whose n orbit lacks an electron, we can 
at once substitute this value of |8 in equation (12.06) and 
calculate the contribution of this n orbit to the atomic absorp- 
tion coefficient. The result is that the absorption due to an 
electron in an n quantum orbit is 


_ 647r^ fiowj 


(12. II) 


If we take “the statistical weight” of the atom in its n quan- 
tum state, to be = n{n + i), the absorption due to the zK 
electrons, thus becomes. 


Ta- = 


64 t ‘ z 


= .oi 04 Z'X®. 


(r2. 12) 


Here again the experiments (eq. (6.07)) differ from the theo- 
retical result by a factor of about 2, showing that 


tk = .or9Z''X'’. 

If we a.ssume as u.sual that there are 8 L electrons (« = 2), 18 A/ 
electrons (;/ = 3), etc., the absorption by the whole atom is 
thus calculated to be, 

Ta = J + iV +■••)• (I--I3) 


It will be seen that this method of calculation gives directly 
an atomic absorption proportional to Z*, in exact agreement 
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with Owen’s law. Previous theories that we have examined 
lead directly to an absorption proportional to which is 

only approximately proportional to through the Bohr— 
Moseley relation. This difference between the theories, how- 
ever, appears to be only superficial, since the Z*' comes into 
the present expression by neglecting the effect of the electrons 
surrounding the nucleus, in which case the proportionality 

between Z^ and becomes exact. If the effect of these 

electrons is taken into account, the absorption should doubtless 
be given more accurately by substituting for Z^ its approximate 
equivalent 

r ni?c}? 1 2 

.27rV»zXA-J ’ 


in which case the absorption coefficient due to the K electrons 
becomes, 

16 AT 

Tit = — , - — r,X®r-T,- (12. 14) 

3V^3(«a' + i) V 

Corresponding to this expression, de Broglie’s theory gives 
eq. (ia.03) 

while from the classical electron theory we calculated (6.30) 

-o 


The most significant difference between equation (12. 14) and 
the other two equations is in the factor i/(;//v + i), which lias 
the effect of reducing the relative absorption by the electrons in 
higher quantum orbits. Comparison with the experimental 
values collected in Chapter VI indicates that this factor makes 
Kramers’ formula agree less satisfactorily with the experiments 
than if it were omitted. De Broglie’s absorption formula un- 
doubtedly fits the experimental data better than the others 
that have been proposed. Nevertheless in calculating the 
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numerical coefficient of the formula the method followed by 
Kramers seems fundamentally to be the more sound. It is 
probable that the lack of complete agreement between his 
formula and the experiments is due to the various approxima- 
tions and arbitrary minor assumptions that he has found it 
necessary to introduce. 

162. Emission of X-rays as Directed Quanta 

We have seen in Chapter II that if we adopt Stokes’ pulse 
hypothesis of the nature of the X-rays we arrive at an explana- 
tion of both the polarization of the X-rays coming from the 
target of an X-ray tube and also of the fact that the X-rays 
emitted in the general direction of the cathode ray stream are 
of higher frequency and more intense than those emitted back- 
wards. Though Kramers’ theory does not discuss these prob- 
lems specifically, his calculation of the radiation emitted as an 
electron passes an atomic nucleus gives a result closely anal- 
ogous to a Stokes radiation pulse, and a complete classical 
treatment of this case would undoubtedly likewise predict 
polarization and asymmetry effects. From the manner in which 
he has applied the correspondence principle, however, it is not 
at all obvious that there should be any difference in frequency 
between the rays emitted forward and backward, hor though 
the classical theory would predict relatively more energy in the 
higher frequencies for the rays emitted in the forward than for 
those in the backward direction, Kramers has supposed that in 
both directions the continuous spectrum is cut off sharply at 
the frequency limit given by hv ~ eV . 

Definite predictions of the degree of asymmetry in the fre- 
(|ucncy of the radiation in different directions and of the amount 
of polarization of the primary X-rays are made by a suggestive 
theory of h'. W. Bubb.i 'J'his theory assumes that the X-rays 
arc emitted as directed quanta, and applies to them the 
principles of the conservation of energy and momentum. In 
common with de Broglie and Kramers, Bubb thinks of the 

1 F. W. Bubb, Phys. Rev. 24, 177 (1924)- 
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emission of X-rays by an atom struck by a cathode electron as 
the reverse of photoelectric ionization due to the absorption of 
X-rays. The conception of directed X-ray quanta enables him 
to treat both aspects of the problem in detail. 

In his theory of the direction of photoelectric emission, as 
discussed in Chapter VIII, Bubb introduced the assumption 
that the radiation quantum has vector characteristics, in that 
it imparts only a sidewise impulse to the atomic nucleus when 
it ejects a photoelectron (cf. p. 241). This sidewise impulse is 
in the direction of the electric field of the corresponding electric 
wave. In this manner he accounted for the fact that there is a 



Strong concentration of the photoelectrons ejected in a direction 
near that of the electric vector. 

In the reverse process of an encounter between an electron and 
an atomic nucleus with the resultant generation of a radiation 
quantum, he likewise assumes that the only impulse imparted to 
the atom’s positive nucleus is perpendicular to the direction of 
emission of the radiation quantum. Figure 129 then exhibits the 
conditions imposed by the principle of conservation of momen- 
tum. We suppose that the atom Is initially at rest, and is 
struck by an electron moving along the X axis with a mo- 
mentum 


OC = m^iclVi- jSV, 
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where ffiC is the initial velocity. After the collision the quan- 
tum proceeds in some direction OP with a momentum 

0/i = hvjcy 

and the momentum of the atom, being due wholly to the im- 
pulse imparted at the origin of the quantum, lies in a plane Q 
drawn perpendicular to OP. It is represented in the figure by 

m = MV, 

M being the mass and V the final velocity of the atom. Then 
for the momentum to be conserved, the momentum of the 
electron after the collision must be represented by 

= m^ic/'s / 1 — 

We then have the vector equation 

^ = 6 A -\- AB ^ BC. (12.15) 

The magnitude of the vector OC is set by the initial condi- 
tions, and if we assign a definite value to the freq uenc y v of the 
emitted radiation, the magnitude of the vector OA is deter- 
mined. The length of the vector AB may then be calculated 
from the principle of energy conservation. From this prin- 
ciple we have directly, 

(12. 1 6) 

.Since the final momentum of the atom is of the same order of 
magnitude as the momentum of the electron, and since its 
mass is of the order of to-'"’ times as great, its kinetic energy 
\MV- will be negligible compared with that of the electron. 
Dropping this term, equation (12.16) may be written, 

mc'^ , , mc~ 

- - = hv -\ ‘ 

Vl - V I - iS/-* 



X-RAYS AND ELECTRONS 


360 

Solving for the final momentum of the electron, we have 


tb- 


=4 




imhv , }i^v^ . , 

+ -— • (12.17) 


Vi — )3/ ^s/i - p? Vi - 


Since A is an assigned point, AB a definite length, and il a 
fixed plane, the locus of 5 is a circle on the plane with its 
center at P. The radius of this circle may be shown to be 
given by. 


2 

PB = 


Vi - jSr 


sin® (j) — 


irnkp 

Vi - PP 


(i — (3 cos (ji). (12.18) 


163. Frequency of the Emitted Quanta 

It is apparent from equation (12.16) that the emitted 
quantum has its greatest energy when the final energy of the 
electron is zero. In this case, 

’y) 

which expresses the law of Duane and Hunt, and is the inverse 
of Einstein’s photoelectric equation. It will be seen from 
Fig. 129 that in this case AB — o, which means that the j'loint 
A coincides with P and the line BC with PC. Since PC is 
drawn perpendicular to OA^ this means that 


or 


= COS" 


OA 


= COS" 


hv/c 


OC mUlV \ - ft® 

cos .^> = (i - Vi — ft-’)/ft. (12.20) 


This means that there is only one angle at which the rays of the 
limiting frequency can be emitted, and that this angle is some- 
what less than 90° with the cathode ray beam. 

The maximum frequency at any other angle with the cath- 
ode ray beam will be emitted when the radius PB is ccjual to 
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zero. On solving equation (12.18) for the frequency we then 
obtain 

JiV I - I - Acos 

In Fig. 130 is shown a polar diagram of this equation for various 
different values of jS. From this figure it is clear that the 
average frequency in the forward direction should be greater 
than that at large angles with the cathode rays. 



Wagner’s experimental spectra (Fig. 26), show, on the 
other hand, the same limiting frequency at large and small 
angles. It does not seem impossible that this may be due to 
the fact that many of the cathode electrons have their paths 
bent before they have lost any appreciable amount of energy. 
Hubb’s theory of course applies directly only to the passage of 
electrons through very thin targets, and as yet no experimental 
data with thin targets are available to make a satisfactory 
test. 
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164. Polarization 

From the standpoint of radiation quanta, Bubb adopts in 
effect the definition of a polarized ray as one which will produce 
an impulse on an atomic nucleus in a definite direction. Since 
when a cathode electron generates an X-ray quantum the im- 
pulse imparted to the nucleus is along jBC, it is natural to 
suppose also that the quantum born in the process will have its 
“ electric vector ” in the direction - BC. On this view, the 
electric vector of the quantum must point within an angle i 0 
defined by the tangents drawn through C to the circle U. This 

angle 6 is given by 

_ o.hv; V I — — pi cos 0) ^ 


cos* 6 = 


sin* ^ 


(12.19) 


The theory thus predicts partial polarization of the X-rays 
of all frequencies, but a greater polarization for the rays of 
higher frequency. For low frequencies the electric vector may 
be in almost any direction, whereas for high frequencies it is 
confined within a very acute angle. This prediction is in 
excellent agreement with the experiments, which show that by 
filtering out the soft rays from the primary beam the polariza- 
tion can be considerably increased. 

In considering the inverse theory of Bubb which deals with 
the direction of emission of the photoelectrons, we found a 
qualitative, but not a quantitative, agreement with the experi- 
ments. If the present theory is likwise found not to be in 
exact accord with the experiments it will probably mean that 
the impulse imparted to the atomic nucleus is not exactly in 
the direction assumed by Bubb. In any case his theory shows 
in a striking way the power of the concept of radiation quanta 
as applied to problems of the emission of radiation. 
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Radiation from an Electron Moving with a Velocity 
Approaching that of Light 

(References: E. Cunningham, “ The Principle of Relativ- 
ity,” Chapters IV, V and VI; A. Sommerfeld, “ Atomic Struc- 
ture and Spectral Lines,” English translation, pp. 452-466.) 

In view of the fact that we shall have frequent use through- 
out this work for the results of the special theory of relativity, 
it will be valuable to outline briefly the derivation of these 
results. 


A. THE LORENTZ TRANSFORMATION EQUATIONS 

I. Einstein's Derivation of the Fundamental Transformations. 

The relativity method of solving a problem relating to a 
body in motion is to solve first the problem for such a body 
when at rest, and then by the application of certain “ trans- 
formation equations ” find the corresponding solution for a 
body in motion. In deriving these transformation equations, 
Einstein imagines two similar systems, S and S', the system S 
remaining at rest while the system S', which was coincident 
with the system S at the instant / = o, moves along the X axis 
with a velocity v. 'I'he equations are then derived by the use of 
two assumptions: (1) that the velocity of light has the same 
value c in both systems, and (2) that the changes between the 
variables x, y, z and t are linear, i.e., that the space is homo- 
geneous and that the motion is unaccelerated. 

'I'he mathematical formulation of the second assumption is 
that 

x' = k{x — vt), y' = ly, 

z' — Iz, t' = ax + Py + yz + St, (2) 
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where the primed coordinates refer to the moving system S', 
the unprimed ones to the stationary system, and the coeffi- 
cients k, /, a, |8, y, 8 are functions only of the velocity. The 
coefficients of y and z are taken to be the same by symmetry, 
since the motion is perpendicular to both the Y and Z axes. 
An expression of the first assumption is that for a particle 
moving from the origin with the velocity of light, 

■W* + ( I ) 

is equivalent to 

f ('2 y '2 _j_ 2'2 = 

It is from these assumptions, equations (i) and (a), that all 
the transformation equations are derived. 

If in the second of equations (i) we introduce the values of 
the primed coordinates given in equations ( 2 ), we obtain 

k^(x — + Py^ + /^Z^ = + ;8y + 7Z + 

or on expanding and collecting coefficients, 

(P - + (/2 - Pp)y2 -f (/2 - 

— ic^a^-xy + 2pttyxz — ic^^yyz 
— + %{Pv + Pa8)xt - 1 - 2C^P8-yt + ac^ 76 -Z/. 

But by our first assumption this is equivalent to 
^,.2 q_ ^2 _|_ 22 = f2^2_ 

Since the particle may be assumed to move in any direction, 
the coordinates may be varied independently of each other, so 
that the coefficients of x, x^, y, y"^, etc., in the two expressions 
must be equivalent to each other except for an arbitrary factor 
wfi by which both sides of the latter expression may be multi- 
plied without changing its significance. Thus we have, 

a|8 = ory = 0y = pS = y8 =0, Pv -j- c'-aS = O, 

P — PP = rP, I- — c-p = m-, 

12 _ c^y 2 = ^2^ ^252 _ py2 = 


A 


% 


/ 


y 
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It follows that 

|3 = 7 = 0 , a —— kvjc^y 8 = k, 



Our simplest assumption is that m = i, which merely means 
that we are measuring distances on the same scale in the two 
systems. For at the instant at which the Y'Z' plane of the 
system S' is coincident with the YZ plane of the system Sy the 
corresponding points in the two planes coincide, that is, 

y' — y and z' = z. 

Introducing this value of w, therefore, 



j 3 = 7 = o, 8 = k. 

Consequently by equations (2), 

x' = {x — vt)ky y' = y, z' = z, t' = k{t — vx/c^). (4) 

On solving for Xy y, z and /, we find conversely, 

X = {x' vt')ky y = y'y z = z'y t = k(f + vx'/c^). (4') 

1. Displacementy Velocity and Acceleration 

Consider two points whose coordinates at the instant t in 
the stationary system are xi, yi, Zi and Xiy y-iy z-i. In the moving 
system the distance between the two points, as measured along 
the three axes, is by equation (4), 

x> — X].' = ki^x-i — vi) — k{xi — vt) = k{x-z — xi) 1 

y-i — y\' = ya — yi 1 ( 5 ) 

Z2 — Zi = Z-> — Zi ] 

'I'o an observer moving with the system S'y though the dis- 
tances along the Y and Z axes remain unchanged, the distance 
along the direction of motion thus appears to be shortened by 
the factor k. Conversely, if two points in the moving system 
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are a distance X2 — xi apart, application of equation (4') 
shows_that in the system at rest their separation is a?2 — ^1 = 
k{x2 — xi). This apparent contraction in the direction of 
motion is that postulated originally by Fitzgerald to account 
for the results of the Michelson Morley experiment. 

Addition of Velocities . — Imagine a particle which is moving 
with a velocity whose components, as measured in the station- 
ary system, are a*, a^ and a,. The X component of the velocity 
in the system S' is then dx'jdf, where 

dx' = dk{x — vf) = k{dx — vdt), 


df = dklt - = kldt - ^ 


dx' _ dx — vdt J dt 
dt' V j “ V dx 

Uit -- u 


I ~Ux 


Similarly we find. 


^ i-^a. 


and a/ = 


^ I - 


Conversely we can show that if as measured in system S' the 
particle’s velocity components are a,', a/ and a/, in system .S' 
its velocity is given by 

I + 


k\l 


and a. 
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From equation (6') we see that the velocity of a particle 
moving with a velocity «/ relative to the system S', which 
itself is moving with a velocity v, is less than «/ + 0, and is 
always less than c if both uj and v are less than c. For velocities 
comparable with that of light, therefore, the simple rules of 
vector addition cannot be applied. We also see that c repre- 
sents a limiting velocity which cannot be exceeded by a 
particle which gains velocity in increments less than c. An 
interesting and important confirmation of this result is that 
whereas / 3 -particles ejected by radioactive materials have been 
found to have velocities up to o.998f, none have ever been 
observed with velocities greater than c. 

Accelerations. — ^We define the acceleration of the particle as 
measured in the stationary system as the vector having the 
components = du^ldt, Oy = duy/dt and = du,/dt. As 
measured from the moving axes. 


duj — 



Hut we have seen that 


dUx 






'I'hiis 


= dt-k{\ 


mii 


rtx = 


dlir 

dt' 


dtlx 

di 


k-A i 


VU, 


If we write 
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In a similar manner we can show that 
, I , kVUy 


I kVUy 


, I , kvu. 


3. The Electromagnetic Field 

In the stationary system the equations of the electro- 
magnetic field are: 


I a* 

7-ir + '‘"7" 

I ^Eiy I t4,y 

717 + +"’7" 


35, dEy dE, 

+ + =4’'', 

a^r ' 9y ' 92 ^ 

aT/x , dHy . dHz 

-fi -j — - = o. 

dx dy dz 


_ dH. 

_ dHy 

(H) 

dy 

32 

dHx 

_ dHy 

^ 3 

(B) 

~ dz 

3^ 

^ dHy 

1 

, CP 

(C) 


0y' 

_ dE, 

_ dEy 

^ 3 

(D) 

dy 

02 

_ dEx 

_ dEy 

^ 3 

(E) 

02 

Qx 

II 

CO 

_ dEy 

^ 3 

(F) 

dx 

ajy 

= 47rp, 


(G) 
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In these equations E is the electric intensity expressed in e.s.u., 
H is the magnetic intensity in e.m.u., and p is the volume 
density of electrification. In order to express the corresponding 
relations as referred to the moving system S', let us consider 
the partial derivatives of any function of the coordinates 
X, y, z and t. By virtue of equations ( 4 ) and ( 4 O we have: 

dx dx' dx 0 /' dx dx' 0 / 

_ Jd^ _ v_ 

\dx' 0 / 7 ’ 

©SP _ 0’®'_ 0’®' _ d'^' 

^ ~ 0/’ 02" ” 

0 /' di dx' dt ~ \dt' ^ did )' 


3 / 


Expressing equations {A), {B), and (C) in terms of x', y', z' 
and t' by the use of these relations we obtain, 


k 


kv 

dE:, 

+ 

Ux 

_ dEy _ 

dEy 


c 

dt' 

c 

dx' 

4^P- 

dy' 

0 z'’ 


k 

dEy _ 

kv 

dEy 

+ 

Uy 


, dEy 

kv dEy 

c 

dt' 

c 

dx' 

47rp- 

_ 

3z' 

k , + 
dx' 

'7- dt' 

k 

dE, 

kv 

dE, 

+ 

Us 

jdH„ 

kv dEy 

_ dEy 

c 

dt' 

c 

dx' 

4rp- 

= k , - 
dx 

' dt' 

dy' 


(a) 

> (^) 
• (c) 


It is an essential assumption of the theory of relativity that 
physical laws have the same form whether expressed in the 
:oordinates of system S' or in those of system S. luir if this 
vere not true, by the form of the physical law it should be 
Possible to determine the state of motion of the system. It 
vill be seen that our assumption (i) is a special case of this 
nore general principle. We accordingly seek for quantities 
H' and p which will be related to E, H and p in such a way 
:hat when substituted in equations {a), {b), (c), etc., these will 
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be of the same form as equations {A)^ (5), (C), etc. The 
desired values are: 


(lo) 


EJ = - "-H.y, EJ = + -Hyj-, 

HJ = /f.; Hy' = k{Hy + -E)j-, H/ = k(Hy - ^Ey^, 

and the equivalent reciprocal expressions are, 

Ey = k(Ey' + = k{EJ - -Hy''^ J 


also 


Hy = ; iy, = k(H/ - ; 


p = ^p'( I + 


(loO 


(II) 


When these values for E, H and p are inserted in equations 
(i) and (c), using the values of Uy and given by equations ( 7 '), 
we obtain, after some reduction. 


1 

, /«/ 


ZHJ 

c 9^' 

+ 4Trp — 
C 

~ _ 
92 '’ 

Zx' 

I 3^/ 

1 

= 95 ^/ _ 

dHJ 

c zf 

+ 4irp — 

c 

Zx' 

ay ' 


(50 

(C) 


These are of precisely the same form as equations (B) and (C). 

The substitution in equation (a) is somewhat complex. 
Introducing the new values for E and H we obtain directly 


kidEJ 

cVdt' 


(dEJ dEy' 0£/\ 

\ aV' ~dy'^ “92' / 


, 

+ 4irp — 

c 



a/f;\ 
az' / 


But from equation (G) we get, 

^/a£.' a 5 v' , a^\ _ a£/ ^/a/// a///\ _ o 

c \ aV 'ay 92' / g}/ ^2 ajy' / 
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Thus 


p]^k 
'a/' c 



V , 

— 47rp — )r 4irp — = k 

c c 



m: 

■dy' 



or 


I a£» t4’rp/ , ^ a^. 

f a^' c ‘ 3jy' az' 

since (i — = i/P. Introducing the values of p and «» 

given by equations (i i) and (6') we then have at once, 


I 3^®' , ,uj 

-~u- + A-«P — 


dHj aiy; 

ajy' az' ’ 


(^0 


which is identical in form with equation {A). 

In a similar manner it can be shown that, using the values 
of E, H and p given by equations (lo) and (ii), equations (D) 
i^)} {P)> {G) and {H) transform into precisely similar equations 
in the system S'. Thus expressions (lo) and (ii) are the 
desired transformation equations for the electromagnetic field. 

Constancy of Electric Charge. — If we consider a volume ele- 
ment moving with system S' with a velocity Ux = », whose 
edges are x', y', z', and which contains an electric charge of 
volume density p', the total charge within the element as 
measured in system S' is p'h'x Sy'dz'. From equation (4) 
and (ii), however. 


since 


p'Sx' Sy'dz' = i^rp^i — kSxSySz 
= pSxSySz 

= charge measured in system S, 

(i - £> 7 ^ 2 ) = I /P. 


(12) 


Thus an electric charge has the same value whether referred to 
axes at rest or to axes moving with the charge. 
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4. Variation of Mass with Velocity 

Let us consider a particle, whose mass when at rest is »Jo, 
moving in the XY plane, with a velocity which at the instant 
; = 0 is the same as that of the moving system S' . In this 
system the components of the force acting on the particle are 
let us say X', Y', whence by Newton’s second law of motion. 





(13) 


At the initial instant m' — mo, and dx' fdt' = dy' /dd = o, 
so that 


d^x' , d^y’ 

= X' and = Y ■ 


(14) 


But from equations (8) and (9), noting that = v, = o, 
and (f> = i/k where k = i/V 1 — v^/c^, we find 


d^x' ,,d^x 

IP ~ 


and = 

dd^ dfi 


(15) 


Let us suppose that the force X' , Y' is that due to an electric 
field of components Ef and Ey acting on a charge e on the 
particle. Then noting that the charge e has the same value in 
both systems, whereas by equations (10) Ef = Ex and 
Ey' = Ey, since H, = o, the components of the force are 


and 


X' = EU = ExC = Z, 

Y' = EU = kEyC = kY. (16) 


Substituting from equations (15) and (16) in equation (14) we 
get 

= X and km}^, = F. (17) 

dr dt-' 


The quantities and km^ are (or have been) frequently 
though incorrectly referred to respectively as the longitudinal 
and the transverse mass. The fundamental definition of mass 
is however not the coefficient of the acceleration in the expres- 
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sion for the force, as this would imply, but rather the co- 
efficient of the velocity in the expression for the momentum, or 
what Newton calls the “ quantity of motion.” That is, the 
mass is correctly defined by relations similar to equation (15)) 


namely. 




If in equations (18) we use m = knio, we get 



I'hese expressions are identical with equations (f7)> showing 
that the mass, as defined by equation (18), is given by 

m — knia = Wu/'n/i — (20) 

where ^ = vjc. 

Kinetic Ejiergy . — Imagine a particle of rest mass w„ moving 
along the X axis with a velocity v = /Jr, and acted on by a force 
of magnitude X. The rate at which this force does work, 
increasing the kinetic energy T of the particle, is 

^ dt dt' 
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Using the value of X given by equation (17), this expression 
becomes, 

dT dx ,, d^x 

' — ^ ^ fy^O' 7 n~ 

dt dt dfi 

= rrioC^h?^ — • 
dt 


But by (19) 


dk j.v d^x 



Thus 


whence 


dT Jk 
Tt = 

T = kmoC^ + const. 


Since T = o when t» = 0 . or when k = 1, const = — moC^. 
Therefore 

T = moC^{k — i) 

' - ')• 

If this is expanded into a series, recalling that p = v/c, we 
obtain 

T = imiPii + f|82 -f 1,54 + . , .), (22) 

For small velocities, this calculation therefore gives the same 
value as is employed in the usual mechanics. 

The Inertia of Energy. — Equation (21) may be written, 
since km^ = ot, as 

T = c\m — »?o), or m — = Tjc^. 

That is, the increase in the mass of the body due to its motion 
is equal to the energy due to its motion divided by r®. 

This is one example of a general principle propounded by 
Einstein as the result of an extensive application of the prin- 
ciples of special relativity to a large variety of problems. His 
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conclusion is: every quantity of energy, of any kind whatever, 
has associated with it an amount of mass 

M = (23) 

where W is the amount of energy. 

A corollary to this proposition is that, since momentum is 
defined as mass X velocity, if a quantity of energy is moving 
with a velocity p, it carries with it an amount of momentum 

p — Wv/c^. ( 24 ) 

An important application of this corollary is to the case of 
radiant energy, propagated in a definite direction with a veloc- 
ity c. In this case the momentum p carried by the radiant 
energy W is 

p = Wlc^ (25) 

a result identical with that required according to electro- 
magnetic theory to account for radiation pressure. 

In the following table are collected the more important 
transformation equations. 


TABLE 1 


'IVansformation equations from system S at rest to system S' moving along X axis 
with velocity v = and vice versa: 

k.u-m-H-. *-»(■-?)• ■ 

Displacement: 


Veh)city: 


1) 

1 

X = k{:,' + vt'\ 


11 

II 

y ^y', 2 = 2 ', 

( 4 ) 


( vx'\ 


t' =k[l~ , 

+ 

II 


\ c‘/ 

\ fV 


1 

II 

ll 

llx = ■ ,(«j' + o), 

0 

(6) 


tty = 


Uz = Uzl^y 

ttz = a//0'. 

(7) 
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Acceleration; 


ax 

aj 


axl<l>\ 



kouu 

<f)V‘ 


'axi 


az kvug 


ax 

= 0^1 ¥\ 


dy' 

kvUy 

ay 



az 

ax’ 

kvUz 




Electromagnetic Field: 

Ex’ = Ex, 

Ey' = k(Ey - PHx), 

Ex' = KEx+PHy), 


Ex = Ex', 

Ey=^k{Ey' +mx'), 

Ex = KEx' -mz), ( 10 ) 


Hx' = Hx, 

Hy' = k{Hy +m, 
Hx’ = k(Hx - PEy), 

p’ = <kp. 


Hx = Hx’, 

Hy = k{Hy’ -PEx’), 

Hx ^k{H,+PEy). 

P = ¥p’, (n) 


Dynamics: 

m =5 km^ ( 20 ); 

p = 




T^m^cKk^i) ( 21 ); 

(^>4) > f radiation ^ Wjc 


M = Wjc^ 

(25)- 


( 12 ) 

(^3); 


B. FIELD DUE TO ELECTRON ACCELERATED IN DIRECTION OF 

MOTION 


In Chapter II we showed that if an electron moving with 
negligible velocity is accelerated along the X axis, an electric 
field results whose intensity is 


£ = // = sin 


(2.05) 


In order to calculate the radiation from this electron when 
moving with a velocity v, we imagine the system S’ moving 
with the electron at the moment t = o with the uniform velocity 
V. Referred to this system the electron is at this instant at rest, 
so that the field due to the radiation is, 


E' = H' = 


a' e sin Q' 
r'c^ 


(26) 
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Referring to Fig. 131, it will be seen that 
EJ = — E' sin 6 '-, E„ = E' cos 6 '\ EJ = o; 
HJ = o; H,' = o; HJ = H\ 



Fig. 131. 


By equations (10), therefore. 


E, = EJ =- ^lsin2 d', 

r 

7- , /e a' . , e a' , A 

Ey — k( - T sm e cos d + i8-~ -7 sin 6 ' ), 
\c- r 


Ez = 0, //x = O, Hy = o, 


Hz = k( 7 sin 0 + jS o — / sin 6 cos d . 
Vf- r c- r / 


(27) 


To complete the transformation, we note from equation (8), 
since Uj, = v and thus 4 > = ^ /'k^ that 


a' — aj = = k^a. 


(29) 
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Also, from equation (4), 


f ' = V + y'^ = V P(a; 2 — + j|2/2) _|_ ^2^ 

where /, the time at which the field is evaluated at P (Fig. i) 
is r/c. Thus 


= + tPr^lc^) + y^, 

= x^ — i^xr + -{- y^ — P^y^) 

= k{r — ^x). 

y _ sin 9 


sin e' = ^ = 


r' k{r — ^x) k{i — /3 cos 0 ) ’ 


cos 


6 ' ~ a/ I — sin^ 0 ' = 


cos 0 — ^ 


I — ]8 cos e 

Substituting these values in equations (2,8) we get 


7, e a 


sin* 0 


r (i — /3 cos fl)® 

jP _ e a sin 0 cos 5 
“ r® r (i — |8 cos 


or 


and 


E = VEP + E/ = 


ea 


sm 0 


H = 


ea 


rc^ (i — /3 cos 0)*^’ 
sin 6 


rc^ (i — jS cos 0)^ 




(30) 

(31) 

(32) 


(33) 


The equations (33), representing the field due to a charge in 
accelerated motion along the axis, are those employed in 
Chapter II as equations (a. 08). They were used by Sommer- 
feld (“ Atomic Structure and Spectral Lines,” pp. 33 and 53a) 
in discussing the pulse theory of X-rays. 
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Expression of a Pulse as a Fourier Integral 

(Cf. page 48) 


In textbooks on mathematics (cf. e.g., W. E. Byerly, An 
Elementary Treatise on Fourier Series, J. W. Mellor, Higher 
Mathematics, etc., p. 479, or R. A. Houstoun, Introduction to 
Mathematical Physics, p. 99), it is shown that a function of x 
may be expressed as a double integral, known as Fourier’s 
integral, thus: 

y — f{^) = “ I j /(“) cos co(a — x)du. (i) 
0 \J — txs 

On page 48 we considered an electric pulse which had a 
value E for a time nt or for a thickness / = and which was 
zero at other times. If in equation (i) we allow x to represent 
the time wt may represent this pulse as 

y = /W = £for — r</<r 

= 0 for / < “ r and t > t. 


Equation (i) then becomes, 


- 'P"/' 

xj O — J 


E cos co(// x)du- 


Integrating with respect to u this becomes, 



sin COT cos co/. 

CO 


(2) 


If we write co = Zttp, this becomes 

Q.E , sin Zttpt 

y = — I dv cos iTrvtx 

T Jo V 


(3) 
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It will be seen that this equation expresses y as an integral ot 
waves whose frequencies vary continuously from p = o to 

V = OO. 

The amplitude of the wave of frequency v, according to 
equation (3), is proportional to 


Sin Itvt 

3 

V 


and since the intensity of the wave is proportional to the 
square of the amplitude, we have for the intensity of the radi- 
ation of frequency between v and v dv. 


I,dv 


sin^ lirvr J 
cc dv. 


(4) 


Writing v = c/\, and dv =— cdK/y?, we obtain 


or 


Iy,d\ cc sin® ('2vcr/\)d\, 
I\d\ = K sin® T— d\y 


' ( 5 ) 


where is a constant of proportionality and 2ct is written as /, 
the thickness of the pulse. This is the expression used in the 
text as equation (2.12). 
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Atomic and Electronic Constants i 


Quantity 

Value 

Uncertainty 

c 

Velocity of light 

2.9986 X 10^® cm. sec"“i 

.0003 

€ 

Electronic charge 

4.774 X io“io e.s.u. 

.005 

e/m 

Electronic ratio 

1 .769 X 10^ e.m.u.g.“i 

.003 

h 

Planck’s constant 

6 . 554 X io “27 erg sec 

.006 

N 

Avogadro’s number 

6.061 X 10®® mole.”^ 

.006 

k 

Boltzmann’s gas constant 

I ..'?72 X erg deg."*^ 


m 

Electronic mass 

8 . 999 X io“ 28 g. ^ 

.01 

hc/e 

Photoelectric constant 

1 .234 X 10^ volt Angstroms 


R 00 

Rydberg frequency 

3.2775 X 10^® sec*"^ 


himc 

Quantum constant 

a.421 X cm. 


e'^jmc’^ 

Electron constant 

2.816 X 10“^^ cm. 


^0 

Thomson scattering per electron 

6.65 X io ”25 cm.® 


CL 

Sommerfeld’s constant 

7.29 X 


^NaCl 

Grating space rock-salt 

2.8144 X io“® cm. 

.0009 

•DcaCoa Grating space calcite 

3.0288 X io“8 cm. 

.0010 


^The values of the basic constants here given have been taken from The Inter- 
national Critical Tables (1926), 
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Scattering by a Pair of Electrons 

Imagine, as in Fig. 132, that a beam of X-rays, of wave- 
length X and frequency v = p/iT, is moving in the direction 
OXy and traverses two electrons ei and e% separated by a dis- 



tance s = 2a. Take the point O, midway between these elec- 
trons, and let OP be the direction of the scattered beam which 
we are considering. The plane POX is in the plane of the paper, 
but in general the line ei0e2 does not lie in this plane. Its posi- 
tion can be defined with sufficient precision by stating that it 
is at an angle a with the line OQ which bisects the angle X'OP. 
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. Suppose the electric intensity at 0 of the component of the 
incidfent wave which lies in the plane XOP is 


Eli = A cos (p/ + 5). 


If an electron were at 0, its acceleration would be Eit^m^ and 
the electric intensity at P at the time t would be, by equation 
(2-16), 


£.0 = 


e cos ^ Ae 
rc^ m 


cos 



where, as compared with equation (2-16), 4) = ^ — 6, and 

Aejm = — the maximum acceleration of the electron. 

Since prjc is the constant phase difference between O and P, 
we may write d — prjc = A, and our expression becomes, 


„ AP' cos 4> / * , / \ 

P®o = s— cos (p/ + A). (l) 

rmc^ ^ ' 

If a plane is described through ex perpendicular to OQ and 
intersecting this line at P, it will be seen from Huyghen’s prin- 
ciple that wherever in this plane the electron lies, the phase of 
the wave scattered to the plane P will be the same. Thus the 
phase is the same as if the electron were at B. But from B the 
total length of the path of the ray reaching P is greater than 
that from 0 by the distance COD. Since Z CBO — L OBD = 
4>/2, and writing OB = 2, this difference in path is 


COD = 22 sin -• 
2 


The phase difference at P between rays scattered from these 
two points is therefore sin The electric intensity at P 
due to the electron e, is accordingly 
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where, as compared with equation (i) we have written 

. _ cos (p 
* rm<? 


But the path of the ray scattered from ei is obviously greater 
than that from 0 by the same amount that the path from 0 is 
greater than that from e\. Thus the electric intensity at P due 
to the ray scattered from is 


£,2 = cos [pt +. A — ^ sin 


Putting a = pt L and b — sin -j since 

X a 


( 3 ) 


cos {a b) + cos {a — b) — 1 cos a cos b, 

we have for the total electric intensity at P, 

E, = Ej,x + Ej,2 = o.A^ cos h cos (p/ + A). 

This is a harmonic function, whose maximum occurs when 
cos {pt + a) = I, so that its amplitude is 

- Af = ^A^ cos b. (4) 

We may now write the general principle that the energy or 
intensity of a wave is proportional to the square of its ampli- 
tude in the form,i 

1 = ^A^. 

The intensity of the beam scattered to P is thus 

= 0 A^ cos^ b. (5) 

In order to obtain the average value of this intensity for all 
possible orientations of the line eiOf2, let us express as a 

1 In the present case, where A is the amplitude of the electric vector and / is the 

energy in the wave per cm.* per second, 1 = f — , whence ^ = f/8ir, c being the velocity 

oir 

of light. 
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function of a. Referring again to Fig. 132, we notice that 
z = a cos a, where a is the distance Oei, whence 


or writing 


Then 


b = 


. <l> 

— — Sin ~ cos a, 
X 2 ^ 


j Aira . 

k = ^ sm 
X 2 

i = k cos <x. 

Ip = cos^ {k cos a). 


( 6 ) 


But the probability that a will lie between a and a + is 
itr sin adaf^w, or | sin ada. The average value of Ip is thus 


/j, = r cos^ {k cos a) • § sin ada 


= r cos^ {k cos a) sin ad a 


= I + 


sin 2k\ 


2k J 




or substituting the value of 


4 = 


2^A'^e'^ cos- 0 / 
r-ni^c^ \ 


1 + 


sin 2k 
2k 


(7) 


Since /I is the amplitude of the component of the electric 
vector of the primary beam lying in the plane XOP, it follows 
from our definition of ^ that the intensity of this component is 
III — whence equation (2-26) becomes 


h 


IiiC^ cos* <f> / I sin 2k\ 
f-m^P \ 2k ) 


( 8 ) 


If the component of the primary beam had been considered 
whose electric vector is perpendicular to the plane XOP, 
equation (i) would have been modified only by the omission 
of the factor cos since the scattered beam would always be 
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at right angles with the electron’s acceleration. The analysis 
for this component would have been otherwise the same, leading 
to an intensity of the scattered beam at P, corresponding to 
expression (8), 

r, Ij.e^ / , sina^\ 

Thus the intensity at P due to an unpolarized primary ray is 


h = Wv - 40 


+ cos^ 4>) 



sin 

j 


(9) 


Since the intensity of the ray scattered by a single independent 
electron is (3.04), 

j. _ Ie^{i + cos^ (#)) 


this result may be written, 


_ _ / , sin a:\ 

h - »i.(i + ---)■ 

where 

, Stt/s: . <j> atts . <b 

A? = 2^ = — sin - = — sm - 

X 2 X 2 


(10) 


(II) 


s being the distance between the two electrons. Equations (10) 
and (i i) are quoted in the text as equations (3 . 10) and (3 . 1 1). 
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The Wave-length of Gamma Rays from Radium C 
I. Crystal Method 

The 7 -rays from radioactive elements are distributed over a 
wide range of wave-lengths. Experiments by Rutherford and 
Andrade , 1 using reflection from a crystal of rock-salt, revealed 
spectrum lines from X = 1.365 A to X = .070A from a mixture 
of RaB and RaC, and Kovarik ^ using a counting chamber to 
detect the reflected rays, has observed 7 -ray lines from RaC as 
short as .oa 8 A. For still shorter wave-lengths the intensity of 
reflection becomes too low to make measurements. 

1. From Magnetic Beta Ray Spectra 

From the magnetic spectra of the ; 8 -rays from the radio- 
active elements, Ellis,® de Broglie ^ and Thibaud ® have esti- 
mated the wave-length of 7 -rays. For this purpose Bdnstein’s 
photoelectric equation, T = hv — Wp, is assumed to hold, 
where T is the kinetic energy of the )3-ray, v the frequency of 
the 7 -rays, and Wp the energy required to remove the electron 
which forms the / 3 -ray from its parent atom (cf. Chapter VIII). 
The wave-lengths thus calculated for RaC vary from 0.209A 
to 0.00557A. 


* K. Rutherford and E. N. C. Andrade, Phil. Mag. 27, 854; 28, 263 (1914). 

“ A. E. Kovarik, Phys. Rev. 19, 433 (1922). 

* C. D. Ellis and H. W. B. Skinner, Proc. Roy. Soc. los, 60 (1924); C. D. Ellis, 
Proc. Roy. Soc. 101, 1 (1922). 

■■ M. de Broglie and J. Cabrera, Comptes Rendu.s, 176, 295 (1923). 

‘ J. Thibaud, Comptes Rendus, 178, 1706 (1923); 179, 165 (1924). 
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Ellis gives the following table of short 7-ray wave-lengths 
from RaC determined by this method: ^ 

TABLE I 
Y-Rays of RaC 


X (A.U.) 

Intensity 

(A.U.) 

Intensity 

.0453 

4 

.01095 

13 

•0375 

2 

.00991 

7 

.0320 

6 

.00867 

16 

.0290 

3 

.00695 

8 

.02023 

30 

•00557 

3 

.01315 

7 




Weighting the different lines according to their estimated 
intensity we thus find for the mean wave-length, 

^eff. = 0.0167^. 

3. From Absorption Measurements 

Of the methods for estimating the “effective wave-length” 
of the 7-rays from RaC, perhaps that depending upon absorp- 
tion is the most reliable. This method consists in measuring 
the absorption coefficient in an element of high and an element 
of low atomic weight, such as lead and aluminium.^ We may 
write the empirical formula (6-04) for the absorption per atom 
as 

txa = KZ^X^ + kZ, (i) 

where the first term represents true absorption, and the second 
term that spent in the scattering process. If instead of the 
absorption per atom we consider the absorption per electron, 
we have 

= I = XZ 3 X 3 -h k. (a) 

Since the wave-length of 7-rays is less than the critical K 
absorption wave-length, the constants K and k are the same for 

^ C. D. Ellis, Proc. Camb. Phil. Soc. 32, 374 (1924). 

2 A. H. Compton, Washington University Studies, 8, 126 (1921); N. Ahmad, 
Proc. Roy. Soc. (1925). 
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all absorbing elements. An approximate calculation shows that 
for 7-rays is negligible for a light element such as alu- 

minium. Thus if /t«Pb is the absorption per electron for lead 
and MaAi that for aluminium, we have, 


or 


^ ~ { (^*epb MflAl)/'^-^Pb^}^* 


( 3 ) 


Taking K = 2.24 X lo"^ (Richtmyer, cf. p. 189), Zp^ = 82, 
and taking = 2.80 X and = 2.00 X lo-^s (Table 
(6 .3)5 we thus find 

Xeff. = .0186A. 


It will be seen that the reliability of this method depends 
upon the correctness of the assumption that the true absorp- 
tion varies as X®. In addition to the experimental evidence 
summarized in Chapter VI, the theories of de Broglie and 
Kramers (Chapter XII) predict such variation for all wave- 
lengths. 


4. From Diffraction of Gamma Rays by Atoms 

This method, described in Chapter III, depends upon the 
interference between the rays scattered by the electrons 
grouped close together in a heavy atom. Using lead as this 
heavy atom, we have found above (loc. cit.), 

X,ff, = 0.025A. 

Since the rays of greater wave-length are more subject to 
interference effects than those of shorter wave-length, this 
“effective” wave-length should be somewhat longer than the 
center of gravity of the spectral energy distribution curve. 


5. From the Wave-length of Scattered Gamma Rays 

The quantum formula, 5X = .0242 (i — cos 0) (eq. (9. 04)) 
for the change of wave-length of X-rays due to scattering has 
been so completely verified for ordinary X-ray wave-lengths 
that we can apply it to the 7-rays with considerable con- 
fidence. When 0 = 135°, the scattered rays are increased in 
wave-length by .0413A, and it is consequently possible to 
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calculate the wave-length from the absorption coefficient of 
these scattered rays with a much shorter extrapolation than 
is necessary for the primary -y-rays. 

From Table (6-4) we have for the rays scattered at 135 
degrees, = 2.4 X 10 and = 21 X 10 -2s. It follows 
from equation (3) that \^s, for 135 degrees is .057A, whence 
the effective wave-length of the primary rays is 

Xgg_ = .01 6A. 


6. From the Intensity of Scattered y-rays 

Various forms of the quantum theory of X-ray scattering 
give different formulas for the absolute intensity of the scattered 
rays, and at present we are not in a position to select the correct 
formula. All of these theories predict, however, approximately 
the same ratio of true absorption to total absorption due to 
scattering (cf. Chapter IX). By equation (9.50) and (9.39), 
the ratio of the true absorption to the total absorption due to 
scattering is 


<7a _ a 
a I -]- loL 


(5) 


Owen, Fleming and Fage ^ have measured this ratio for 
7-rays filtered through 2.3 cm. of lead and absorbed in alumin- 
ium as 0.370. It follows that a = 1.42, whence 

Xeff. = .0171A. 


TABLE II 

Effective Wave-length of the Hard 7-Rays from RaC 
By the More Reliable Methods 


X (A.U.) 

Method 

0.0167 

0.0186 

0.016 

0.0171 

2. ^-ray spectra 

3. Absorption coefficient 

5. Wave-length of scattered 7-rays 

6. Ratio of true to total absorption 

0.0171 

Mean 


^ E. A. Owen, N. Fleming and W. E. Fage, Proc. Phys. Soc. 36, 365 (1924). 
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Calculation of the Change of Wave-length and the 
Energy of Recoil 


We have from the text (eqs. (9.01), (9.02), and (9.03)), 


hv = hv' -J- mcH — . ~ ^ 1) 

Wi - 0^ 

hv hv' , m$c 

— = — cos <6 d ^ 

f c Vi - 

hv' . . m^c 

o = — sin <i> -j- — ■ — 
c Vi - |32 


cos 9 , 


sin 9 . 


(1) 

(2) 

( 3 ) 


Let us write the following abbreviations: 

a = hvlmc^ = momentum of primary quantum/wc, 

a = hv' jmc^ = momentum of scattered quantum/wr, 

b = jS/V I — / 3 ^ = momentum of electron/wzf, whence 


I /V I — = Vi + 

l\ = cos (j}, mi = sin <^>, h — cos 9 , m-> = sin 9 . 

3 ’hcse equations then become. 


From equation (5), 
and from (6), 


QJ = Qj' -|- \/ 1 I 

(4) 

a = a li -|- 

(5) 

0 = a mi + l^mo- 

( 6 ) 

5). 


cr — 2 aa/i + a 


2^ = 
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Adding, and noting that 


/2 _|_ ^2 _ 

1^=0?- laoi'h + «' 2 . 


But from equation (4), 


= 0 ? — laa! + a'^ + 2a — la' , 


Subtracting this from equation (7), 


O = 2aa^(l — A) — 2a -h la' , 


O = a(l - /i) - - I 


— - I = a(l - /i). 
a 


This means, since a = hlmc\, 


X' — X = — (i — cos <#)) 
me 


5X = 7 vers <^. J 

From equation (8) 

a' = a/{ I + a(l — A)}, 

and by 4, 

(VTT~^ — l) = a — a/{ I + a(l — A)} 

— ~ A) 

“ I + 0(1 - A)’ 


•Skin. = mc^iy I + — i) = hv 


a vers 0 
I + a vers (i> 


From equations (5) and (6) we see that 

A a — a^A I /a A 


mi\a mi 


(9-°4) 


(9-05) 
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which, using equation (9), becomes 

— {l + a(l — A) 

m2 mi 


or 

Thus 

or 


-A} 


cot 0 = — (l + a) 


mi 

I — cos 


sin ^ 

cot S = — (i + a) tan ^(j}, 
cot 1<I> = — {i + a) tan e. 
Combining (90-5) and (9-06) we get 


■Ekin - hv — 


lot cos^ B 


(l + a)2 — o? cos^ B 


(9.06) 


(9-05) 



Element 


9 

P 

II 

Na 

12 

Mg 

13 

A1 

14 

Si 

IS 

P 

16 

S 

17 

Cl 

19 

K 

20 

Ca 

21 

Sc 

22 

Ti 

23 

Va 

24 

Cr 

25 

Mn 

26 

Pe 

27 

Co 

28 

Ni 

29 

Cu 

30 

Zn 

31 

Ga 

32 

Ge 

33 

As 

34 

Se 

35 

Br 

37 

Rb 

38 

Sr 

39 

Y 

40 

Zr 

41 

Nb 

42 

Mo 

44 

Ru 

45 

Rh 

46 

Pd 

47 

Ag 

48 

Cd 

49 

In 

SO 

Sn 

SI 

Sb 

S2 

Te 

S3 

I 

55 

Cs 

S 6 

Ba 

57 

La 

S 8 

Ce 

59 

Pr 

60 

Nd 

73 

Ta 

74 

W 

76 

Os 

77 

Ir 

78 

Pt 

79 

Au 

81 

Tl 

82 

Pb 

83 

Bi 

92 

U 
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Wave-lengths of X-ray Spectrum Lines 


Expressed in Angstroms, on the basis of DoaCOs 3 • 09 ° 4 A- 

I. LINES OP THE K SERIES 


“2 

«1 


ft 

'yi 

18.3 

7 

absent 


11.8836 

11. 591 


9.86775 

9.5345 


8.31940 

7.940s 


7.10917 

6.7393 


6.14171 

5. 7890 


5.36375 

5.36090 

S.0213 


4.72136 

4.71821 

4.3946 


3.73706 

3.73368 

3.44680 


3-35495 

3.35169 

3.08343 


3.02840 

3.02503 

2.77394 


2.74681 

2.74317 

2.50898 

2.4937 

2.50213 

2.4983s 

2.27972 

2. 2646 

2.28895 

2 . 28484 

2 . 08045 

2.0670 


2.09732 

1.90591 

1.8932 

1.93651 

1.93230 

1.75272 

I . 7406 

1.78956 

1.78528 

1.61713 

1 . 6054 

1.65854 

1.65461 

1.49703 

1.4854 

1.541x6 

I. 53730 

1.38933 

1.3780 

1.43587 

1.43206 

I . 29260 

1.28097 

1.34161 

1.3378s 

1.20591 


1.25521 

1.25130 

1.12671 

1.11463 

I. 17741 

1. 17344 

I.OSSI8 

1.04290 

1.10642 

1.10241 

.99027 

.90792 

1.04160 

1.03756 

.93085 

.91827 

.92772 

.92360 

.82703 

.81484 

.87754 

.87360 

.78151 

.76917 

.83118 

.82700 

.73932 

.72663 

.78850 

.78429 

. 70048 

.68835 

.74882 

.74457 

.66449 

.65255 

.71208 

.70780 

.63163 

.63124 

.61969 

.712078 

.707768 

.631571 

.631009 

.619737 

.64615 

.64x81 

.57143 

. 56048 

.61637 

.61201 

.54470 

.53313 

.58858 

.58419 

.52010 

.51973 

. 50963 

.56264 

.55821 

.49668 

.49630 

.48607 

.53829 

.53386 

.47463 

.47428 

.46438 

.51546 

.51103 

•45410 

.45373 

.44409 

.49396 

.48948 

.43476 

.43439 

.42485 

.47386 

.46933 

.41624 

.40711 

.45491 

.45037 

.39024 

.3903s 

.43703 

.43249 

.38341 

.37483 

.402 

.398 

.352 


.393 

.388 

.343 


.376 

.372 

.329 


.360 

.355 

.314 


.347 

.343 

.301 


.335 

.330 

.292 


.21973 

.2X^88 

.18991 

. 18452 

.21345 

.20862 

.18423 

. 17898 

.20131 

. 1964s 

.17361 

.1687s 

.19550 

.19065 

.16850 

. 16376 

.19004 

.18523 

. 16370 

.15887 

.18483 

.17996 

. 15902 

.15426 

.17466 

. 16980 

.15011 

. 14530 

.17004 

. 16516 

. 14606 

.14125 

.16525 

.16041 

. 1420S 


.16573 

. 16091 

. 14220 

.13621 

.13095 

. 12640 

.11187 

. 10842 


'^2 


.61825 


.50790 


Authority 

1 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

2 

3 

4 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
8 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

5 
5 

5 

s 

s 

s 

6 
6 
6 
6 
6 
6 
6 
6 
6 
7 

7 
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In addition, there are groups of faint lines associated with 
the K series for elements of lower atomic number than 30 
(see Siegbahn 2). 


2. THE MORE PROMINENT LINES OF THE L SERIES 


Element 

^2 





Authority 

24 

Cr 

9 T . 

60 


21.3s 



I 

2 $ 

Mn 

TO . a8 


19. 17 



I 


Fe 


6n 


17.27 



I 

29 

Cu 




2 


Zn 


93a 

II.9SI 



2 

32 

Ge 




2 

33 

As 

9. 6503 

9.3940 



2 

34 

Se 

8.9706 

8.7172 



2 

35 

Br 

ft 

8. 1076 



2 

37 

Rb 

7. 

3027 

7.0604 



2 

38 

Sr 

6.8478 

6.6092 



2 

39 

Y 

6.4349 

6.1984 



2 

40 

Zr 

6. 

0559 

5.8228 

5.5734 

5. 3730 

2 

41 

Nb 

S.717 


5.7113 

S.4796 

5-2253 

5.0241 

2 

42 

Mo 

S.400 


5. 3943 

5.1658 

4.9092 

4.7111 

2 

44 

Ru 

4-84367 


4.83567 

4.61100 

4.3619 

4.17282 

2 

45 

Rh 

4-S9SS6 


4.58778 

4.36400 

4.1221 

3. 9357 

2 

46 

Pd 

4.36660 


4.35850 

4.13730 

3.9007 

3.71636 

2 

47 

Ag 

4.15382 


4.14564 

3.92664 

3.69383 

3.51485 

2 

48 

Cd 

3.95636 


3.94782 

3.73008 

3. 5064 

3.32800 

2 

49 

In 

3.77242 


3 . 76367 

3.54783 

3.3312 

3.ISS29 

2 

SO 

Sn 

3.60108 


3.59218 

3.37792 

3.1679 

2.99493 

2 

SI 

Sb 

3.4407s 


3.43177 

3.21836 

3.0166 

2.84507 

2 

S2 

Te 

3.29100 


3.28199 

3.06997 

2.8761 

2.70647 

2 

S3 

I 

3.15087 


3.14166 

2.93093 

2.74608 

2.57748 

2 

S5 

Cs 

2.89560 


2.88610 

2.67784 

2.5064 

2.34252 

3 

S6 

Ba 

2.77904 


2 . 76964 

2.56224 

2.3993 

2.23660 

2 

S7 

La 

2 . 66893 


2 . 65968 

2.45330 

2 . 2980 

2.13720 

2 

SH 

Co 

2.56511 


2.55600 

2.35100 

2.2041 

2.04433 

2 

59 

Pr 

2.46763 


2.45770 

2.25390 

2.1148 

1.95681 

2 

60 

Nd 

2.37.563 


2.36531 

2.16221 

2.0314 

1.87383 

2 

62 

Sni 

2. 20568 


2.19501 

I. 9935 7 

1.8781 

1.72309 

2 

63 

Eu 

2.127.13 


2.11633 

1.91631 

1.8082 

1.6543 

2 

64 

(Id 

2.05263 


2.04193 

1.84246 

1.7419 

1,55863 

2 

f>s 

Tb 

1.98231 


I. 97149 

1.77268 

1.6790 

1.5266 

2 

66 

Dy 

1.91564 


I . 90460 1 

1.70658 

1.6198 

1.4697 

2 

67 

Ho 

1.85206 


1 . 84098 i 

1.64350 

1.5637 

1.4142 

2 

68 

ICr 

I .79140 


I . 78040 

1.58344 

1.5106 

I . 3623 

2 

69 

Till 

1.7339 


1.7228 

1.5268 

1.4602 

1.3127 

2 

70 

Ad 

1.6789 


1.66779 

1.472s 

1.4128 

1.2648 

2 

71 

Cp 

1.62636 

1.61551 

1.4207 

1.3672 

I . 2203 

2 

72 

Ilf 

1.57794 

1 . 56607 

I.3711 

1.323s 

1.176s 

2 

73 

Ta 

I . 5294 


1.51825 

1.323S4 

1 . 2810 

I. 1347 I 

2 

74 

W 

1.. 18452 

1.47348 

1.27917 

1 .24191 

1.09553 

2 

76 

Os 

1.3982 


I .38816 

1. 19459 

I . 16838 

1.02247 

2 

77 

Ir 

1.35939 

1.34834 

.115495 

1 . 13287 

.98841 

2 

78 

Pt 

I.32I2I 


1.31008 

1 .11722 

1.09950 

■95545 

2 

79 

Au 

I . 28489 

1.27355 

1.08093 

1.06775 

.92437 

2 

«o 

Hg 

I . 2497 


1 . 238s 

1.0458 


.8935 

2 

8i 

Tl 

1 . 21603 

I . 20471 

1.01266 

1.00786 

.86529 

2 

82 

PI) 

1.18352 

1 . 17202 

.97990 

.97990 

.83708 

2 

83 

Bi 

I. 1533 


I.1411S 

.94930 

.95293 

.81065 

2 

90 

Th 

.96524 

.9.5342 

.76259 

,79108 

.65103 

2 

92 

U 

.92014 

.90833 

.71807 

.75268 

.61283 

2 
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3. COMPLETE L SPECTRUM OP Mo, Pf AND W * 


Element 

1 

az 

«1 

053 

7? 

Pi 

Pi 

43 

Mo 


2 . 46763 



5.835 

0.358 


59 

Pr 

2.7781 

2.45770 


2.507 

2.2501 

2.1859 

74 

W 

1.67505 

1.48453 

1.47348 


1.4177 

1.29874 

1.2871 



Pi 

Pi 

Pu 

P2 

Pn 

Pii 

PlQ 

42 

Mo 


5.0002 



4.8597 

4.8417 



Pr 


2.1220 


2. XO25 

74 

W 

I. 27917 

1.26060 

I . 24191 

1.2 

354 

X. 2094 



P9 

Pi 

Pi 

Pi 

76 

7o 

7l 

42 

Mo 





4.8x90 


4.7111 

59 

Pr 

2.0958 


2 . 0874 


2.0161 

1.9622 

1.95681 

74 

W 

I. 2021 

I. 2354 

1.2208 

I. 2125 

1.1292 


1.09553 





T'a 

T'lO 

72 

73 

74 

42 

Mo 





A. 5612 


59 

Pr 


1.9422 

1.9323 

I. 8811 

1.8750' 

I . 8699 

1.8153 

74 

W 

1.0720 


1.079 


1.06584 

1.05965 

1.02647 


4. THE MORE PROMINENT LINES OF THE M SERIES 


Element 


a'f 

a' 

p 

|S" 

7 

7' 

Authority 

66 

Dy 




0.323 




2 

67 

Ho 

9 ■ 150 



8 . 043 

8.919 



2 

68 

Er 

8.783 



8.573 



2 

70 

Yb 

8.125 

8. on 

8.090 

7.891 

7.870 



2 

71 

Lu 

7 . 820 

7.803 

7.787 

7.582 

7.560 



2 

72 

Hf 

7 - 521 

7 . 286 



1 1 

73 

Ta 

7.238 



7 . 001 




6.301 



74 

W 

6.973 

6.952 


6.745 

6.726 

6.085 

6.066 

2, 9. lo 

76 

Os 

6.481 

6.459 


6,256 

6.233 

5.672 

5.652 

2 

77 

Ir 

6.250 

6.223 


6.030 

6. on 

5 . 484 


2 

78 

Pt 

6.041 

6 .026 


5 . 820 

5. 797 

5 .303 


2 

79 

Au 

5.831 

S.812 


5,619 

S . 1 3 1 


2 

8z 

Tl 

5. 443 

5 . 427 


5. 233 

5. 210 

1 4 , 806 

4.798 

2 

82 

Pb 

5.373 

5. 250 

S . 242 

5.065 

5. 042 

4.666 


2 

83 

Bi 

5 . 107 

i 5.078 


4.894 

4.87s 

i 4.S13 

4.497 

2 

90 

Th 

4.129 

4*097 


3.931 

3.92s 

3.657 

3 . 64.S 

2 

92 

U 

3.901 

3.88s 


3.709 

3.696 

3.472 

3 • 462 

2 


S. LINES OF THE N SERIES (hJALMAR 2 ) 


Element 





83 Bi 

90 Th 

92 U 





13.805 

12.874 

13.149 

12.250 

11.046 

10.38s 

10. 030 
9.619 


References; 

1 R. Thoraeus and M. Siegbahn, Ark. f. Mat. Ast. och Fysik 19, 12 (1925). 

2 M. Siegbahn, “ The Spectroscopy of X-Rays ” (1925). 

3 A. Leide, C. R. i8o, 1203 (1925). 

^ H. S. Uhler and C. D, Cooksey, Phys. Rev. 10, 645 (1917). 

® J. Maimer, Dissertation, Lund (1915). 

6 B. R. Stephensen and J. M. Cork, Phys. Rev. 27, 138 (1926). 

7 G. Rechou, C. R. 180, 1107 (1925). 

8 S. K. Allison and A. H. Armstrong, Phys. Rev. 26, 701 (1925). 

8 R. Thoraeus, Z. f. Phys. 26, 396 (1924). 

10 R. V. Zumstein, Phys. Rev. 23, 747 (1925). 

D. Coster, Phil, Mag. 46, 956 C1923). 


-4576 

, \/ 










• 

library 




^^GALO^ 


INDEX 


Absorption^ coefficients, 7, 177, 355 
critical, 186, 190, 191 
due to scattering, 194, 307 
empirical formula for, 189 
experimental test of classical theory, 
ao4 

long wave trains, 198 
mass, 7, 8 

tables of coefficients, 180-185 
total, 175 
true, 309 
Ahmad, N., 308 
Allen, S. J. M., 308 
Andrade, E. N. C., 389 
Atomic and electron constants^ 383 
Atomic number and Moseley^ s laWy 25 
AtomSy distances apart in crystals, 92, 93, 
116 

distribution of electrons in, 79 
regularity of grouping in liquids, 75-77 
Auger, P,, 249 
Ayres, T., 306 

Babcock, G. D., 271 
Bache, A., 176 
Backhurst, I., 169 
Balmcrs seriesy 34 

Barkla, C. Ci., 13, 25, 35, 47, 62, 68, 81, 
178, 186, 230, 261, 306 
Barlow, 91 

f-i rayy excited by X-rays, 224 
ionization by, 257 
tracks, 4, 258 

Bearden, J. A., 132, 147, 167 
Beatty, R. T., 230 

Bohr, N,, 29, 35, 239, 257, 278, 282, 315, 
343 

Bahrs theory y 29-35, 3i5"3i7> 3^4 
Bothey W., recoil electrons, 259, 273 


Bosanquet, C. H., 117, 135, 144, 147, 149, 
153, 161, 165, 167 
Bowen, I. S., 342 

Bragg, W. H.,ai, 115, 117, 118, 135, 137, 
138, 144, 147, 149, 151, 153, 161, 
165, 167, 169, 253 
Bragg, W. L., 20, 115, 117, 137, 138 
Bragg" s Jormuky 23, 96, 318 

corrected for refraction, 212 
derived by use of quanta, 317 
BrandeSy effect of X-rays on the retina, i 
Bravais, 91 

Broglie, L. de, theory of absorption, 349 
Broglie, M. de, 172, 231, 253, 328, 389 
Breit, G., intensity of scattered radiation, 

304, 3 ^^ 

Bubb, F. W., 236, 241, 357, 358 
Bubb"s theory oj distribution of photo- 
electrons y 246, 358 

Cabrera, J., 389 

Characteristic radiationSy 13, 26-27, 396- 

398 

Clark, H., 74 

Coefficienty absorption, 7, 177, 180-185, 

355 

scattering, 60 
Collins, E. H., 169 

Compton, A. H., 33, 67, 69, 70, 75, 8r, 
88, I33» i73> ^62, 264, 265, 274, 
275, 282, 298, 306, 390 
Compton, K. T., 173, 223 
Continuous spectruniy 27 
short-wave limit, 27 
intensity and voltage, 28 
Coolidge tiihcy 3 

Correspondence principle and scattered 
energy y 296 
Cosmic raySy 57 
399 


400 


INDEX 


Coster, D., 343 
Crowther, J. A., 188 

Crystals^ analysis by powder method, 102 
diffuse scattering by, 170 
infinite, simple cubic, 318 
lattices, 92, 93 
Miller, indices, 94 
perfect and irregular, 119, 126 
reflection, 18-25, 95 
reflecting power, 117 
reflection and temperature, 169 
reflection from very small crystals, 121 
table of structure of the elements, 116 

Damping and width of linesy 54 
Darwin, C, G., 74, 119, 139, 140, 142, 169, 
212 

Dauvillier, A., 188, 346 

Davis, Bergen, 134, 142, 143, 0.14, 

Debye, P., 74, 75, 76, 102, 169, 172, 297 

DeFoe, O. K., 294 

Dershem, E., 8 

Diffraction of X-rays^ 16-25 

by crystal, 18-25, 126-129, 3^^ 
by liquids, 75-77 
by ruled grating, 17, 325 
by slit, 16 
Doan, R. L., 215 
Dobronsawov, N., 238 
Doppler effect and scatteringy 264, 279 
Dorn, E., I 

Doublets^ relativity, 337, 339 
irregular, 340 
Drude, P., 205 

Duane, W., 36, 115, 151, 158, 161, 172, 
188, 213, 223, 271, 317, 332, 337 

Ehrenfest, P., 77, 16 1, 321 
Einstein, A., 222 
Electromagnetic energy y 42 
Electromagnetic field due to slow electron^ 
39 

Electromagnetic field due to accelerated 
electrony 40 

Electromagnetic radiation of energy y 43 
Electromagnetic theory y 38-57, 365-380 
Electrons and atomic constants y 383 


ElectronSy binding of, and scattered 
quanta, 285-295 

complex, effect on scattering, 87 
cooperation in scattering, 65 
density in atomic layers, 152, 159 
distribution in atoms, 79, 161, 165, 343 
distribution and “structure factor,” 148 
free, and scattered quanta, 265-285 
in Bohr orbits, and scattered quanta, 
289 

large, and scattering, 88 
mass and velocity, 374 
number per atom, 61 
photo-electrons, 14, 230, 235-259 
moving, radiation from, 38-50, 365-380 
recoil, 227, 273, 393 
Ellis, C. D., 231, 233, 253, 389 
Energy levelsy 232 
Epstein, P., 161, 321 
Ewald, P., no, 140, 212 
Extinction in crystalsy 134, 135, 143, 146 

Page, E. W., 308, 313 

Faxen, H., 169, 172 

Fleming, N., 308, 313 

Florance, D. C. H., 306 

Flourescent raysy n, 12 

Fourier series applied to a pulsey 48 

Fourier series y electron distribution, 151 

Fricke, H.,312, 337 

Friedrich, W., 7 

ray wave lengths, 233, 234, 389, 392 

Gasesy ionization of, 4 
Geiger, H., 225 

General radiation y form of energy curve, 27 
polarization, 47 

pulse, theory of production, 38-52 
short-wave limit, 51 
Glasser, O., 312 
Glocker, R., 74 
Gnomonic projection y no 
Grant, 18B 

Gratingy crystal, 18-25, 327 
ruled, 17, 325 

Haga, 16, 47 
Hagenow, C. T., 69 



INDEX 


401 


Hallwachs, W., 237 

Hatley, C. C., 37, 214 

Hartree, D. R., 347 

Havighurst, R. J., 147, 151, 161, 165 

Herweg, J., 47 

Hewlett, C. W., 61, 62, 66, 76, 172, 306, 
308 

Hjalmar, E., 213 
Houstoun, R. A., 202 
Hughes, A. L,, 223 
Hull, A. W., 102, 1 15 
Hunt, F. L., 223 

Inertia and energy^ 376 
Innes, P. D., 230 

Intensity^ distribution about cathode 
stream, 46 

Kramer’s theory, 352 
long wave trains, 53 
scattered radiation, 296-314 
Inter-atomic distances^ 75, 92, 93, 116 
Ionization due to /3 rays^ 257 
Ionization produced by X-rays, 4 
Irregular doublets, 390 

J radiation, 188, 261 

James, B. W., 117, 135, 144, 147, 149, 153, 
161, 167, 169, 171 

Jaiincey, CJ. K. M., 48, 169, 172, 288 195, 
302-304 

Janncey*s theory oj scattering, 288 295 
Jauncey*s formula for scattered intensity, 
302 

Jeans, J. II., 221 
Jode, A., 238 

K radiation, 26, 261, 333, 396 
Kaye, G. W. C., 45 
Kceson, W. H., 76 

Kirchhojfs law and X-ray absorption, 341; 
KlcLMuan, K. 1)., 237 
Kohlrausch, K. W. h\, 306 
Kovarik, A, ]<\, 389 

Kramers, 11 . A., 239, 278, 282, 351, 352, 

Kramer s theory of e?nission and ahsorp- 
tion, 349 


L radiation, a6, 261, 333, 397 
Lande, 74 

Larsson, A., 37, 217 
Laub, J., 188 
Laue, M., 18, 90 
Levels, energy, 332 
Lines, characteristic, 13, 26-27, 
width due to damping, 54 
Liquids and X-ray diffraction, 75-77 
Lobe, W. W.,45 
Lorentz, H. A., 205, 209 
Lorentz transformation, 365 
Lyman series, 34 

M radiation, 333, 398 
Magnesium, crystal structure, 109 
Magnesium oxide, crystal structure, 113 
Magnetisation and reflection, 173 
Mass absorption, 7, 8, 180-185 
Maizlish, L, 87 

Maxwell, displacement currents, 38 
Miller indices, 94, in 
Millikan, R. A., 5, 223, 342 
Molybdenum, crystal structure, 107 
Momentum of radiation, 265 
Moseley, H. G. J., 25, 35, 337, 343 
Moseley's diagram, 343 
Moseley's. law, 25, 35, 337 

NardrofF, R. von, 37, 214, 220 
Nernst, K., 222 
Nuttall, J. M., 294 

Olmstead, P. S., 33 
Olson, A. R., 8 

Optical and X-ray doublets, 342 
Owen, H. A., 188, 194, 238, 308, 313 
Owen's law, 192, 254 

Partzsch, A., 237 
Patterson, R. A., 2 [3 
Peirce, S. E., 178 
Perrin, V., 249 
Photo-electric effect, 14 
compound, 233 
niethoil of production, 238 



402 


INDEX 


Photo-electrons^ 13 
and quanta, 248 
maximum emission angle, 246 
number, 253 
range in matter, 254 
spatial distribution, 23 5 j ^49 

speed, 230 

Planck's constant y ijj 9 ° 

Planck's quantum hypothesis^ 221 
Pohl, R., 16 
Poincare, 221 

Polarization^ general radiation, i 5 j 47 > 3 ^^ 
scattered radiation, 68 
Principle of correspondence ^ 296 
Pulse theory, 38-52, 195-198, 381-382 
and absorption, 195 
difficulties with, 50 
efficiency of production of X-rays, 48 
Fourier integral, 381 
intensity of radiation, 43 

Quanta, directed, and scattered X-rays, 
281 

directed, vs. spreading waves, 27, 35 
energy of, 222, 265 
“frequency,” 321-323, 358 
instantaneous action of, 287 
momentum of, 265 
scattered by free electrons, 264, 279 
Quantum theory, origin of, 221 

Rabinov, 1. 1., 17 
Raman, C. V., 77 
Ramanathan, R-, 77 
Rawlinson, W. F., 227 
Rayleigh, 221 
Read, H. S., 8 
Recoil electrons, 227 
Reflection of X-rays, 18-25 
and magnetisation, 173 
effect of temperature on, 169 
from perfect crystals, 140 
integrated, 1 18, 128 
total, 18, 215 
Refraction of X-rays, 35 
and electron frequencies, 205, 206 
by a prism, 217 
by crystal wedge, 214 


Refraction of X-rays— Continuea 
by total reflection, 217 
deviation from Bragg's law, 21 1 
significance of index less than unity, 210 
table of indices, 218 
Regular and irregular doublets, 334 
Relativity doublets, 337, 339 
Richardson, 0 . W., 223, 230 
Richtmyer, F. K., 188, 194, 219, 391 
Robinson, H. R., 227, 232, 346 
Roentgen, W. C, i, 21, 35, 217 
Rognley, 0 ., 173 
Ross, P. A., 270, 272, 273, 293 
Rosseland, S., 257 
Rutherford, E., 29, 258, 389 

Sadler, C. A., 13, 25 
Scattered X-radiation, ii, 12 
absorption coefficient, 194, 307 
and quanta, 260, 265 
Breit’s formula for intensity, 304 
change of wave length in, 69, 261-272, 
393 

coefficient of, 60 

Compton’s formula for intensity, 300 
conservation of energy, 266, 286 
cooperation of electrons, 64, 384 
J)ebye formula for intensity, 297 
distribution of electrons in atoms and, 
61, 79 

Doppler effect, 264 
early experiments on, 261 
failure of wave theory, 83 
from bound electrons, 84, 285 
from complex electrons, 87 
from electrons in Bohr orbits, 289 
from groups of electrons, 79 
hard, 62, 83 

intensity and scattering atigle, t)f>, 67 
interference effects, ^>4, 72, 384 
Jauncey’s formula for intensity, 302 
method of computittg wave length 
from, 80 

'riiomson theory, 58 
unmotlified line, 272 
Scheercr, P., 76, iu2 
Schoenflies, 91 
Schoenke, 91 



